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PREFACE 


^HE Tutoyial Algebra, which for many years has been regarded 
as a standard work and much appreciated by students and 
teachers alike, was originally written as a textbook suitable for 
the Intermediate and Degree examinations of the University of 
London and other examinations of a similar standard. 

In view of changes which have taken place in recent years in 
these various examinations and in teaching methods, it was decided 
that the work should be subjected to a complete revision. It 
has in consequence been replanned, rewritten and extended in 
accordance with modern conceptions and teaching methods, and 
present-day examination requirements. Because of the large 
amount of new matter incorporated, the present edition is issued 
in two volumes. 

Volume I. is designed to cover the algebra required by the 
syllabuses of the Intermediate examinations of the University of 
London and the various Higher School Certificate examinations. 
Because of space, however, a portion of the more advanced algebra 
wanted for Intermediate Economics and Higher School Certificate 
has been placed in Volume 11. 

In the first volume elementary ideas on complex numbers are 
discussed after considering the properties of surds. Particular* 
stress is laid on the functional notation and, wherever the j)rcscn- 
tation is simplified, use has been made of those symbols which 
have become more familiar in recent limes. The opportunity has 
been taken to draw attention at an early stage (Chapter VII.) to 
properties Of simple partial* fractions. The notion of a limit, 
including that of infinity and fundamental ideas on convergence, 
are introduced at a comparatively early point in the book, emphasis 
being laid on the graphical interpretation. Rational functions 
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(Chapter XX.) are considered immediately after quadratic expres- 
sions, and the graphical interpretation is again emphasised. 
Special care has been taken in the choice of examples illustrating 
the method of mathematical induction, a branch of the subject 
which offers difhculty to many students. Volume I. concludes 
with a discussion of the Binomial Theorem for a positive index 
(Chapter XXV.) and of compound interest and annuities (Chapter 
XXVT.). 

Volume II. covers the algebra necessary for the B.A. and B.Sc. 
General examinations of the University of London, and would 
serve as an introduction to the Honours examinations, since the 
ground covered extends beyond the scope of the General Degree. 
It is also hoped that this volume will be of material assistance to 
students who are reading for University Scholarship examinations 
as well as to those studying mathematics for the Natural Science 
and Mathematical Tripos examinations of the University of 
Cambridge. 

In Volume II. Chapters I. and 11. deal with limits, convergence 
and continuous functions, and reference is made to the 0 and o 
notation, while Chapter III. considers the Binomial Theorem for 
a rational index. After a discus.sion of uniform convergence in 
Chapter IV., the properties of the exponential and logarithmic 
series are developed in Chapter V. This is followed by a chapter 
on the determination of functions from empirical data. Properties 
of complex numbers and series arc treated in Chapter VIII. 
Chapter IX. contains a general di.scussion of partial fractions and 
recurring series. Methods of summation occupy Chapter X. 'i'he 
two succclding chapters, XI. and XII., present the ^fundamental 
proj)erties of determinants and elimination. The two final 
chapters are devoted to general properties in the theory of 
equations, and include, in particular, methods of numerical 
approximations to the roots of an equation. 
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Throughout each volume emphasis has been laid on the 
diversity of types of examples, and a large number (including 
many ty])ical examination questions) have been worked in the 
text so that the student may fully appreciate the theoretical 
development of the subject. In particular, examples have been 
taken from trigonometry wherever these afford good illustrations 
of the algebraic principles involved. The sets of examples for 
exercise have been completely revised, and many new ones have 
been added, the latter being largely taken from recent examination 
papers, including tho.se set at Intermediate, B.A. and B.Sc. 
examinations of the University of London and at Scholarship 
and Tripos examinations of the University of Cambridge. The 
sources of the examples are indicated in the text by the following 
abbreviations: Lond. Inter., Lond. B.A. and Bond. B.Sc. referring 
to papers set by the University of London; M.T., N.Sc. and Camb. 
Sch. to Mathematical Tripos, Natural Science and Scholarship 
papers respectively of the University of Cambridge; and Madras 
Inter, and Madras B.Sc. to those of the University of Madras. 

In conclusion the author wishes to express his thanks to the 
various bodies who have given permission for the insertion of 
recent examination questions and to Mr. R. W. Hutchinson, M.Sc., 
for his guidance throughout, and his help in eliminating mistakes. 
The author will, moreover, be very grateful to readers who will 
point out any errors which the book may still contain. 

G. WALKER. 

CAMUlUUtili, 1942. 
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THE TUTORIAL ALGEBRA 
ADVANCED COURSE— PART II 
CHAPTER I 

INFINITE SEQUENCES AND SERIES 

E lementary ideas on limits and on convergence have already 
been considered in Vol. I., Chapters XIL and XIIL Here 
appeal was made to graphical representation in order to 
illustrate the principles involved. In the present chapter we pass 
to the precise arithmetical treatment of limits and convergence, 
and, in order to do this, use is made of the <r- notation. The letter e 
is taken to represent a fixed positive quantity which may be as small 
as we please. 

M. Variable which assumes Integral Values only 

We may be considering a variable which takes all values .is it 
approaches a definite value or alternatively one which takes only 
integral values. An example of the latter occurs when the sum of 
series is being considered. Thus if denote the sum to n terms 
of a series, then the sum to infinity has been defined to be the limit 
as n tends to infinity, of provided this limit exists. If the limit 
is S then lim. 5 „ --- S. 
n - > .jo 

In order to discuss precisely the behaviour of a function as n 
tends to infinity we require a precise arithmetical form for repre- 
senting the phrase m -► oo. Let denote a fixed positive number 
which may be as large as we please. Then if the limit of S„ as 
n -> 00 is S then for all n > n„, will differ from S by a quantity 
which is as small as we please. In symbols 

I h' — Sn I < €, for all n > ;?„ (i) 

The number is not arbitrary but will depend on c. For if 
we replace c by some smaller number then clearly we may have to 
take ii^uch larger in order to make the difference | S — S„ | 
less than this new number, for all n > Stated in precise terms 
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we have the following definition : Let e be an arbitrary Positive 
number. Then Sn tends to the limit S as n tends to infinity if we 
can find a number no with the property that for all n > not 

\S-in\<^ (ii) 

The dependence of the number on c is frequently shown by 
writing it in the form (e). This means that depends on c not 
the product of and 

It should be observed that it is necessary to insert the modulus 
sign I I in the inequality (ii). For as n becomes larger and larger 
it may happen that is sometimes greater than S and sometimes 
less than it. 

An example of the dependence of n^ on c is as follows. Suppose 

Clearly as n -> oo, approaches more and more 

closely to zero. Thus S = o. Let c denote an arbitrary positive 
number. Then the condition | 5 — 5;, | < c becomes 

I i I < €. i.e. ^ < € (iii) 

' n ' n 


Now choose to be the first integer greater than r T, i.e. 


Then for all n > w., - < ^ < c. 

n n^ 

Similarly we may consider the limit a? n tends to infinity of 

(— i)" In this ca.se the limit is zero as before, becau.se 

« * 

( — i)« = ^ < e for all n > n. where n„ is the first integer 

n n 

greater than i/e. ^ In this case 5„ is alternately positive and negative 
as n increases through integral values. 


Ml. Continuous Variable 

Now consider a continuous variable as distinct from an inte^iral 
variable such as n in the previous section. 

Let a denote a finite number. Then by x being a continuous 
variable which tends to a we mean one which takes all values in the 
“ neighbourhood ” of a. 

A neighbourhood of a number a may be defined precisely as 
follows. Let r] denote a positive number which may be as small as 
we please. Then by a neighbourhood of a is meant the interval 
from a — ■>? to a + >/. The value a itself is excluded from the interval. 
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This statement may seem rather indefinite at first sight, but it 
must be remembered that a neighbourhood of a point is arbitrary 
and we can choose as many neighbourhoods as we please. 

Now suppose that / {x) is a function which depends on x, and 
that / is a number with the following property. There exists a 
neighbourhood of a with the property that the numerical difference 
between / (x) and I is less than an arbitrary positive number c at 
all points of the neighbourhood. 

It is important to observe that the value a itself is excluded and 
that we are considering a property which is defined at all points 
near a. If the number I possesses the property indicated above 
then I is said to be the limit of / (x) as x tends to a. In symbols 

lim. f {x) = 1 . 
x-^ a 

The definition, stated precisely in symbols, is as. follows: 
Let € denote an arbitrary positive number. Then I is the limit of 
f(x) as X tends to a if we can find a Positive number r) with the 
property that 

I/W-/I 

for all values of x satisfying the inequality o < | x - a | < 

The first part of the inequality o < | — a | < 17 is expressly 

inserted so as to exclude the value x a. The inequality is 
equivalent to the interval 

a - 1] <,x a -)- V 
where x — a \% excluded or to 

' ' a — ij < X < a, a < x < a - 1 - ?/. 

The fact that rj depends on e is frequently indicated by writing 
it in the form rj (e), the symbol denoting in the usual way that tj 
is a function of €. The dependence of on e is seen in the following 
example : 

Let fix) — x^ 1 and consider lim. + i). Clearly, as x 

I 

becomes nearer and nearer to unity x^ f i becomes nearer and 
nearer to 2. 

Take, e.g., e = io~®. Then the inequality \f (x) — l \ < c 
becomes 

I jc* -f I — 2 I < 10-*, i.e. I — 1 1 < io~*. 

This inequality is equivalent to 

— 10"* < X* — I < 10"®, 
i.e. I — 10"* < a;* < 10"* -f i. 
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Taking the positive square root, this inequality is equivalent to 
{i 10-®}^ < a; < {i -f 10“®}^ 
i.e. {i — 10 -®}* — i<Af — 10-®}* — I, 

i.e. — Aj < Af — I < Ag, say. 

Let 1 ] be the greater of positive numbers Aj, Aj. Then 

I a; - I I < r/. 

rims we have found a number v with the required property. 

1*2. Bounded Sequences 

Let Wj, U 2 , U 3 , denote a sequence of numbers. 

Then the sequence is said to be bounded above if there exists a finite 
number A with the property that < A for all values of n. 
Similarly if there exists a finite number B with the property that 
Hn > B for all values of n, the sequence' is said to be bounded below. 
The sequence is said to be bounded if it is hounded above and below. 

1’21. Monotonic Sequences 

A sequence may be monotonic increasing or decreasing. The 
sequence fq, iq, Wg, . . . , . . . is said to be monotonic increasing if 

iq < Wg < «3 < . . . < . . ., 

that is if steadily increases with n. An example of a monotonic 
increasing sequence is 


It will be observed that this sequence is also bounded. For 

clearly lies between 0 and i for all values of n. 

n 4 - 1 

The sequence Wj, Mj, « 3 . . is said to be monotonic 

decreasing if 

Wj > iu > Mg > 

that is, if the members of the sequence steadily decrease as n 
increases. An example is the sequence 


It will be observed that this sequence is also bounded, for none 
of its members lie outside the interval (o, i). 




Inmnite Sequences and Series 


5 


A ^»quence which is either monotonic increasing or monotonic 
decreasing is said to be monotonic. 

It will be observed in the above definitions that the equality 
sign is included. If we wish to exclude this possibility so that none 
of the members of the sequence are equal to one another we say 
that the sequence is strictly monotonic increasing or strictly monotonic 
decreasing as the case may be. Both examples given above are 
strictly monotonic. 

1'22. Upper and Lower Bounds 

We have stated above, in § i-2, the conditions under which a 
sequence is bounded. We now consider what is meant by the 
bounds of the sequence. 

Let € be an arbitrary positive number which may be as small 
as we please. Then if the sequence is bounded above we can find 
a number M with the following properties. 

(a) < M for all n. 

(h) There exists some value of n such that > M — c. 

This number M is defined to be the upper bound* of the 
sequence. 

Again, if the sequence is bounded below there exists a numl)er 
m with the properties, 

(a) Un > m, for all n. 

{b) There exists a value of n such that <m 

This number m is defined to be the lower bound of the sequence. 

Consider the two .sequences defined in § i*2i. 

In the first the lowt r bound is J and the upper bound i. The 
value \ is the lower bound for all numbers of the sequence arc 
greater than or equal to J. Further, there exists a member of the 
sequence, viz. the first member which is < J -f c, no matter how 
small e may be. Again, i is the upper bound because it is clear 
u 

that is always less than r. Also no matter how small c may 

be we can always find a member of the sequence which is greater 
than I — e. In fact there will be an infinite number of 
members > i — c. 

* For a rigid proof of the existence of M in the case of bounded sequences 
the student is referred to books on mathematical analysis. 
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It will be observed in this particular example that th^pper 
bound is never actually reached, and we say that the bound is not 
attained. 

In the second example it is easily seen that the upper bound is 
I and the lower bound o. The latter is not attained. 

These examples show that a sequence may or may not attain 
its bounds. 

An example of a sequence in which both bounds are attained is 
-b T. I. h I, I. + I. . . . 

The upper bound is i and the lower bound — i, and there are 
an infinite number of members which have these values. 

I -23. Limits of a Monotonic Sequence 

It will first be observed that a monotonic increasing sequence 
is always bounded below, for its lower bound is its first term. 
.Also a monotonic decreasing sequence is bounded above by its lust 
term. 

We have the following general theorem. A bounded mottotonic 
sequence always converges to a limit as n tends to infinity. 

Suppose that so that .sequence is monotonia increas- 

ing. \Ve assume the re.sult that a sequence which is bounded has 
an upper bound. Let this upper bound be M, Then M has the 
following properties: 

(a) 'u„ < M for all n. 

(b) There exists a value of n such that u„^ > M - e where 
f is an arbitrary positive number. 

But if w > Uq, i.e. M € < < M. Thus we 

have prov(‘d that 

I u„ - M I < c for n > n„. 

It follows that M is the limit of as w -> oo. 

A similar argument applies when the sequence is monotonic 
decreasing. 

Note.— A monotonic sequence must either tend to a limit or to 
infinity. Thus if the sequence is increasing and does not tend to 
a limit it must tend to -f oo. If the sequence is decreasing it will 
either tend to a limit or to — oo. 
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I ’3. The General Principle of G)nvergence 

Let {w„} denote the sequence whose nth term is f/„. Then 
the necessary and sufficient condition that the sequence {w„} con- 
verge to a limit (or simply converge) is that corresponding to an 
arbitrary positive number f there exists a number no such that for 
all n > Ho 

1 U ,^\ j, // „ I • -X e 

for all Positive integral values of p. 

(a) The condition is necessary. Lor suppose converges to the 
limit /. Then corresponding to if we can find a number such 
that 

I //„ 1 1 < ic, for all n > n^. 

Since n -}- p > 

! ~ I I - ‘'^11 positive integral p\ 

I I I ■ / f / - I 

< I ^ I -\' \ l — 'lift \ < h f ie — € 

for n > n„ and for all positive integral values of p. 

Here we have made use of tlu' property that if A and B 
are real nuTnl)ers, | A -f B | j A j | j B |. Tliis is easily s(‘en 
to be true. 

(/;) The condition is sufficient. lT>r suppose | | < e 

under the stated conditions. This inequality implies that 

Un — c < h for all positive integral values of p. 

rims the sequence is bounded as p tends to infinity. 

Let m and M be its lower and upper bounds respectively. 
Then 

m > — c. M 

M - m < (u„ h €) - (?/„ ^ c) ’ . 2f. 

Since e is arbitrary this inequality can only be t rue if M — ni — o. 
Thus M — € < Un < M f e. 

It follows that M - 2 e < Un^j, < M -f 2e: that is 

I Wn+p - M I < 2€. 

Hf'iice lim. M and thus the sequence converges. 

p > x> 
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Example. — Prove that if A and a, are positive, the sequence {a„} defined by 
- Vi^ + rtn-i) monotonir, and converges to the positive root of 
xt - A - o. 

The roots of the equation a* - ;r ~ A ^ o arc ^{i h ^^{\ + 4A)}. The 
positive root a is |- | 4A)}. 

Suppose first that a, > I v'(i h 4^)). Then 


•h - «i - V(A f rt,) - a,. 


Now ,fj - < o. provided ^/(A ] a,) — o^ < o, 

i.e. \/{X f n,) < a,, i.c. A f < of', 
i.e. Oi — X > o. 


Since is greater than the 
this condition is satisfied, i.e. a, 
nmn atonic decreasing. 

Next we show that a.^ > «. 


positive root of the equation a* — a - A ~ o 
aj. 1 hiis if the sequence is monotonic it is 

The condition for this is that 


a. - a > o, i.e. y/ (A |- a,) „ > 0. 

This reduces to A + o^ > a> a -h A 

since rt* - a. A - o, i.e. > a which is known to he true 
have sliown that a < < a,. 


Thus we 


Assume the 


this con- 


To prove the result in general use the methofi of induction 
result is true for n p, i.e. 

^ <^p < li 

then it is sufficient to show that a < < u ,. 

Now -h t/p): 

•• ^ <*p — \/(A r Op) > o, 

provided > a, + A, i.e. p A o. Since n. > 

dition is satisfied. Thus 

Again t Op) - a > o. 

provided A f > a* - a A, i.e. eip > a. 

Since this i,s true > a. 'I'hus o < < 0^. 

Hence the sequence {aj is a monotanic decreasing sequence which is bounded 
below by n. 

Tt follows that the limit of the .sequence exists. Let it be/. Then / > a 
^ hrom (1^ .y/(A -j ,) it follows that in the limit / y'(A + /), 

~ I A - o. Thus I is a root of the equation - r - A - o 

Since / is po.sitive and the equation has only on» positive root a. / - a 

If we ,suppo.se initially that < a we would find in a similar way that 
[n„} IS a inonotonic increasing sequence which tends to a. 


1-31. Relation between Sequences and Infinite Series. 

Let «„ Kj, «3, denote an infinite sequence. Con- 

sider a new sequence defined by the equations, 
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Si = Ml. Sa == Ml + Mg. ^2 == «i + «2 + W3. 


■Sh Ml -h M, + M3 ^{- . . . f M„, 


Clearly, the new sequence also has an infinite number of terms. 
If the sequence S,. Sg. . . . S„ . . . tends to a limit as « 00 then 
the series 

Ml H- Ma f M3 + . . . I f . . . 

is converi^ent. 

Thus the question of the convergence of a series reduces to the 
question of the limit of a sequence. If we suppose that m„ is 
positive for all values of n then is monotonic increasing. Thus 
the series either converges or tend to -f co- There are no other 
possibilities. 

On the other hand, if the terms are not all positive the series 
may converge, diverge to -f- 00. diverge to — 00, or oscillate. 

1*32. General Principle of Convergence for Series 

The necessary and sufficient condition that the series 

Ml d- M2 + W3 4- . . . + «r» "h . ♦ . 

converge is that corresponding to the arbitrary positive number f 
there exists a number no such that 

I I < (, 

for all n > tia and for all positive integral values of p, where 

n 

Sn ^ ^ Ur 
r — I 

Since ~ 5 „_i = it follows immediately that lim. = 0. 

n -► 00 

This is a necessary condition for convergence, but as will be seen later 
it is not sufficient. 

The following notation is usually adopted. The sum S„ is 
called a partial sum] the sum 

Mfj + i 4" M„.)2 4“ • • • “I* pi^n 

is called a partial remainder ; the sum 

= ^^+1 "h 4- • • • 4 - , ad %nf, 

is called the remainder of the series after n terms. 
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If S denote the sum of the series then 5 = -|- R^, and the 

conditions for convergence may be stated in the forms 

j Rn I < €. for all 71 > 7t^, 

1 I < w > n^, and for all positive 

integral values of p. 

1*33. Absolute and G)ndidonal Convergence of Scries 

From the remarks in § 1 * 3 1 it is clear that the discussion for series 
whose terms are all positive (or what is substantially the same 
thing, all terms of the same sign) will be simpler than for series 
whose terms are positive and negative. 

There are cf'rtain types of series which behave much in the same 
way as series whose terms are all of the same sign. 

First of all there are series which contain only a finite number 
of negative terms. Then we can divide our series into two parts. 
The first part will consist of a finite number of negative terms, 
while the second part will consist of an infinite series all of whose 
terms arc positive. The sum of the first part can be written down 
immediately as there are only a finite number of terms to be added 
together. H(mcc this part of the series will not affect con- 
vergence or divergence properties, so the problem reduces to 
that of an infinite series whose terms all have the same sign. 
Similarly for the case in which there ani only a finite number 
of positive terms. 

Secondly, the .series contains an infinite number of both positive 
and negative terms. Convergent series of this type may be divided 
into two distinct groups: — , 

(а) Those which remain convergent when all the terms are 
made positive. 

( б ) Tho.se which diverge to -f- 00 when all the terms are made 
positive. 

If the condition (a) is .satisfied the series is said to be absolutely 
convergent, while if (h) is satisfied the series is said to be conditionally 
convergent. It is the former class, i.e. absolutely convergent series, 
whose properties are in many respects similar to sei]/es whose terms 
are all of the same sign. Thus the series: 
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is absolutely convergent ; for the series obtained by making all the 
terms positive, i.e. 



is convergent. The student will recognise the convergence property 
from the theory of geometrical progressions. Again the series: 

is conditionally convergent ; for the scries 

1 + 5 "1* .V + T + 5 'i' 5 + • • • 

diverges to oo, as will be proved later. 

The reasons for the names absolutely convergent and conditionally 
convergent are as follows. 

An absolutely convergent series possesses the property that the 
sutn rcfnains unaltcted no mattey how we alicY the given oydey of the 
terms. 

A conditionally convergent series has the property that by 
suitably rearranging the given order of the terms we can make its stm 
equal to any given number, including -f oo and - oo. These 
properties are not immediately obvious and will be considered below. 

1-34. The sum of an absolutely convergent series remains unaltered 
no matter how the order of the terms is deranged 

Let s denote the sum of the given scries, s' the sum of the scries 
formed by the positive terms of the series in the order in which 
they occur, — s" the sum of the series formed by taking the negative 
terms of the given series, in the order in which they occur. Then 
from § 1*33 it is clear that it is only necessary to consider the case in 
which both the series s' and s" have an infinite number of terms. 

Let a denote the sum of the series obtained by making all the 
terms positive. 

Let s^ be the sum of the first v terms of the given .series, and 
suppose that these first v terms contain p positives and n negative 
terms. 

If Sj, denote the sum of these p positive terms, - the sum of 
the n negative terms, then 

Sj, = Sp Sfl. 

Also it is clear that 

Sp < O, < ( 7 . 
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As V increases p and n will increase and 5^, 5„ cannot decrease. 
Thus Sj,, Sn are typical members of two monotonic increasing 
sequences which are bounded above. Hence as v -> 00, s , s 
both tend to limits. These limits have been denoted by s' and s'". 
Since — s„, s = lim. = s' -- s". 


Now any alteration of the order of the terms in the oriijinal 
senes will not affect the values of s' and s" for each of these series 
consists of terms all of which are positive. Thus no matter how we 
rearrange the order of the terms of the original .series the sum is 
always 5 - s , i.e. ts ahmys equal to the sum of the sums of the two 
infimte senes, the first formed ivith the positive terms in the order in 
which they occur, the second formed with the negative terms in the order 
in which they occur. 


1 - 35 . Comparison Test for Absolutely Convergent Series 

VVe now demonstrate the following important comparison test 
for absolute convergence. 

Let Wg, denote the terms of an absolutely 


the terms of another 


convergent series, and v^, v 
series such that 

I I < ^ I Un I 

lef^re k IS a positive constant, for all values of n. Then the series 
2 .Vn is absolutely convergent. 

To prove this result it is necessary to show that the series of 
Write'’^ I ’'1 I + I *’ 2 1 + • • ■ + 1 1'„ I + . . . is convergent. 


^ I’Vl. 2’ \uA, 

^ I , _ , 

.r, 

a- S |iv|. s= 2' |»J, 

r \ ^ j 

Then since | v, | < A: | u, | for all values of r, 

CT« <hs„. 

Now s„ is a member of a monotonic increasing sequence which 
IS bounded above by 5. Hence 

K < ks, i.e. ( 7 „ < ks. 

Now cr„ is itself a member of a monotonic increasing sequence 
and IS bounded above. Hence tends to a limit as n -> 00. 
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.70 

Thus the series U j | * is convergent, and the given series 

X) r - L 

E Vf is absolutely convergent. 

Y I 

1*36. Sum and Difference of Two Absolutely Convergent Series 

(TO /. 

Let E Ur, E Vr be two absolutely conveygenl series whose 

Y ~ I Y I 

sums are s and a respectively. Then the series 
00 'X' 

S (II, f IV), r (», V,) 

f I r I 

are absolutely convergent and their sums are s h ^ ^ ^ 

respectively. 

.X, _ 

Consider the series 2’ + iv) and write - 2 (w,, -j-iv). 

Y I 1 

n n 

S,^= E Ur, (7„ ~ E I'r. 3 h(‘n 

» . I Y - I 

p„ ^ ‘S’r, -I- (Tn- I 'h- ^’r I I I I' I I* 

This property is obvious since it is avSsuined lhat Uf and xy 
re])resent real munlx'rs. Thus 

2 hb+ivl < 2 |/^,1 + 2 1 tv|. 

r r- I r - I r ■- -- i 

n » 

Now if s„'- 2’ |h, |. < 7 „' 2 |iv |, .v„' andt(T„' are the 

Y I r \ 

wth terms of monotonic increasing siapiences which are bounded 
above by 2 | //^ 1 ^ I I- Hence 

r - i r I 

n 

2J I -j- Vr 1 < k, where k denotes some constant, 

f - I 

n 

But 2 I Ur T tv 1 is the «th term of a monotonic increasing 

^ t ..... 

sequence. Since the sequence is ‘bounded above ds limit exists, 

00 

i.e. the series 2 (u, + v,) is absolutely convergent. 

r = I 
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Again, since + < 7 » for all values of n and s„, approach 

the limits s and a as w -> oo, it follows that lim. Pn ^ ^ 

00 00 

Similarly for the series T - tv)- 

r = I 

1-37. Riemann’s Theorem on Conditionally Convergent Series 
If a series converges conditionally its sum can be made to have 
any arbitrary value by a suitable rearrangement of the order of 
the terms. 

00 

Let (s) be a conditionally convergent series, E ?/„, Then we 

r = I 

know that there must be an infinite number of both positive and 
negative terms. The series formed by the positive terms in the 
order in which they occur and the series formed by the negative 
terms in the order in which they occur must both be divergent. 
For if both were convergent the original series would be absolutely 
convergent, while if one were convergent and the other divergent 
the original series could not be convergent. 

Hence we can take sufficient terms from the positive series to 
make their sum exceed any arbitrary number. In the same way 
by taking a sufficient number of terms from the negative scries wc 
can ensure that the sum of the terms taken is less than any given 
negative number. 

Suppose we wish the series to converge to the positive number A. 
A, A, A A, A, A, 

I I I I I I I 


To illustrate the argument we represent the numbers by points 
along a straight line adopting the usual convention for the positive 
direction, viz. from left to right. First take a set of positive terms 
from (s) in the order in which they occur and stop as soon as the sum 
of the terms taken is greater than A. Denote the sum of the terms 
taken by Aj. Thus Aj > A. 

Now take a set of negative terms from (s) in the order in which 
they occur but stop as soon as the combined sum is less than A. 
Thus Aa < A. 

Now return 'to the positive series beginning where we left off 
previously and take a set of terms stopping when the total sum of 
the three sets /I3 first exceeds A. Thus ^3 > A. 
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Next returning to the negative scries and beginning where we 
left off before, take a set of terms just sufficient to ensure that the 
new total sum less than A. Thus < A. 

Continuing in this way we obtain a new scries composed of terms 
of (s) whose sum is sometimes greater than A and sometimes less 
than A. 

We have defined a sequence of numbers 

T ••• • 

which represent partial sums of the new series. Also 
Aon ^ ^ 

and A ■^2rt ^ 

for some values n^. Again as n -> oo, and both -> oo. 
Since the original series converges 

I tin I < n > V, 

where € is an arbitrary positive number. Hence there exists a 
number v such that 

I I < I "n, I < 

where «i and an* values of n > v 

Thus I A — A n I t . all n I - e. 

Ht'nce An-^ A, i.e. A is the sum of the series (s'). 

If we wished to obtain a new series which converged to a negative 
value we would begin with the negative series instead of the positive 
scries. It should be observed that by a suitable rearrangement 
of the terms of (s) we could obtain series which were divergent or 
oscillatory. 

1*38. The Ratio Test for Absolute Convergence 

Let % L tin -f- «3 -f- • • • f + • • • denote a given scries. 
Then t/ie series is absolutely convergent if, from and after some 
fixed term, the absolute value of ratio of each term to the Preced- 
ing term is less than some quantity which is itself less than unity. 

Since the presence of a finite number of terms does not affect 
convergence we can omit the finite number of terms at the beginning 
of the series for which the property is not true and assume that we 
have a series in which the property is true for all of its terms, 
r.et the given ratio be r where r < i. 
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■ ^ «2 < n «i ■ 


-Mo-, i.e. |«sl 

(‘2 I 

l*\<r. i.e. I »J < r I «, I <>■» | «i | 


fn general 


< >'■ I «,+i I <>- 1 <>”■ I «, |. 


Thus 2: I H„ I < I w, I 2 r«-' = I M, (/(i _ r). 

II - I n 1 

c/O 

since 0 < r < i, and the series Z r" is a geometrical progression. 

<JC) n — 00 

Hence the series Z | | is convergent, i.e. Z ?/„ is absolutely 

n - I n -r. I 

convergent. 

I ‘381. Alternative Form for Ratio Test 

The result of § 1-38 may be stated in an equivalent form which 
is more convenient to apply in practice. If the limit as n tends to 
infinity of the absolute value of the ratio of the (n -f l)th term to 
the nth term is less than unity the series is absolutely convertient. 
In symbols the condition is 


Write lim. r where o<r<i. Choose anv 

n -> 00 I 

number € such that c < i — r, i.e. r -f- e < i. Thus, e.g., we 
can take c i (i - ^) so that r -^ € = \ ^ ^ X say, wlierc 
0 < A < I. Then we can find a number such that 

1 1 I ~ ^ I < ^ for all n > 


This inequality may be written in the form: 


< r -}- e = A. 
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Then since 0 < A < i it follows from the argument of § 1*38 
that the series is absolutely convergent. 


Examples. — (i) Discuss the convergence of the following infinite series : 


4 4.7 4.7. TO 


I-3-5-7 , 

4.7. 10. 13 * 


[Madras, B.Sc.] 


In this case is always positive so that the modulus signs may be omitted. 

- ^•3-5 -7- • • u - ^■3..5. 7 (2n + i ) 

" “ 4.7.10. . . . (3« + I) ' " 4.7.10 (3n 4) 


Hence 


2 n -f- 1 


2 f - 


3 -h 


lim. rr ^ < I. Thus scries converges absolutely. 

n -> CO 3 


(2) Prove that if | r | < i the series 

a I (a I- f/) -f . . . -j- (a -f- nd) r" -f- • • • convergent. 
(fl -j nd) r\ u„ ^ {a T («.- i) d) r"-*; 

. M„,i ^ u nd ^ ^ _ r 

•• «, + a ..■y 7 '' 

n ' \ n / 

As n > X), a In -> o, i/m o. Thus 


liiii. 
n -> X 





r«'i 

lim. 

„ '■7 

1 I 

tl -> CO 

" + (i 



n \ 11/ 


Hence the series converges if j r j < i. 


(3) Prove that the infinite series 
integer and j ,v | < i . 


GO 

S n'x** is convergent if r is a positive 
n - : I 


«n+i = (« 4 - - n^■r^ 


. Thu.s 



lim. 

M -► CO 


lim. 

M -> 00 




^\xl 

Thus the series converges if j x j < i . 


• X. A., II. 
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„ i, ,n,,ly «» "»l « ,‘t J “'.1 ^ 


awvrr^^c. 

Wn'to lini. and take € — i — l). Then 

« . / 

corresponding to e we can find a number ft„ such that for all n n„ 


1 

<e. 

1 u„ 



Thus for such values of n. j j > /v> - £ J (X’ -f i) > i. 

. Thus . c)> |„,|, 

But a necessary condition for convergence is that liin. u„ = o. 

This contradicts the previous statement and lieiice" the series 
cannot converge. 


Example. — Discuss the convergence of the series 

S “ *1J“ ■ (a + n - i) 

n o ^ f 2) . . , (j3 I- « - I) ■ 


hirst wc observe that ^ must not be a negative integer For if fl is a 
negative integer, it will be seen that all except a finite number of terms will 
be infinite as there will be a zero factor in the denominator. Also if a is a 
negative integer there will only be a finite number of terms in the series for 
beyond a certain point there will always be a zero factor in the numerator. 
Wc assume then that a and j8 arc not negative integers. 


, f- 1) (a f 2) . . 

‘ iS (/3 T I) T 2) . . 


( a » - I ) 

(/J -f n"T~7) ' 


^ a (a 4- l) (o 4- 2) . . . (a + M - 2 ) 
~ + I) 0+ 2) V. . (;8+ » -T) 


^ o 4- W — I ^ _ j) 

fi + n I ■■ (3/(„~ ,) 

Henco lim. I — I I I 

col “n I ' 

Thus if 1*1 <1 the series converges absolutely; if |*|>i the series 
will not converge. For the present we must omit discussion of the behaviour 
of the senes at | v ( =» i, *.«. when x =* 4; i. 
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Comparison Series 

'S'. ^ 

' has already been proved in § 1-35 that if 27 is absolutely 

I r ~ I 

i,(S!lJ(jftvergent. so also is E where | I < ^ | «^ | und ^ is a 

r* ’ y -~ \ 

^nstant, i.e. is inde j)c‘ndent of r. The ratio test of § i -38 is essentially 

ff:.’ 'X:) 

particular case of this, 27 11^ being a geometric progression whose 
ir y ^ i 

v^mmon ratio is less than unity. 

A known divergent series may be used to prove divergence of 

rjO 

another seri(^s. Thus if 27 is a divergent series of positive terms 

CO y 1 

and 27 {)ossesses the property that > ku^, where k is 

y — I CO 

positive and independent of r, then the series E Vj. also diverges. 

y I 

n u 

For if s,^ denote' E and a„ denote 2 ’ v^, it is clear that 

y - I y - I 

{Sfl}. {<7„} are both monotonic increasing sequences. Also (7„ > 

Now as n -> 00, -> 00 and hence the monotonic increasing 

sequence is not bounded above. Thus 

a„ -> 00 as » -> 00 and Ev^ diverges. 


1*41. Discussion of the scries 27 

i 

This forms an important com|)arison series. If /> > i tfic 
series is absolutely convergent] if p < i the series diverges to 00. 

(a) Suppose p ■ i and the scries becomes 






We may group the terms of the series as follows. The first 
group is to contain the first two terms, the second group 2 terms, 
the third group 2* terms, the fourth group 2® terms, . . . the wth 
group 2”"^ terms, and so on. Written in this way the series has 
the form 


(i + k) +(1 + 1) + (1 + 1 + r + 1) + ( J + 10 + • • • + i'«) 1 ' • • • 
The second group > J -f J == J . 

The third group >‘ i. 4- 1. -f ^ -f ^ J- 
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The nth group 


I I 

-r. 


> 


I 

2 « 




+ I ' 

I _ I 

2 ^* 2’ 

since there are 2 "^' members of the group. Thus the sum of n 
groups is greater than 

i + i + i + = \n. 

As n tends to infinity, i -|- in -> 00. Hence E n-^ diverges 

*1 - I 

to T 00. 

( 6 ) p <1. We may prove divergence in this case by comparison 

with the series E n-T For if ^ < i ^ 

^ n 

(c) p > 1. In this case the terms are group ul as follows: 

I- '■ ( 2 -+,^ '■ (f-'+s-'+i I 

The first group contains i term, the second group 2 terms, the 

third group 2* terms the nth group 2'^-^ terms Consider 

the sum of the terms in the nth group. 

1 I r 

2(n-l)j> 2^n-\)v _p j I • • • T 

The terms of the group steadily decrease so that the greatest 
member of the group is the first term. Also there are members 
of the group. Thus the sum of the group is less than 

, n-l ^ ^ 

Ihe series Eh„ is a geometric progression whose terms are all 
positive and whose common ratio is i/2^~^ Since p > 1, 1/2*’"* < i 
and so the geometric progression converges. It fol/ows that if 

00 

p > i, the series E ijn^ is absolutely convergent. 


27 x”l{i f n^) converge i ij 


Examples.— (i) Prove that the scries 
I .r I < I and diverges iJ \ x\> i. 

Write f- n*). Then if j | <1, we have | | < 1/(1 f n*). 

Now " and since 2 ;T converges, it follows that j- «•*) 

converges absolutely for J .r j ; 1. 
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Consider the series 2' ( -i) where >o and < «„ 

n — i 

and lim. ?/„ — o. 
n > 00 

Without altering tlie given order of the terms the series may 
be written in the form 

(», - Jfj) + («3 - «,) -I- («5 - «,) + 

Ml - (Mj - M,) (m, -- Mj) - (h, - «,) 

Thus if denote tlu* sum to n terms, 

(Wl - «2) + (W 3 - «4) + -f (« 2 n-l ' W2n) > 0. 

^■2n i-i = ~ (^2 — — (W4 — W5) .... — - t{2n+j) < Hj 

hn = San tl //2/MI < 
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Thus {sjn} is a monotonic increasing sequence which is bounded 
above, and hence tends to a limit as n tends to infinity. 

Again -'‘2nfl “ ^2n “h ^ ^ HcnCC {52n+i} ^ 

monotonic decreasing sequence which is bounded below. Hence 
it tends to a Jimit as n tends to infinity. 

Since S2„+] s^n ^ ‘"iJid lirn. «2nn “ it follows that the 

n -> 00 

limit is the same in each case. Thus the given scries converges. 

Example.. — Discuss the conver/’ence of the series S{ - 

If p > 1, I ( — M””! — M ■»’ and sinc'^ Zn~* converges, the given 

series converges absolutely. 

[b] If - I the series becomes 



The terms are alternately positive and negative, and the absolute magni- 
tude of the terms tends steadily to zero. Thus the series converges. 

It is conditionally convergent; for if all the terms be made positive we 
obtain the series 


which is known to be divergent. 

(r) Suppose o <p < i. Write the series in the form E [— m,., 

where Now 



and since > o. f j > i; Thus < m„. 

Also liin. — lim. -- --- o. since p > o. 

n - > 00 w OT i ” 

llcncc the series converges. 

It will be observed that in this case also the convergence is conditional 
and not absolute for diverges for o < /) < i. 

{d) p — o. In this case the series becomes r - i 1 i - i 4 i — . . . , 
which oscillates between o and i. 

p < o. In this case \ln^ > oo as w *> oo, so that the .series oscillates 
infinitely. 

('ollecting results we have: — 

(i) M p • r, the series converges absolutely. 

(ii) M o < p < I. the series converges conditionally. 

(iii) lf*/> ~ o, the .series oscillates finitely. 

(iv) If p < o. the series oscillates infinitely. 
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1-51. Comparison Test for two Series whose Terms are all Positive. 

Let Unt Vn he the nth terms of two series whose terms arc all 
positive. Then if converges and - < —— for all n greater 

Vfi Ufi 

than a fixed value then L!vn converges. Also if ^Un diverges and 
^^n±l > 2Jvn diverges. 

Vn tin 

{a) l!u„ converges and ^ ” 

tfn 

Since the omission of a finite number of terms from a series 
does not affect convergence we can assume that the inequality 
holds for all positive integral values of n. Thus 

“2 H 

"'1 " ^’2 ^2 

7 -, 7'., -h 7^4 + . . . 


(i 4- 

^^2 

I- 




^'j 

/ 

(1 4- 

7'.) 

I- 



7'l 

^2 

7^, 7,-3 V 2 Vi 

( I 4- 


\-- 

. ^^2 q_ ^^4 . «3 . tt2 _ 

\ 

th 

th 

Ui ti^ H 2 111 


+ ^^2 -i- Ih + «4 + ) 

I Hi 

Since 7*j/7/i is a constant it follows that converges. 
(6) EUn diverges and ^^”-1 > 

tin 


Thus - : 


-1“ V.J, -I- 7^3 -f 1^4 + ... . 

\ I’l . Vi Vi ) 


.,(1 

"■( 


- ^’2 .p ^ . 

7 ;, 7.»2 


' + 




. !!? _L \ 

'^2 ' / 

. . «2 , \ 
«2 «1 / 


“ J (t‘l “f- tt 2 + 7/3 -f" W4 4 * . . . .) 
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Since vjui is constant and diverges, it follows that i?!',, 
diverges. 


1*52. The Binomial Series. 

Consider the series 


I 4“ nx I 


^2 L ”(» - (” - 2) ^3 , 

2 ! ' 3 ! 

»(»-l) (m-2) . . . {n-r + i) 

d ‘ V/'i ^ d- 


when* n denotes any n^al number. Tliis may be written in the 
form 



where J is interpreted as meaning unity, ff Ur denote the /-th 
term of the series, 


Ur 



Ur^i = 



Thus - 


r + T 



Hence the series converges absolutely when | a' | < i and 
diverges whtm | a | > i. 

Next suppose that | a | = i. If a = -f i, “= — i. 

which tends to — i as r tends to oo. Thus beyond a certain fx)int 
the terms of the series are alternately positive and negative. 
Again if w + i is jxxsitivc and r > n [- i, 

^<r+l 
«r 

Thus in this case | Ur+i | < | |, so that the absolute magni- 

tudes of the terms steadily decrease. 

To prove convergence it is now sufficient to show that 
lim. I w, I 2= 0. 

y -> 00 


n 4 - 1 


< I. 
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Write k — n -\- 1. Considering only the numerical values oj the 
terms: 

, where k > 0, r >k\ 
r 


,+‘+ 


r ■ i —kir 
II,,. r + I 


> I 





r 'Vp -1 


Multiplying corresjwnding sides of the inequalities, 

> ' + + rh + ."i'a + • • • • 1)' 

CO I 

Since the series 2 ’ - diverges to + 00, it follows that the sum 
r — 1 

IT I , 

- + " . -f . . . . , tends to 00 as /> -> 00. Thus 

r r I r + p ~ 1 ^ 


-^00 as /) -> 00. 

Mr+I. 

Since u, is a fixed number different from zero, it follows that 
this can only be true if lim. = o. It follows that lim. = 0. 

p -> 00 r -► 00 

Hence the binomial series converges for » i > 0, when ;c = r. 
When n -b I ~ 0, the (r -f i)th term becomes 



and the series i — i -f i — i f . . . . Thus in this case the series 
oscillates finitely. 

If » + I < 0, I = I -f - when k — — (n -{- 1) >0. In 
\ u, \ r ' • / 

this case it is clear that u^ cannot tend to zero as r 00, so that 
the series will not converge. 
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Finally consider the case in which x = — i. In this case 

hm. — — I, so that the terms are ultimately of the same 
r 00 

sign. In the argument given below we assume the binomial 
expansion for | | < i. Thus 




The convergence of the expansion on the right has been proved 
above for | x | < i. 

We compare the series under discussion with the series E i/r^ 
which converges for p > i. and use the theorem of § 1-51. 


(I 


is time provided 

w + I 


< I _ -I- ^ - I) . r 

r 2 ! r '^ 


i.e. M + I >p 


PSP + I) i , 

2! * • 


Now the expansion on the right beginning with — 

2 ! r 

is part of a convergent series with ijr as a factor of each term. It 
is then easily seen that this expression must tend to zero as r->oo. 
Hence in the limit we require n 1 > p. 

But for the convergence of E p > 1. Thus the condition 
reduces to n -T i > i, i.c. n > o. Hence the binomial expansion 
converges for = — i if w > o. If n ■--- o there is only one term 
in the expression. 

It should be observed that there is no question of convergence 
in the binomial expansion if w is a positive integer as in this case 
there are only a finite number of terms. 

1-53. The Exponential Scries 

The exponential expansion is the series 




E x^ln !. 
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We now prove that the expansion converges absolutely for all 
values of X, Let denote the «th term of the series. Then 

«„ - x’^-^j(n - I) !, - .r"/« !, = - 

Un n 

Hence lim. 1 — lim. ^ = o. 

n *> 00 I _> c)0 

Thus converges absolutely for all values of a;. 


1*54. The Logarithmic Series 

This is the scries oo 

^ _ _ ,, 2- x-ln, 

n — I 

We now prove that the series converges absolutely */ | a? ) < 1 , 
converges conditionally when x——i, and diverges when |a:^| > t 
and when x ~ i. If u„ denote the «th term of the series 
»t>fi _ V(n -I- I) _ n _ / _ 1 

«« x^ln n -f I ^ ^ V n'-\- 1 ) 

lim. 1-^^ = lim. \x\(i = 

n -> cn \ « -V 00 ^ W -j' 1 / 

Hence the series converges absolutely when | a: | < i and 
diverges when | a; | > i. 

When a; = I, the series becomes i -h J H- i + J + . which 

is known to be divergent. When x = — i, the series becomes 
I ... J -f j j I . . . . which is conditionally convergent. 


1-6. Maltiplication of two absolutely Convergent Scries 

00 0.1 

Let U Un, E v„ denote two absolutely convergent series whose 
n — I n = I 

sums are U and V respectively, and let U' and V' be the sums of 
the series E\un\, -Tlfnl. We can repre.scnt the terms of the 


product in the following scheme. 


7/, 1-2 


7 /iZ '4 

t 

t 

t 

it^l\ -> 7 / 2^2 


7/3^4 


t 

t 

Wsl’l -► W37/2 

-> 7/3773 

7/37/4 

t 

U^V^ -> W4T/2 

-> 7/41/3 

K4V4 
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Consider the series formed by taking groups of terms in the 
order indicated by the arrows. 

-f + Wd'2) + -f V2 -f 4 - U2V3 -f + ■ ■ • . 

M n 

If -- S Ur, V„ ■- E I'r, th('n it is easily seen that the sum 

r I r — t 

of this series to n terms, each group being counted as a single 
term, is l'„. 

Now suppose the brackets removed. Then it is clear that the 
sum of the finite number of terms considered is l(\ss than U' V for 
all values of n. Hcuice the series 

wp’l -{--If 2^1 4 -f 'I- T f • • . . 

is absolutely convergent. Thus the order of the terms may be 
rearranged without affecting the sum of the series. In particular we 
can express the series in the following way: — 

Wit'l + (//oT'l I U^V^) + ( 7 / 37^1 + U.yV,, -f -f . . . . 

Hence if = u^Vi -f /r,, ,ia^ |- . . . -| - 4* 

UVr- Z Wrr 

M — I 

Application to Power Series. —A seri(‘s of the form 
a' 

E a,^x^, 
n o 

i.e. Uq -|- aiX + a.^x^ + a^x^ + ....+ a^x^ 4 - . . . . 
where a„ is independent of x is called a power series in the 
variable x. 

00 00 

Let E a„x^, E b„x^ be two power scries which converge abso- 
/ « “ o n — o 

lutely to A and B respectively for a certain range of values of x. 
Consider the product AB — {Ea^x^) (Eb^x^). 

From the theorem on the product of absolutely convergent 
.scries it follows that the product (E a^x^) (E b^x^) can be arranged 
in ascending powers of x to give a .series which converges absolutely 
to A B. Thus 

AB = ajba + (ai>o + «o^)* + (‘“'A + + <* 0 ^)** I' 

+ + “n-l ^ + + • ■ • 

AB = 

where c„ — a„b„ + a„-, h, . -|- a,b„ , + 
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17. Expression of a given Series as the Sum or Difference of two 
Series 

OCJ 

Let E Wn be a scries ivhich converges to IV, and suppose that w„ 

M I 

can be written in the form where E and E both converge. 

Let U and V he their sums respectively. Then 

>yj '-T' 

E Wn - E -f E v„, i.e. W — 17 -f- I". 

« ^ I n I n I 

It should be ol>servod that what we are proving here is that 

00 (X) 00 

- («n I ^'n) -= + 2* T’„ (i) 

n — 1 M l H — I 

If we were dealing with series which contained a finite niimbcr 
of terms the result would be obvious. But in the given case there 
are an infiniti' number of terms, and it is important for the student 
to realists that an argumi'nt which is valid for a finite number of’ 
quantities may he fallacious for an infinite number. 

It will be seen that under certain conditions (i) is false. 

To prove the result under the stated conditions write 

n n n 

s„ = E tOj., sf E Ur, sf' = E Vf. 

r — I y - I r ^ i 

Then for all values of n we have s„ = sf 4- sf\ 

Since W, U, sf -> V, it follows that we can find 

numbers ^2 depending on e, such that 


I ■‘‘n - I ill! n > (ii) 

I s„' — 1 / I < f, all w > Wj, (iii) 

I ^n" ■ ^ ’ I < f^>r all n > 112 (iv) 


Let N b(^ th(‘ greatest of the three numbers Hq, /q, Then 
the inequalities (ii), (iii), (iv) are true for all n > N. These in- 
equalities may be written in the forms 

W - e < II' 4- € 

U - - e < a;,/ < U € 

" V ~ € < sV' < V + c. 

I'hen since s„ — 5„' 4- sf' 

W — € < s„ .s-„' + sf' <U-\-€-\-V-\-€, 

II T e > ^ sf 4- > U - € 1 y — €. 
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These two inequalities may be written in the form 
- <W - U - V < 3c. 

Since c is an arbitrary number this can only be ^ true if 
W -U -V = 0 , i.e. IV U I V. 

Similarly it may be proved that if 2 Z v„ converge to U 
and V respectively, and — v„, then 

Z - Zu„ — Z Vn, i.e. W — U V. 

Clearly the argument will extend as follows. 

Let Wn ~ Then 

Zw^^ f _p ^ 

provided each of the series on the right converges. 

Note. — If we consider the case in which -f i;„ it will be 

seen that the argument will fail if Zu^ and Zv„ do not converge. 
It is easy to arrange that Zw^ converges while Zu^, Z'r’n diverge. 

1 

Thus consider the series Z -- , 

„ , 2n (2n - I) 

Now ------ ' - -L. 

2 n( 2 «— i) 2 n I 2 n 

I 

Also the series Z ^n^zn Y) convergent. For 

compare with the series The terms of the given series arc 

positive and 

I ^ I 

in (in — i) " 

But the series Z — . Z~, i.e. the series 

in — I in 

I -K + i + 5 + 1 fn-.... 

are both divergent, as is seen by comparison with the series Z^ - 
Thus the equation 

2 * / - ]^Z Z’ - 

is meaningless since the right hand side is oo — oo. 

This example illustrates the necessity of exercising care in 
decomposing one infinite series into two or more different series. 
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171. Theorem on Sum and Difference of Two Series 

In the argument for the case ^ -f we have the equation 
-f s„". Suppose that all we know is that two of the three 
(juantities s„ , tend to limits as n — >• 00 . Is it possible under 
these conditions that the third quantity does not possess a limit ? 

To make the argument precise suppose that lim. s,^ W, 

n -> 00 

lim. V = u, and that we know nothing about lim. Then 

n crj ■ n -> 00 

if € denote an arbitrary positive number, 

W — € < Sn < W -1- 6, all n Hq 

- € < .9,/ < u + €, all n > ;q. 

If N denote the greater of then these inequalities are both 
true for all n > N. Now 

.V,/; 

> 11' — € (w 4- t) ■ - IT - u — 2€ 
and <;; IT + c - {u - e) 'If w -f 2c; 

2c < .V,/ — IV I u < 2c. 
i.e. I s„" - It^ -f « I < 2c for all n > N. 

Vrom the definition of a limit it follows that lim. = IT — u. 

n -*• CO 

Thus the limit of s„" exists. 

It follows that all the conditions in the statement of the 
theorem of § 17 are not necessary, and it may be stated more 
precisely as follows: Let 2 :u„, be three series such that 
Then if two of the three series are convergent, 
then the third is also convergent, and 

Zwn Zu„ ± Zv„. 

This theorem is used frequently in dealing with examples on 
expansions in series. 

1‘8. Some Properties of Power Series 

We now give a proof of the two following important theorems : 

1 . If denote a power series which converges to f{x) for 
I ^ I < A then there is an interval of x inside the range (~ A, A) 
in which fix) never vanishes except possibly, for x ^ 0 , 
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2. If two Power series both converge for | | < A 

and if — I^bnX^ at all points satisfying \ .r | < /s then Uq - b^^ 

fli == bu <i2 == • • • tfn = ^n, • • ‘ ^bc series are identical. 

This is known as the theorem ofideniical equality between power series, 


(i) Let Xq be a value of x such that | I < A and write 
\xq\ = 1 ^ I — ^ <^o> suppose that Uj, is the first coefficient 
in the expansion £a,^x^ which is not zero. 

In the argument we make use of four properties of a modulus. 
Thus if a and b be any real numbers 

\a \-b\ <\a\ ^\b\, \a-b\>\a\~-\bl 


The first result has been used before, and the student will easily 
see that the other results are true. 

To prove that f(x) does not vanish in a certain range it is 
sufficient to show that | f(x) \ > o at all points of the range. The 
method of doing this is to arrange so that the first term which does 
not vanish, viz. UpX^, shall dominate over the remaining terms of 
the series. 

Thus it is first necessary to approximate to all the terms after 
Write /(x) — a^x^ g(x), where 


g(x) = h • ■ ■ 




' X \ 

X \ 

1 glx) I--' 



r ■ ■ ■ 


KXa' ' 



X 

Xq 


Since all the terms of the series are finite and lim. | a„V‘ I — 

n - >• 00 

for convergence, there exists a finite number A independent of n 
such that f a^Xo^ | < .4 for all values of n. Thus 




Infinite Sequences and Series 


33 


since the series in brackets is an infinite geometric progression 
whose common ratio lies between o and i . Hence 
I g[x) 1 < - r). 

Since f(x) = aj,x^ -f g[x), 

^yp+i 

I fix) 1 > I ap*" I - I g(.t) I > I a, I - ,7 (>„ “,)• 

Now assume that * o so that r > o. Then in order to show 
that I f{x) 1 > 0 it is sufficient to prove that 
1 1 

rP - - - , > o. 

Since r > o, > o, - >' > o. this is equivalent to showing that 
I I K — Ar > o. i.e. r (.4 -f | | r/) < | | 

Hence if |% 1 - ^ •<: I I f- I I V). have 

\f{x) I >o,and the only possible z(*ro is x — o. 

( 2 ) Write fix) -- ZUr^x^, g{x) = 2 :b„x\ Since both scries con- 
verge for I x I < A it follows from § 171 that 

f[x) g[x) - I [cin - b^)x^, I a; 1 < A. 

Since f{x) - -= o for \ x\ < it follows that 

2: (a„ ~ b„)x” o, I I < p, 
where v is the smaller of the numbers A. fc. 


Write c„ - - b^. Now the series 2 J c\x^ is never zero in 

n o 

a range - <x < where 0 < p, < »/ except possibly at x 0. 

If = 0 the series becomes Cq, and since /(o) = g{o) it follows 
that Co — 0, i.e. Suppose then that x :^o] then 

/. 

2 J C„AJ“ o, o < I a; I < Vi, 

n - 1 

which is a contradiction unless all the coefficients c„ are zero. 
Thus bn for all values of n. 


{1 - 2X) (I - 3^) 


T cixX -f , . 


{X-2){X~S) - ■ — 

prove that a^* -}- | \...(ooo^l. 




Replace x by 




to 00, where j x j > : 2^ 
[Madias, B A.] 


^ Sa^x-', 


T. A., II. 


3 
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Thus the constant term of the series on the R.II.S. must be unity. It is 
easily seen that this term is the infinite series 

1'9. Odd and Even Functions 

A function f{x) is an odd function of xii f(— x) = f{x), while 

f(x) is an even function if f{—x) ~ f{x). In other words the 
function is odd if the effect of the substitution of ~ ;^forA; changes 
the sign of the function, while the function is even if the substitu- 
tion leaves the function unaltered. Thus x^, x f x^ are odd 
functions, x^ cvtui functions, while x x“ is neither 

odd nor even. 

Suppose that / (x) is an odd function which can be expanded in 
a power series of the form 

f(x) -- Uq -f a^x f a.^x^ i- . . . + 1 . . . 

for some range of values of x. Since / (x) = - / {x) it follows that 
- fix) = - a^x -I- a^x^ -... + ( -f . . . 

i.e. f(x) ^ - aQ-\- a^x - -j . . . -f (~ f . . . 

From the theorem on identical equality of power series it 
follows that the coefficients of corresponding powers of x are equal. 
Hence 

(“ 

If n is even, i.e, w — i is odd, (— = — i, and 

— iln iln> i = 0. 

Hence the expansion in ascending powers of x contains only odd 
powers. Similarly it may bt) shown that if / [x) is an even function 
the. expansion has the form 

(Iq -f a^x^ + a^x^ + . . 

that is, the expansion contains only even powers of ,v. 


EXERCISES I 


I. A and a, are two positive quantities and A/{i h Prove 

that the limit of the sequence {«„} exists and that its value is the positive 
root of the equation -\x~\ o. 


2. Show that the infinite series 
m (m — i) 


l tn X -y 


+ 


w - i) (ut >) 


+ 


is absolutely convergent for | .r | < i but divergent for | v [ 
value of m not a positive integer or zero. 


I for any 
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Show also that 


I — i + I — I f • . . 

is convergent, but not absolutely convergent. 


[N.Sc.] 


3. Examine the behaviour of the sequences {aj. {6„} where 

= (- i)"»/(2» - i). « h (- i}^2n. 

4. Prove that if the sequence {a„} is monotonic increasing, so also is 
the sequence (&„} where 

K --- («i + aa !- . . . + aj/n. 

What result can be deduced if {a„} is monotonic decreasing? 


5. If o < a < 1 show by considering the sequence {A„) where 
A„ (I — a) that the sequence {/i„} where (i — a")/w, is mono- 

tonic decreasing, and deduce the inequality 

(i — a) < I - a” < « (i - rt). 

Show that the following series are convergent under that stated con- 
ditions: 

, + 1 .V -I i,v> + , . . + 1 ,0 < i. 


1 + 3 * “ -1- 


+ (« - i)-/ ' 


iM 


,S. ^ i)'*"hr2”-‘/(2n - r) !, all hnite values of ,v. 

n - I 


Z ,v‘“"/(2«) h all hnite values of ,r. 
w — o 


,0. , - -1. . . . 1. 


V • d- • • • all finite values of x 

- i) ! « !}^ 


1 1 . I i 


a.fi.x , a(a 1 i)j 3(/3 + 1) 


■y 1 .2.y(y i t) 

a (a + 1) ... (a I n - I ) jS (jS d- l) ■ • ■ (/f d- « - 0-^ 
n\y.{y I 1) (y f 2) . . . {y d* « - 0 
provided \ x j < i and y is not a negative integer. 




12. Show t||bt the series* Z" i ( r a a) diverges for all finite values of ;ir. 

^ H i 


ar- 

13. Show that if w,, > o then I tr,, converges if Urn. < 1 and 

>/ — i n y 00 

diverges if lini, v "n ' * 

M -> CO 

[This result is frequently referied to as Cauchy’s test for convergence ] 

14. Prove that the sum ola million terms of the series i d- i I J d- ■ • 

is less than 21. [Madras, B.A.’\ 

15. Prove that a conditionally convergent series may be converted into an 
absolutely convergent series by the insertion of brackets. 
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^ . X** 

16. Prove that the series 27 E ;ri are absolutely convergen 

n ~ o' u ^ o 

for all values of x, and show that their product is unity. 

17. Prove that the series 

{X - a)* {x - laY (AT ■ ‘ ■ ^ , 

converges for all values of x except the values x ~ a, 2a, ^a, 4a ... ra .. . 
{f any positive integer). 

1 3 . If in the series a^x 1 a^x^ 1 . . . (J^x^ + ■ • • 

I^t I «n+t I * 

” I «n 1 A 

prove that the series converges absolutely so long as [ ,v j < X. 

19. State precisely what is meant by saying that a series is convergent 

and prove directly from your definition that 273 “" convergent, and En~i i 
not convergent. 

20. Numbers Mj, m,. . . . are defined in terms of m, by 

Ur+i -f 2 bu^ + C. 

Prove that if a certain condition is satisfied by a, b, r, it is pos.sil)le 1( 

determine by using the substitution Ix^ + m f ^ , whefeA-,^.i — jr/-* 

and /, m. n are constants depending on a, b, c. Hence or otherwise 
express in terms of when a ^ i, b — 2. c ^ 0. [Camb. Sck. 

21. Show that the series 


I — -1. — — .. — -j. 

1+^ 2 2 + .r 3 3+^ 

is convergent, provided that x is not a negative integer. [Camb. Sch. 

22. A sequence of numbers u^, m,, . . . is defined by the relations 

M, — a 1 j 3 . ^ a -j- jS - , n > 1 . 

«n-i 

Show that, if a > P > o, — (a"+* — j 3 "'’)/(a" - jS"), 
and determine the limit to which tends as n tends to infinity. 

If a - > o, find a formula for and determine the limit to which 

tends as n tends to infinity. [M.T. 


23. If c, cq, a ., . 


> o, prove that the series 
and 


00 

E 


00 

E 

71 ~i n ~ I 

are both convergent or both divergent. 


I -h c 


[Camb. Sch. 


24. 


00 

Show that the series E 
n = 


- is divergent. 


25. Determine the real values of x for which the following series converge: 

no 

(i) E ir (.r - i)«. (ii) x |- x* 1- a® d- x^* 

I 

(iii) sin x + sin 2X -f sin ]x -f • • • 


[M.T.J 



CHAPTER II 

THEOREMS ON LIMITS AND CONTINUOUS FUNCTIONS 

I N this chapter we consider some general properties of limits 
dealing in the first instance with a variable which becomes 
infinite and then with one which has a finite limiting value. 
From this we pass on to the consideration of continuous functions. 

2 T. Infinite Limits 

There arc two cases to consider according as the variable tends 
to -f 00 or — 00. The argument in each case is similar. 

Let (n) denote a function of the positive integral variable n. 
Then we know that the following possibilities exist. 

(a) Corresponding to the arbitrary positive number € there 
exists a number «o. depending on c and a number I, such that 
I <l>{n) - / 1 < c for all n > 
then <t>(n) I as w -> oo. 

(b) If corresponding to the arbitrary number N, however large, 
we can find Hq, depending on N, such that 
<l>(n) > N, for all n > 
then <j>(n) ->co as n -> oo. 

(c) If corresponding to an arbitrary positive number N, which 
may be taken as large as we please, there exists a number Hq, 
depending on N, such that 

<l>(ii) < — N, for all n > 
then <f>(n) > — oo as m oo. 

{d) If as « -> 00, <l>{n) does not satisfy (a), ( 6 ) or (c) then ^(n) 
oscillates. The oscillation is finite if we can find a constant 
A such that | <f>(n) \ < A for all values of n. The oscillation 
is infinite if this condition is not satisfied. 

2 TL Notation 

It is sometimes convenient to extend the meaning of the 
symbol If ^(«) and ^(«) denote two functions of n such that 
the limit of {^(m) — ^(«)} is i as n tends to infinity then in the 
sense already considered we write 

<l>(n) ^(n) -> I or ^{n) ilt{n) -j- I, 
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the meaning being that the difference — ^(«) tends to a limit. 
<j>(n) and 0(«) themselves need not tend to limits. 

The Notation. — The symbol to denote the numerical 

difference between two quantities has now fallen into more or less 
complete disuse, having been replaced by modulus signs. Thus in 
the old notation a meant the actual numerical value of the 
difference a b. The modem way of expressing this is \ a — b \. 

In more recent years the symbol ^ has been used in a different 
sense, in connection with the theory of limits. Thus if <l>(n) and 
i//(«) denote two functions of n then by 

<l>(n) ^ ltjt{n) or (f> I (Jj 

is meant the property that lim. ~ /, where / + o. 

« -> 00 M 

The 0 and o Notation. - -This notation, which has proved of 
great value in modem theory, was introduced by Landau. It is 
essentially a “ shorthand" notation, and care is neccs.sary in its use 
until the student is quite confident that he can express any proof 
in which it is used in ordinary language. 

Let ^(w) and 0(w) be two functions of the variable n. ^(n) is to 
have the following properties: 

(i) <^(«) > 0. (ii) <t>(n) is monotonic. 

Thus as n 00 , (f>{n) tends to a limit, which may be zero, or to 
-f 00. 

(a) Then if there exists a fixed number and a positive constant 
.1 such that 1 ^(«) 1 < A ffn). all n > we write 

p = Oipy 

\h 

And if ■ -> 0, as n oo we write 
9 

ijj " o(<^). 

Examples.— (i) Suppose that J b h ” - 2)/(n* ! t). 

Then 0(w) I {« («* -f i) + (n* + i) — 3)/(w“ b 0 — T I ^ T' 
Thus lim, {0(«) — - I 

n -> 00 

r 4’{n) 1 1 - 0(«) 

Imi. hin. • 

n r 00 00 


— o. 
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Hence we have the following results: 

tf/{n) i (®) 0(^) 

^[n] - 0{n) (y) 0(«) - o(n^) (3) 

It will be observed that each statement gives less information than the 
one which precedes it. 

( 2 ) If h be any constant, 

then kn 0(n). kn — o(n*). 


2’ 12. Properties of O and 0 Notation 

(a) The symbols 0 (i). 0(1) arc defined as particular cases of the 
general result. We draw attention to their special meanings 
because of the frequency with which these particular cases occur. 
Thus if we assert that 

4s{n) - 0 ( 1 ) 


we imply tliat | ^lt[n) |< A, where A is constant. 

Thus 0 (n) -- 0 (i) merely asserts that ^(«) is bounded as w tends 
to 00. Thus e.g. 


4 - I 

>72 - I 


0 ( 1 ). 


(- D” 


;/» G 


0 ( 1 ). 


Tn the first example the limit of the function exists, while in 
the second it does not. for as n 00 the function approaches 
alternately the values + i and — i. 

If we assert that »/f(w) = 0(1) we imply that lim. f}(n) ==> o. 

n - 00 


(6) So far wc have defined a(«^), o(^) only in relation to some 
other function «/>. But by an obvious extension of the notation we 
can attach meanings to the isolated quantities 0 {<j>), By 

0 (<l>) we denote any function iIj with the property that 0 = 0(0) 
and similarly for o( 0 ). Thus e.g. the equation 
0(1) 1- 0(1) - 0(1) 

has a definite meaning, ft asserts that if 0,(«). are two 

bounded functions then their sum is also bounded. 

Again the equation 0 (i) = o{n) is true because it asserts that 
a bounded function when divided by n tends to zero as w -> 00. 

Next suppose we have n functions 0 i, 02* • • • which 

is 0 (i), i.e. is bounded. Then 

I '/'ll <^1. I '/'2 I <-^2 I 
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where A^, A^, A „ constant. Thus 

1 ^1 + l//2 4- . . . 4- I < I ^1 I -f I j/fj5 I . -f I 1 
< A- A^ ].. . + An < iiA)^ 

where is the greatest of the numbers A^. This may 

be expressed concisely in the 0-notation by the equation 

n 

S 0(1) 0(n). 

I 

(c) Sum and difference of two functions. 

Let 01 == 0(0), 0g = 0(0). Then 0i 4: 02 = 0(0). 

In particular 0i 4- 0 - 0(0). 

(d) Product of two functions. — The following property is obvious 
from the definition. If 0i and 0^ are two functions, then 

O(0i) 0(02) 0(01 02). 

It is clear from the above results that it is possible to develop a 
series of theorems which deal with general properties of the 
symbols. 

2T3. Application to Theorems on Convergence 

Some of the earlier results in Chapter L on series may be 
conveniently represented in the 0-notation. 

{a) The condition lim. w, = o becomes //„ = o(i). (1-32.) 
n -► 00 

(6) The theorem of 1*35 may be stated as follows: If 
converges absolutely and v* = 0 | «„ | then converges abso- 
lutely. 

Again if £un and denote two series whose terms are positive, 
and if = 0 (m«) then converges or diverges according as Zu^ 
converges or diverges. It will be observed that if = r;(«„) the 
convergence property would follow but not the divergence property. 

(c) Using the series of 1-41 we may say that a series Zu^ con- 
verges absolutely if where 8 > 0. For the series 

Zn~^ = converges for 6 > 0. Also if > 0 series diverges 

if 

2*2. Some General Theorems on Limits as n -> 00 . 

Theorem L— Sum and Difference of Two Functions.—// 
0(w) a and tjf{n) b then 0(n) 4: i 
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Let e be an arbitrary positive namber. Then there exist 
numbers n^, depending on c such that 

I ^{n) ~ a \ < €, for all n > tiq, 

I 0(«) ~~h\ < €, for all n > 

Let N be the greater of «<,. Then 

I ^(«) + < 4 (n) - a - A I = I {^(m) - a) + {^(«) - b) \ 

< I M - « I + 1 m - b I 

< 2 c, for all n > N. 

Since c is abitrary, lim. {^(w) -}- A similar 

« -> 00 

argument shows that <t>(n) - 0(») ^ a - h. 

Subsidiary Results. — {a) If ^{n) a, tfj[n) ->• d: co or oscillates, 
then <l>{n) 4- ijj[n) behaves in the same way as ^(«). 

Example.^ ^(w) -- (^(w) (- i)". 

Tn this case ~ -f- (— i)" oscillates. 

(b) If (f>(n} -> 00, i/f(n) -> 00 then (f>(n) -| i/f(n) ~v 00. 

(c) If (/>(n) -> 00, 0 («) 00, <f>(n) 4 ' 0 («) may behave in any 

way; it may tend to a limit, may oscillate or may diverge. 

Examples.— (1) 0 (m) . «», 0 (n) i - ^(n) f 0 (n) - t. 

(2) ^(«) — n*, i^n) — I — n, ^(«) j- i/i(n) — m* + i — w ->• F 00. 

(3) ^(«) ~ w. 0 (») — t — 

4 >{n) f 0 (w) w -f- I _ 00. 

(4) ^(«) — ^(«) — i)" «. 

^{«) * 1 - ^(w) — (— r)", which oscillates finitely. 

(5) ^^(«) = «• 4 - « (- 1)". <j>{n) - I n». 

^(«) 4- 0 {«) = I 4 - « (— i)", which oscillates infinitely. 

{d) If <l>(n) and 0 (w) both oscillate finitely then ^(n) 4- 0 («) 
either tends to a limit or oscillates finitely. 

Examples.— (I) ^(m) == (-- 1)", 0{») = (- 
4 - 4>{^) ^ o. 

( 2 ) ^(«) ^ (_ i)«, 0(n) (_ 

4 >{n) 1- tf,(n) 2 (— i)", which oscillates between -f 2 and — 2. 

Other less important cases may be stipulated in which one or 
both of ^(w), ^(n) oscillate infinitely. It should not be difficult for 
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the student to discuss in any particular straightforward case the 
behaviour of the sum. 

Example.— <^(«) -= {- !)"«, 0 (m) -- n {i + (— i 
-f ^(w) — n -► cX). 

The difference <t>{n) — 0(n) may be discussed in exactly the 
same way as f(n) + (jj(n). 

Theorem IT— Product of Two Functions.—// (^(n) -> a, 
> b then /(?z) «/»(«) — > ab. 

Write </»(«) ~ a + X(n), = b -f Then 

^(«)^(«) ™ ab + afjL^n) -f bX{n) -f- X{n)n{n). 

I 4.(nmK) - ab I < ( I + I M(«) I + 1 A(,0 I I K>') I- 
(hv('n € there exists numbers Wj sucli that 

I K^) I < «. all n > Hq, 

I ti(n) I < e, all M > «j. 
f-et N be the greater of Hq, n^. Then 
I I < I a I e, I bX{n) | < | H I A(^0 | | m(«) | < 
for n > N. Hence for all n > N, 

\<(,(nmn)-ab\ <. {| « | + ] 6 | h .}• 

Since \ a \, | 6 |, e are finite positive numbers 
I ab I < A,, 

where ^ is a positive constant. Since e is arbitrary so also is Af. 

Hence lim. ^{ii)ij}{n) — ab. 

n -> 00 

In particular if 0 («) - k, a constant, /e0(tt) ka. 

The theorem can be extended to any finite number of functions. 
Thus, if 01 a^, 0^ -> ag, . . . 0,, -> then 

0102 . . . 0J, -> a^ao . . . ap. 

The student should have no difficulty in discussing the various 
subsidiary cases in which 0 and 0 do not tend to limits. 

Theorem III.— Quotient of Two Functions.—// 0(w) a, 

0(«) -> 6 #« 0, then Y • 

0(«) b 

Write 0(ii) = a + X{n), iji(n) = 6 -f /x(«). Then 
0(n) ^ ^ ^ _ bX{n) — aii(n) 

• 0(«)' i b 4- ia(w)' b i {6 + /a(«)} ‘ 
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Corresponding to the arbitrary positive number e there exist 
numbers Wq, Wj such that 

I I < all « > Wq. I /i{«) I < €, all n > Wj. 

Lot N be the greater of the numbers n^, n,. Then 
I 6 {6 -f fi(n)} I = I 6 I I 6 -f fi(n) |, 

Since | ft | > o and |/a(w) | < €, where e is arbitrary, we can 
ensure that | b + fi{n) \ > } | 6 |. Thus 

I 6 {i -f- I > J I 6 — A*, say. 


Then 


M 

m 


, I h\{n) I +jjfi{n) I 
< cA’i, n > N, 

where Aj is a fixed positive constant. Hence 


(I M -M « 


hm. 

n •*> 00 ^ 

In particular if <^(w) = a constant, 


lim. AliPin ) A / h . 


2’21. The Behaviour of Rational Functions of « as w -> oo 

d- + . . . + a, 

where 


Write /(n) == 


boft^ -f 4- . . . -f b]j 


Aq 4= o. Then/(n) is the general rational function of n 
Now /(n) = n>'->|ao +-^1 + . . . + 
i.e. /(«) = 
where <t>(n) 


». + *' -I- 




+ O, 


d'.i 

' n«j 


^{n) -- . 4- V 

As II -> 00 , <l>(n) a„, ^(n) - > <f,{n)l^(n) ->■ a„%. 

As M -> 00 , w*''® -> 00 , up > q, 
wP ® -> 0 . Up <q, 

n^-Q =1, if ^ y 

Hence ii p > q, f (w) -> + oo if a^jb^ > o, 

/(w) ^ - 00 if aJbQ < o; 
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/W -> o; 

if /> = f(n) -> ajb^. 


The limit as n tends to infinity 0/^14- ^ y. Now from the 
liinomial theorem we know that when n is a positive integer 

(-;)■ 


I n . 


n(«-i) I 


n {n — 1) .. . (« _ n + i) i 
n ! ■ 


(' + ;)" 


Since i — - < i 
n 


71 r I 


, I <. p r — 1, it follows that 

increases with n. Since the expansion contains {n -f 1) positive 
terms, the number of terms also increases with n. It follows that 

(i + “) is a monotonic increasing function of n. Hence either 

(i + ^ ^ tends to a limit or to -f 00. Thus in order to show 

that the expression tends to a finite limit it is only necessary to 
show that it is bounded. Now 






< I -f I 4- -f ^ 4- 
2 2 * 


,4 


< I 4- ^ 


Hence ^ is bounded and tends to a limit. This limit 
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is denoted by e. l lms lim. (i = e. 

n -V 00 V « / 

Clearly + ij" > 2 SO that 2 < ^ < 3. 


2 * 3 . A Limit Theorem for Sequences 

The following theorem on limits is due to Cauchy: 

Let 111, 112, 113, . . . . .denote a sequence of numbers such 

that lim. Un exists and is equal to 1 . Then if 

n -*■ CO 

'S'n == 111 + M2 + . . . + Un, lim. also exists and is equal to 1 . 

n -y » 

Since u„ -> / as n -> oo, we can find a number Hq, correspond- 
ing to the arbitrary positive €, such that 


/ - € < < / -)- 6 
for all n • n^. 'I hus it n > 

(W - «o) {i - 0 < + . . . 

+ < (>» — «o) + «)• 

Adding Wj -f- 4- . . . to each part of the inequality : 

~ ~ "f <) + 

:S _ «« 1 -. + (/_.)< <(/ + ,)_ 

^ n n n n 

Since Hq, S„^ arc fixed numbers it follows that we can find a 
number such that for all n > 


/ 2€ <C / -T • 

n 


lim. 




: /. 


2 * 4 . Some Important Inequalities 

Let m, p be positive rational numbers, and that m> i,q <p <1. 
Then the following inequalities are true: 

(i) fn(x - i) <x”^ ~ i < mx'^ '{x - i), x> i. 

(ii) m (i — a;) > I — > mx'^^ o <x < 1. 

(iii) px^-\x - i) < x^ — i < p {x - 1), x > 1. 

(iv) px^^^(i - X) > 1 x^ > p{i - x), 0 <x <1. 
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First consider (i) and let w be a positive integer. Then 
wu'’" > -h I = (^”* — i)l{x — I), 

i.c. mAf”* (x — i) > a;”* — i. 

Adding m {x^'* — i) to both sides of the inequality, 

yWl+l T vtn J 

m (a;'"** ■“ i) > (m i) (a;™ — i), i.e. ; > • 

^ m -!- I nt 

Thus the effect of changing m into m -|- i is to increase the 
value of (a:”* — i)/w. It follows that 

a;"* - I a;" - I 

- - > ; X > J, w > « > I, 

ni n 


m and n being positive integers. 

To extend the result to positive rational m, n, write m = qjr, 
n sji, where q, r, s, t arc positive integers. Since m > n, it 
follows that qt > rs. In order that the inequality be tnic for 
rational m, n wc require' 

x " I x ' -I 

q‘ ^ s ' 

r 1 

Write X ~ y ''^. Then this inequality becomes 

yQt „ I yt, 

qt ' rs 

which is true since qt, rs are positive integers and qt > rs. 


Next consider (ii). If o < a; < i, and w is a positive integer, 
mx^ < I -f A? + . . . f X"" 1 = (I — x^)l{i — x), 
i.e. m (i “ x)x^ < (i — x^). 

Adding m (i — a;”*) to both sides of the inequality, 

j 

fw (i — < int 4- i) (r — a?"‘), i.e. - , < — ' • 

m -\- l m 

Arguing as in (i) it follows that if m and n are positive integers 
and in > n i, 


I — I — Af” 


m 


n 


0 <x <1. 
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To extend the result to positive rational numbers, proceed as 
in (i). Thus 



provided ^ 

s ^ qi 

t 



Writing x -- this condition becomes 

I — I - . yr>i % 

ql " rs 

which is true since 0 < y <»i and qt > rs. 

Now write w = I in the results obtained. Then if m is any 


positive rational number greater than unity 

— 1 > m {x — I). X :> I (i') 

I — < m (1 - .Y). o < a: < 1 (ii') 


The remainder of th(^ inequalities may be deduced from these 
results. Thus in (i') writ(‘ m r-- ijp, so that o < p < i. Then 

(x”- l) > (x - 1}IP. X> 1 . 

J 

Now write a;** = y, so that y > i. Then 

/’(>’- 0 > (.y" - 0 (iii') 

and this is the inequality required with y instead of x. 


In (ii') write m = ijp. Then i — a; *' < (i — x)lp, o <x <j, 

1 

0 < ^ < I. Writing y == a; ** this inequality takes the form 

I - y^ >P(i - y). o < y < I (iv') 

Next in (i') write a; i/y so that 0 < y < i. Then 

— I > w ^ ~ ^ (i - y). 


Or changing the notation 

1 - > )nx^~^ (l — a:), o < x < I, w > I (ii") 

Similarly from (ii') we obtain 

.Y”* - I < WY”* \x ~ i). x> i,m > 1 (i") 
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Continuing these inequalities with (i') and (ii') we obtain 
m {x ^ i) < - I < mx^^\x - i), x>i,m > i. 

m (i - x) > I - > mx''^ \\ - x), () < ,r’< i, m i. 

Similarly from (iii') and (iv') we obtain 

- i> px^ \x - i). x>i, 0 < p <1 (iii") 

. I - < px^-^ (t - %). o < a: < I, 0 < /) < I . . . . (iv") 

Combining these inequalities with (iii') and (iv') we obtain 
px^-\x - i) < a;" - I <p{x ^ i), a: > i, o < /) < i. 
px^-\i -x)> i - x^ > p (i - x), o < ,v < I, o < /) < T. 

Note.—l\\t incqiiahties given above are proved only for 
rational numbers. The inequalities hold strictly for irrational 
numbers, but the precise discussion of the passage to the limit by 
considering irrational numbers as the limit of rational numbers is 
beyond the scope of this book. 

2*5. Powers of Limits 

Let fin) I as n-^ CO. Then if I > 0, {f(n)V -> /*, where 
k is any rational number. 

We first observe that if ^ is a positive integer the result follows 
immediately from the theorem on the product of limits (§ rz). 
Suppose now that ^ is a positive rational number. Then corre- 
sponding to the arbitrary positive numl)er e, tfi('re exists a number 
«o such that 

I -~ € < f(n) < / -f e fur all n > n^. 

Since I is positive we may assume that for n sutficiently great 
/(«) > 0 , so that there is a positive real number defined by /(»)^ 
Thus 

(/ - c)^- < {/(n)}^ < (/ -f ,)K 
i.e. (I - e//)* < {/(«)}* < (I 4- c//)fe. 

Since c is arbitrary and / > o we may assume that 
0 < €,// < },/. 

Suppose firstly that k < i, then applying the inequalities 
- i < p (x - i), o < p < 1, X > i, 

1 - x^ < pxP-\i -~ 'x), o < p < i, X < 1 , 
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(i -'r < I + /‘f/A (writing x i c//), 

(i — i'ly > I — A’e (i -- (11)^ (writing x = l — ejl). 
Since (i — ^ is finite for o <A < i we may assume 

that (i — c//y^ > I— /4 c, where /I is a positive constant. Ilencr 

(r - /4c) < {/(n)}^ < /*{! + Ac//}, 
i.e. - /Lie < {/(h)}* - Ckl^-^e. 

Thus there exists a constant B such that | {/(w)}*' — /*^ | < Bt, 
and sinc(' c is arbitrary it follows tiiat 

lim. {f(n)Y^ - l\ 
n ->>05 

Similarly for the case in wliich A > i. 

Next suppos(^ that A is negative and write A ^ — A, where 
h > 0 . Then 

lim. {f{n)Y' lim. {f{n)} * — lim. i/{/(>0}^‘ 

n -> GC) n ■ O ' -u -> 00 

since A > o, 

i.e. lim. {/(w)}^ -- /"'‘ - /L 

« -> 'GT) 

2*61. Continuous Variable tending to Infinity 

In the discussion in the earlier .sections of this chapter it has 
been assumed that n is a variable which tends to infinity through 
positive integral values. Clearly this restrii'tion can be removed. 

Let f(x) be a function of x, and suppose that the variable tends 
.steadily to infinity, tlien if, corresponding to an arbitrary positive 
number c, there exists a number X such that \ f{x) — I \ < e for 
all X > X, then I is ;;nid to be the limit off(x) as x -> oo. Thus 
/(.v) / as v -> 00 , 

and this limiting value may be denoted by /(oo). 

The notation adopted for the integral variable n extends to 
that of the continuous variable x. Thus e.g. if wc sav that 
fix) :(){X^) 

we mean that \ fix) \ < Ax^ for all x > X, where X is .some 
fixed positive number, A being a constant. It must be remembered 
in this connection that the equation fix) — 0(x*) does not imply 
that fix)lx^ pos.scsses a limit as x oo. It does imply, how- 
ever, that /(x)/x* is bounded as a; -> oo. If we wish to assert 
that fix)lx^ tends to a limit / the result could be expressed iii the 
form f{x) lx\ 

i. A., n. 
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Example. Discuss the behaviour as x tends to infinity, of the function 
X [x], where [x] denotes the integral part ofx. 

Ihe behaviour of the function x — [x] is shown most clearly by its 
graphical representation. Write f{x) ^ x ~ [x] and consider positive 
values of x. 

Now /(o) =0. Tor o ^ x < i, [,r] = o. Hence for the range 

0 X < i the graph of f{x) is the straight line y ;r. 

When X i, [.r] — i so that /(i) o. Thus the function jumps 

down to the value zero at x -- i. 

For I < < 2, [;r] = i so that for this range of values of x the graph 

of f(x) is the straight line y — x — j. 

Similarly for the range n < ;r < n + i , where n is a positive integer. 
In this range the function is represented by the straight line y — x — n. 

In Fig. I the dotted line does not form part of the graph but indicates the 
places where the function suddenly changes its values. The graph shows 
clearly that /(;r) always lies between o and i, and hence f(x) is bounded as 


Y 



Fig. I. 


X -> CO. But lim. f(x) does not exist. For no matter how large x may 

be. it is clear that in the range « < ;»r < n + i. f(x} will take all values 
between o and r. Thus f(x) oscillates finitely as .» > oo. 

iVo/^.~Tho example considered above belongs to the class of 
discontinuous functions. The precise definitions of continuous 
and discontinuous functions will be considered later. See §§ 271, 
273. 2-91. 

The example also shows that the behaviour of a function 
as the variable tends to infinity d(;pends essentially on whether 
that variable takes all values or only a special set of values; in 
particular if it takes only integral values. 

Thus if f{x) X [:v] and x only positive integral values 
f(x) is always zero, and the limit a. a; 00 through positive 
integral values is zero. 

But we have seen above that if is a continuous variable the 
limit does not exi.st. 

Behaviour as x — 00. — In a similar way we may define 

lim. f{x). Thus if this limit exists and is equal to /, then 

.r > — 00 
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corresponding to the arbitrary positive number e, there exists a positive 
number X such that for all x < — X. 

The limit may be denoted by / ( - 00). 

2'62. Limits as x tends to a Finite Value 

The definition has been given in Chapter 1 . (§ t-ii). \V(‘ 
draw attention ^to one important point. 

Consider lim. (x -{- b). The value is clearly a b. In 

X a 

accordance with the definition of lim. / {x) = I we consider the 

X -> a 

behaviour oif{x) in the neighbourhood of x = a. The limit is 
rt + ^ because corresponding to the arbitrary positive number e 
we can find a number rj such that 

\x + b ~ a - i I < e 

for all values of x satisfying 0 < | .v - 6 | < ry. 

In this case we can take 1) — c. The student may well ask 
“why not put x-=a and say immediately that the limit is 
This is not legitimate because the statement lirn. /(x) = I asserts 

X f a 

a property about the values of f{x) when x differs slightly from a. 
It asserts yiothing about the value of f(x) 'when x = a. The function 
may not even be defined at ^ a; even when it is defined the two 
values may be different. 

Consider the behaviour of the following function near — o : 
Let f(x) ™ [1 — X*], where [i — x*] means the integral part of 
'i — X*. When x -- o. f(x) |i | i so that (he dc'fincd value 
.is unity. 

Next consider the value of /{x) in the neighbourhood of x ^ o. 
VVhen — i < x < o and win n o < x < 1, o < < i. 

Hence 0 < i — < i, [1 — x*] — o. Thus \ f(x) \ < € for 

all :v' satisfying 0 < | .v | <1. Hence lim. /(a) — 0, whereas 

X o 

f{ 0 ) - I. 


2’63. Theorems on Limits as x -> a 

Corresponding to Theorems I., IT, HI. of § 2 - 2 , we have the 
following results : 
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Theorem IV.— Sum of Two Functions.—// f(x) -> > /i 

as X a then 

Urn. {/(x) -i-g{x)} - a i- 

X a 


Theorem V.— Product of Two Functions.- // }{%)-> q., 
g[x) -> j9 as x-^ a then 

lim. f{x)g(x) a^. 


X a 


Theorem VI.- Quotient of Two Functions.—// f(x) 
g{x) P as x a. then provided ^ + o 
j(x) a 

R{X) ' J 


lint. 


We give the i)roof of Theorem IV. By comparing the metiKjJs 
of § 2*2, the student should be able to obtain for himself tlic 
proofs of V. and VI. 

Let € be an arbitrary positive number. Th(‘n there exist 
numbers t/i and 7^ such that 

\f[x) - a I < €, for all x satisfying u <\x - « | < t/,, 

\ g{x) - ^ I < e. for all X sati.sfying 0 <\x - a \ < r^,^. 

Let T) be the smaller of r/j and y).. Tlien both inequalities hold 
for all values of x for which 0 < | x — a | < 7^. Thus 

\J[x) + - a - ^ I ■ ; I Jix) ■ - a I + I i'(*) - p I 


< 2 (. 0 < (x — a) <, nj. 
Hence lini. {/(x) t-A'l*)) =• « + 

X - > a 


2 64. Function of a Function 

Consider lim. f(y) where y = p{x), a function of x Suppose 

X a 

that lim. P(x) = a. lim. /{y} = Then lim. f {y) = p. 

X -> a y a jr -► a 

Corre.sponding to the arbitrary positive number c there exists a 
positive number 77 such that 

I/(V)-/9| 

for ally for which 0 < | y — a ( <77. Again corresponding to 77, 
there exists a positive number 771 such that 

I M ' ■ a I < n. 
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for all X satisfying 0 <\x a \ < Th'is | f(y) — ^ | < t 
for all X satisfying 0 <\x — a \ < r?x. Hence 
lim. f(y) = 

X a 


fx* — a*\* 

Bxftmple— FtW lim. y ~j 


Now lim 


lim. {x^ -{- ax + a“) =» 3a*. 


Write 


/X* — a*\ 
im. - 

AT* — a* ^ 

X — a 

Hence lim. ^ ^ (3«*)‘ 


V. Then lim. y* ~ (3i**)*. 

y 3 «* 


2-641. Illustrative Examples 

(i) Find the limit to which (.r~- - a~^)l(x — a) approaches indefinitely 
close, as X tends to the limit a. [Lond. Inter. Econ.] 


Now 


AT - a . . . 


a» - .r* 

Cl*Ar* {,V - fl) 


In the neighbourhood of x ~ a, x — a is small but not zero. Hence we 
may divide throughout by at — a and the expression becomes “ ( a -f x)Ja'*x*. 


Now . 


lim. 

X a 


ia j- x] — 2a, lim. 

• X a 


lim. 

X a 


(a + X) 
a^x^ " 




2 





(2) Prove that if k is any positive number, the function (A” — i)/(A’* -f i) 
tends to a limit as n tends to infinity, and that the value of the limit is different 
according as k is greater than, equal to, or less than, unity. [M.T.] 

Case (i); k > i. — In this case lim. A” => 00. Now 

n 00 

A” — I ^ 1 — I /A" 

A" -h I I + i/A" 

Also lim. (1 — i/A") " I, lim. (i -f i/A") ~ i. 

n 'oo n CO 

Hence lim. f — - = l. 

H .X/' -I- ■ 

Case (ii): A = i. — In this case A" — i and the expression becomes o. 
Since this is true for all values of n the limit as n -»• 00 is 0. 


Case (hi): A < i. — Then lira. A" = o. Thus 
n -> 00 


lim. 

M -> 00 


A" — I 
A" -h 1 


— i 

1 
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(3) Discuss the behaviour as x tends to zero of the rational Junction 
J[x) = [a^^ + a^x^^^ + . . . + nj,x”^^)l{boX’* f + . . . + b^^+^) 
where a^, b^, are different from zero. 

Now/(;»r) = K -1- a^x a„x^):{b, + V + . . . | 

Also lim. K + . -I aj,x^) ^ a^, 

X -> o 

lim. (60 i- b^x -f. 6^«) bg. 

X -*■ o 

lim. {(^Jo + a, AT + ... 4 - a,x»)l{bo L b^x ■]- . . . |- b,xo}} ajb^. 

X o 

Case (i): m — n > o, i.e. m > n. Then 

lim. A’""" — o, so that lim. f [x) ^ 0. 

,1^ o X -*■ o 


Case (11): m = n. Then 

^n-n ™ I 2jjjj ^ 

X •> o 

Case (hi): m - n < o. Write m - n = - k. so that a"" '* -= i U» and 
k is a positive integer. If k is even, at* is always positive. Hence 
lim. I /a* — 4- (X). 

A -> o 

If ao/60 .> o then lim. f{x) ^ 4* 00. If a^ b„ < o then 
A -»■ o 

lim. / (a) — — crj. 

A ► o 

Finally if k is odd the sign of a* will depend on the sign of x. Thus if a 
tends to zero through positive values i/a* ->• 4- co. while if a tends to zero 
through negative values i/a* -> - 00. Since there are both positive and 
negative values of a in every neighbourhood of a o it follows that the 
limit docs not exi.st. 


(4) 


Prove that Urn. 

X o 


V(i 4i^^) " V(i I- A«) ^ 
V(I - x^) ~ V(I - “ 


y(i ^_x) - c(l I X-) 

V (« - ^*) v'(l - X) 

^ yj ' +/»■) “ yci j- x^i 

V/I - A) { V{I 4 - a) I i 

^ {V(i 4ijr) -^(i 4. a 2))^{V(M- x) -f- 1} 
V(l - A) (I 4- A - I) 

y(iJLfLtj . + x ) - v ( i 4- X*) 

V(I - X) X 

Now lim. y. j j ^ — 2. 

A->0 
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Again 

__ {y (1+ X) - V{1 1- X^)} {y/il I- X) + V(I + ^’)} 

{\/( I T X) -I V(I -f x^)} 

^ (i - x) I - .y 

■ ■ ;r {V(i + x) + y/{i -\-x*)} V(T-f ;»ry 4 -\/(y+ 

The limit of this expression as ;r o is T Thus the result is proved. 

Note . — It is legitimate to divide numerator and denominator by x in the 
last part of the proof since is different from zero, the limit being concerned 
with the behaviour of the function near x — o not atx = 0. 

{5) Prove if Urn. f{x) ^ I then Urn. \ fix) | j / | and that if I ^ o 

X > a X a 

the converse is false. 

To prove that | /( .r) | ‘ [ / 1 it is necessary to show that corresponding to 

the arbitrary positive number f. there exists a number -q such that 

I i/wi •• I'l I <« 

for all X for which 0 < | ;r - a | < t/. 

Since f[x) -> I, we have | fix) — / j < e for all x satisfying 
0 < I - a \ <. -q, 

where 4 is an arbitrary positive number and r) depends on e. Hence 


I - e < fix) < I \ ( ( 1 ) 

If / - o it is clear that \ fix) \ < e implies - e < ({x) < t and 

conversely. 


Hence if lini. fix) - o, lim. \j(x)\ =0 and conversely. 

X a X -> a 

Suppose now that I > o, so that | I | -- / and / — c may be assumed 
to be positive, e being arbitrary. Then if (i) is satisfied 

I * < \f{*) I < / T e. 

i<‘- Ml e < I fix) I < M I T c, o < I A' - a | < rj. 

Hence lim. | /(;r) | M I • 

X a 

Next suppose that I < o. Write / - - A so that h > o and | / I 
Then from (i) ~ k - e < fix)<.~k + e. 

i.e. ^ + e > - fix) > k - o < I .V - a I < 7;. 

Arguing as in the previous case and observing that | ~/(-r) J — j fix) \ , it 
follows that 

lim. I = |/|. 

X -> a 

Now to prove that a theorem is not true the simplest method is to 
produce an example in which the result is false. Let /(x) be a function of x 
defined as follows, in the interval — i < ;ir < i . 



56 Theokkms in Limits and Continuous Functions 


f{x)‘=i if X — n denoting a positive or negative integer. 

/ fx) - 1 , for other values of a' in the range. 

Then | f{x) | -- i at all points of the interval (- j, i). 

Thus lim. |/( 0 | — r. 

X o 

Next consider lim. f{x). It will be observed that in every neighbour- 


hood of A — o there are values which an* of the form - and also values 

n 

which arc not of this form. Thus no matter how small rj tnay be we can 
always find an integer n which is not a perfect square such that -J- both 


4ie in the range o < ( a j < i;. Also when x 


y/n 

f{x) — I, while when 


' -■ • ./('^) — — T- Hence lim. j{x) does not e.xi.st . 

V ” A "> o 

Note.—hr\ example such as the above, which is produced in order to 
disprove an assertion, is sometimes called in higher mathematics by the single 
German word Gegenbeispicl. 


2*65. One-sided Limits 

In th(! definilion of thn o.\istence of the limit as x -> a, use is 
made of the inequality o < | ^ — a | < i.e. a; is a point which 
lies in one or other of the intervals o <a -x < o < a; — a < t;. 

Suppose now that we restrict x to lie in one interval only. Thus 
with the usual convention if o < x — a <. rj, x lies always to the 
right of a, since x > a. Then if corresponding to the arbitrary 
positive € there exists a number t) such that 

I/W-/I <« 

for all X sati.sfying o < x — a -ij, then I is said to bo the right- 
hand limit, or the limit on the right, as a; -> a. The notation 
adopted is 

A a + o 

If in the above definition the inequality o < x — a -q is 
replaced by o < a — a; < q, we obtain the definition of a 
limit, or limit on the left. The notation adopted is 
lim. f[x). 

X -*■ a — o 

It is obvious from the definitions that if lim. f(x) — I then 

A -► a 

lim. f(x), lim. f (x) must both exist and be equal to I . That 

A->a4-o X -> a ~~ o 

the converse, viz., that the existence of each of the one-sided limits 
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implies the existence of the ordinary limit, is not tnie as is shown 
by the following gegenbeispiel : 

Consider the behaviour of f{x) — x — [x] near x = i. (See 
Ex. § 2*61 and the corresponding figure). Suppose that x -> i 
from below, i.e. x increases to the value unity. From the figure 
it is seen that f{x) approaches the point A along the line OA and 
hence lim. /(^r) = t. On the other hand ii x~> 1 from above, 
1 — o 

i.e. X decreases to the value unity then / [x) approaches the point 
B along the line CB and lim. f(x) =0. 

^ I o 

Clearly lim. f{x) cannot exist for a necessary condition for 

X I 

this is that the right-hand and left-hand limits be equal. 

271 . The Idea of Continuity 

Suppose we have a single-valued function f(x) which is defined 
at all points of an interval (a, jS) and let ^ be a point in the interior 
of the interval. The defined value of/(^) at x ~ a is denoted by 
/ [a). Then if the limit as x tends to a of f(x) is equal to f (a), i.e. 
lim. f(x) =f[a) 

X a 

the function f(x) is said to be continuous at x^a. If lim. f(x) is 

X -*■ a 

different from f{a), or the limit does not exist, f{x) is said to be 
discontinuous ?Lt x ^ a, A function which is continuous at all 
points of an interval is said to be continuous in the interval. 

The end points a, of the interval must be regarded as being 
slightly different from interior points. For if a be an interior 
point we can find a neighbourhood of a which lies entirely inside the 
given interval. 

a a P 

Fig. 2. 

But this property is not true for a or We can take a 
“ left-hand " neighbourhood of P and a “right-hand” neighbour- 
hood of a. As f{x) is not defined outside (a, P) it is necessary 
then to consider at a, p not the limit as x tends to these values 
but the one-sided limits. 

Thus f(x) is continuous at x = p if lim. /(^) == /(/ 3 ). 

x~^ p - o 

Also f{x) is continuous at = a if lim. f{x) = /(a). 

.r "► o -f- O 



5 '' 


Theorems in Limits and Continuous Functions 


Because of the special behaviour at the end points of a finite 
infcml it is usual to distinguish between ofen and cteif intervals; 

(a) The open interval (a, A) consists of all points of the interval 
(a. /?J with the exception of the end points, the points 

a <X <P. • . t i 

{b) The closed interval (a, y?) consists of the openmterval (a, 
together with the end points a, p, t.e. the points a x >>. p. 

(c) A half-open interval is one in which one of the end i)Oints is 
included, t.e. either a < x < p or a < x < p. 

It should be observed that properties which are valid for a 
closed interval are essentially different from those for open 
intervals. Thus, e.g., the function f{x) = i/x is continuous at 

every point of the 
interval (o, l) except 
at X — 0. 

For lim. i/x 

-r 4- o 

= -1- 00, so that the 
limit docs not exist. 

We can say that 
f{x) is continuous in 
the half-open interval 
0 < X < I meaning 
thereby that f(x) is 
continuous in every 

closed interval rj < .1; <i. 17 > o no matter how small t ) maybe. 



272 . Properties of Continuous Functions 

From the definition of lim. f(x) it follows that a function 
X a 

f(x) is continuous at x a if corresponding to the arbitrary 
positive number €, there exists a positive number rj such that 

\f(x) - /(a) I < «. 

for all X satisfying \x — a \ <77. 

The modification of the statement necessary in the case of end 
points of an interval should be clear. 

From the theorems on limits (see §§ 2*63, 2*64) the following 
properties are true: 

Theorem I.— The sum of two continuous functions is continuous. 
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Theorem II. — ^The product of two continuous functions is 
continuous. 

Theorem III. — The quotient of two continuous functions is 
continuous provided the denominator does not vanish. 

Theorem IV. — A continuous function of a continuous function 
is continuous. 


Example.— (rt) The polynomial 

P [x) - -f- -f . . . + 

is continuous for all finite values of x. 

(b) The rational function 


where P (x) and Q {x) 
which does not include 
values of x for which 
Q{x) is zero. 

Theorem V. — If 
f {x) is continuous at 
X — a and / (a) > 0 
then there exists a 
neighbourhood of 
x—a'\n which / (x) > 0. 

Write f{a) -■k>o. 
Since / (x) is continu- 
ous at x== a, 


R(x) = P(x)jQ(x) 

are polynomials, is continuous in an interval 


Y 



\f(x) — ^ I < c, where \x — a \ < -q, 
f being arbitrary. Thus k € <f (x) <k for | .'v - r/. | < 7;. 
Write . = J*; then ^k<f(x)<lk. 
in the range a - r] K x < a r]. 

It will be observed that rj depends upon e and if we write c — M’, 
rj will depend on k. 

A similar theorem hold if f (a) <0. In this case there is a 
neighbourhood in which f (x) is negative. 


273 . The Fundamental Property of a Continuous Function 
From graphical considerations we can obtain some idea as to 
the properties which would be expected of a continuous function. 
Suppose that the notion of a coniinuous wave is understood. Thus 
m Fig. 3 the wave A1A2A3 is a continuous wave, while in Fig. 4 
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the wave B.s is discontinuous at x ^ and x — 

We regard the latter wave as discontinuous because there are 
sudden changes in the values of the plotted points near x 
and X — a^. 

Suppose tliat P and Q are two points on a continuous wave 
whose equation is jy — / (x), the corresponding values of x, y 
being % and ATj, jyj respectively. To make the argument moie 
precise suppose that Q is above P so that y\ — f (x^) > / (:Vo) ~ y^. 
Then as x moves from Xq to x^ along the A"-axis the point tracing the 
wave will move from P to Q. If the wave is continuous we 
would expect y to take all values between y^ and y^. 

Next if P\ Q' be two points on a discontinuous curve, the 
corresponding values of x, y being Xq, y^ and Xi, y/ respectively 
then it is clear that as x moves from Xq to x^ along the A'-axis y 
need not take all values between Vq' and y/. Thus in Fig. 4 
there is a gap in the values represcnt('d by LM. 

Th(' discussion given above makes it clear that if we can 
repres(mt a continuous function / (x) by a continuous wave in 
the sense we have indicated, the continuous function will have 
the following property: 

Theorem VI. — //% x^ arc two points in an interval of continuity 
of f(x), then as x ranges from x^ to x^, f [x) will take at least once 
all values between f {x^ and f (xfj* 

2-8. Bounds of a Function 

A function / {x) is said to be bounded above in the interval 
a <..x < ^ if for all values of x in the interval / (a) < A, where 
d is a constant. Similarly / (x) is bounded below if there exists a 
constant B such that for all values of x in the interval / [x) > B. 
The function is said to be bounded if it is bounded above and below. 

The upper bound of / (;r) in a Kx < /3 is a number M with 
the following properties: 

(i) f {%) < M at all points of a < x < p. 

(ii) There exists a value of jr in (a, such that f {x) > M ~ c, 
where c is an arbitrary positive number. 

Similarly, m is the lower bound if / (x) > m for all points and 
f{x) < w + « for some point, in the range. 

* For a rigid proof of this theorem reference may be made to Hardy, 
Course of Pure AJathematics. 
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Theorem VII. If f(x) is continuous in a closed interval (a, P) 
then f (a) is hounded in (a, p), i.e there exist numbers m, M such 
that m < / (a) < M for all values of x in (a, 

'I'liEOREM VIIT . — If f (a) is continuous in the closed interval 
{a, p) and m and M are its lower and upper hounds respectively 
then there exist values a, h of a, lying in the interval (a, p) such that 
f{a) -m, f{b)^M.. 

Let c > o be chosen. Then since M is the upper bound of 
/ (a) in («, b) there exist a value of x in {a, b) such that 
/(a) > M - ' i.e. M — f (x) < £. 

Suppose that there is no value of a in (a, P) such / (a) ~ M. 
Thus M ' / (a) > 0 and since c > o we have 
il{M--f(x)}>lle. 

Since c is arbitrary it follows that il{M — /(a)} is unbounded. 
From Theorem VII it follows that il{M — /(a)} is not continuous. 

Since / (a) is continuous and Af is a constant it follows that 
M ~ / (a) is continuous ( rheorem 1). Hence provided M ~~f (a) + o, 
il{M — /(a)} is continuous (Theorem III). Thus we have a con- 
tradiction and hence there is a value & of a such that / (b) = M, 

Similarly l)y using the property that then? exists a value of a 
such that / (a) < m -b « we can show that there (?xists a value 
a of A lying in (a, P) such that / (a) = in. 

Definition. — The number M — m is called the oscillation of / (a) 
in (a, P). Clearly this number is a function of the interval (a, P). 

2'9. Monotonic Functions 

Let / (a) be a function of a defined in an interval (a, p), a„ 
Aj any two values of a .such that a < Aj < Ag < p. Then if 
/(%) </W fur all Aj.Ag 
then /(a) is said to be monotonic increasing in (a, P). 

Similarly if / (Aj) > / (Aj) at all points such that 
a <x^ <X 2 < P 

then /(a) in monotonic decreasing in (a. P). 

Some of the properties of monotonic functions may be inferred 
by comparison with those of monotonic sequences. Thus, e.g., if 
/ (a) is monotonic increasing and is bounded above then / (a) is 
bounded. For it is bounded below by / (a). 

* For a rigid proof of this theorem reference may be made to Tfardy, 

(' oHrse of Pure M nf hematics . 
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As in the case of continuity the monotonic property may hold 
in an open or closed interval. Thus, e.g., it is not difficult to show 
that if f (x) is bounded and monotonic in the open interval (a, p) 
then lim. / {x), lim. / [x] both exist. Further if 

-r -> a f 0 X g - 0 

\f{x)\<A in the open interval (a, p) 

lim. f(x) > — A, lim. / (Af) < A. 

A' a 1 o X -> g - 0‘ 


2-91. Discontinuous Functions 

A function which is not continuous at a point is said to be 
discontinuous at the point. Discontinuities may be divided into 
two classes. We consider the function / (x) and suppose that 
A' — a is a point of discontinuity. 

(1) \f (x) \ < A at all points of a neighbourhood of a, A being 
a fixed positive number. 

(2) There is no number A with the property defined in (i). 

The former are called ordinary discontinuities and the latter 

infinite discontinuities. 

The following are types which may occur in class (i) : 

[а) lim. / (x) = lim. f (x) + / (a), or / (a) not defined. 

A->a-|-o A->a — o 

Examples.—/ (a;) = x sin — , and ^ 

^ X or X < 0. 

/(o) = I. 

It is easily seen that as x -► o both right- and left-hand limits 
exist and are equal to zero. 

(б) lim. f(x)^ lim. f(x), 

X a \- o X a — o 

Example.—/ [x) ^ x - [x]desx-^i. See § 2-65. 

(f) One or both of the one-sided limits docs not exist. 

Example.—/ (a:) — cos ^ , at a; = 0. 

The following types occur in class [z) : 

(a) lim. /(Af) = -f 00 or - co. 
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Example.— /(Af) = i/jt* at x o. 

( 6 ) lim. /W = di oo» lim. f{x) = -f 00, unlike 

X -> a o X a - o 

signs corresponding. 

Example.—/ (x) == tan x, at = W. 

lim. tan jv ~ 00, lim. tan x — — 00. 

X in ~ o x-y in + O 

In cases {a), ( 6 ) of this class the function / {x) is said to become 
infinite at x — a. 

(c) One or both of the one-sided limits does not exist. 
Example. —/ (x) = -- sin - , * + o. 

X X 

Clearly neither of the one-sided limits exists as x -> 0 and 
the function oscillates infinitely at = 0. 

EXERCISES II 

1. Prove that, if ^(«) -► a and ^(«) h as » -► 00, then 

^(n)^(w) -> ab. 

Prove that, as n tends to infinity, the function (« ^ tends to a 

limit and state the value of the limit. y]\j f j 

2, Find the limit as x tends to zero through positive values of 

{ax^ + pxi + qx»)l{lx^ -f. mx'^) 

.1. Prove that lim. 3 (i +^)^+ 2 (r^;r) _ 

,r o (I - (I ^xf - ’• 

4. Prove that Up, q, r, s are positive integers, lim. 

X i X* r A 

5. Find the limiting values of the following expressions as h tends to the 
limit zero: 

(i) {{X 4- A)» ^ x*)lh; 

[Lond. Inter. Econ ■ 

6. Find the limiting value of the expression 

fix) == {X» - 3^* + 2)lix* - 2;^ + 1). 

(•) when X tends to unity, (ii) when x tends to infinity. 

7- Evaluate lim. 

V >0 \/{a* ~ x^y+x - o ' 
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8. Prove that if « is a positive integer, 


lim. 


- (n -f -f 


= in {n -1- i). 


9. Prove that if y be a positive integer, 

Show also that the expression lies between the values and 
A*" — y (r 4- for positive n. 


10. If u„ f{n)x*'’n\, v„ _^ /(n).v". where /(«) is a polynomial in n, 
prove (i) that converges for all values of x: (ii) that converges if 

1*1 < I. 


n. If /(»i) /. I > o. as n ->■ O), pmvi; that {/{n))’ -► I', where 1 

denotes a positive or negative integer. 


12. Prove that if ni and n arc positive integers, m > n, then the following 
inequalities arc true: 

A’" - 1 A" - I 


.... it - — I . - j 

11 < , e < ,r < I. 

711 n 

Show that the inecjualities are also true when in and n arc positive rational 
nutnbers. 


13. Apply Ex. 12 to prove that /(«) ^ w{a" - i) is a monotonic 
function of n, x > o, and deduce that lim. f(n) e.xists. 

« -> 00 


Prove also that if ^(at) = lim. «(a"‘ - i) then ^(a) satisfies the 
n > i/j 

functional relations 

(i) <^(xy) -- ^(.r) -I- f^(y); 


(ii) ^(x) = - 


14. Discuss the behaviour of the following functions as x tends to infinity: 

(i) I + at-*: 

(ii) X “ [a], where [aJ denotes the integral part of a; 

(iii) sin att; 

(iv) (sinA7T)/A. 

15. Prove that \/x is continuous for all finite values of a > o. 


16. Show that the rational function (a* + 3)/(a* — 4A -f 3) is discon- 
tinuous in the range 0 < a < 4. 

At what points is the function discontinuous ? 


17. Discuss the continuity of the function ((a ~ a)/(b - a)). 
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iS. Discuss the continuity of the 

function log (I + ,r) sin ^ in the 

interval (o, i). " 

[Camb. Sch.] 

uj. Kvaluatc the following limits; 


(i) hm. ,, („) 

X - > a x’ - a’' 

ia'* - <j.v‘ I 1 

, , (,r ‘ I)- ] 

20. l-’ind the limiting value of 

7>ix’ 1 ^a-x t 

+ »hcna->M. 

21. (i) Find the values of 

[Lond. Inter. Econ.] 

hm. 

X - > I *•''' 5 ^ T" 3 

(t I - (J a)’ 

o ^ 

2 2. Prove that if 

fAT.S^r.l 

(i) -- r a, •- /, 

r - i 

IS U - 

then (h) (ij 1 + . . . -1 

•Sd - > /, as n -V 73 . 


if (iii) na ^~> o, as n ^ r/j 

prove that (ii)impIi.Mi). [C,„nfc. SeA.] 


T. A , II, 



chaptp:r hi 

THE BINOMrAL THEOREM FOR A RATIONAL INDEX 

I N this chapter we first consider the binomial theorem for a 
rational index and them proceed to discuss properties of the 
coeflici('nts. The determination of a binomial function from 
the expansion is treated at a later stage* in the chapter. 


3T. The Binomial Expansion 

The binomial expansion: 


I -f "F 


+ . . . - 1 - 


I) . . . (n 



has been j)roved to n'present the function (i x)'^ when the 
index n is a positive integer. In this case then* are (n + i) 
terms and no questionsof convergence arise. See Vol. I. , Chap. XXV. 

When n is not a positive integer the coelTicient^^^ is never zero 

for the {r T i)th coethcdcnt is obtained from the /'ll! coelTicient 
by multiplying by the factor (n — r -f i)/y which never vanishes. 
It follows that when n is not a positive integer the series contains 
an infinite number of t(‘rms. 

The series has been discussed in Vol. If., Chap. I., § 1*52. It 

was proved there that the series U converges absolutely 

provided \x\ <1, and diverges when |x | > i. It remains to 
show that when | x | < i the sum function is (i I .%)«. 

Write /(fi) = 2 J H We first prove 

that 

w) f(m)J(n): 

vSince each series converges absolutely for \x \ <1, the infinite 
senes obtained by considering the product of the two series also 
converges absolutely for \x \ <1. [Chap. I., § i-6.] Hence: 

00 

/ (w) / (n) 2; c, x’^ 


06 
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where 




- I* 
P - 




Now if m and n are positive integers, / (ni) — (i -}- x)^, 
f{n) = (i + f(fn)f(n) (i -f ^ 

Hence if m and n arc positive integers : ■ y, =. ^ j 

Now the equation 

I, p'\p'~[ r ' (I) 

is of the nh degree, in m and n. Again the equation is satisfied 
by more than r values of m and similarly for n. For clearly we can 
take more Hum r positive integral values, each greater than r for 
m or n and for each value (i) is true. 

Now an equation of the rth degree which is satisfied by more 
han f values of the variable must be an idenlity. Thus (i) is true 
for all values of m and n. Hena? 

/ m 4 ~ \ 

^ y J for all values of fn and n. 

and / (m) / («) = ^ ^ (m + „). ■ 

Similarly 

/ W ></(«) X / (u) X ... == f (m f- n 1- u I- . . .), 

Now let « denote any positive rational number, u and s 

being ^sitive integers. In (ii) write m^n^u...^qls s values 
in all being considered. Then ^ 

j ^ ( s) ^ • to s terms j. 


i.e. {, 


/ 


= /(?) = (r +a;)». 


Theor™’ "P''®*’"* '’y ‘his equation is known as Vandemonde’i 
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since q is a positive integer. Taking the sth root of both sides of 
the equation 




cX) 

i.e. (i -f A')" ■-= S / \x\ I .r I < I, 

r - ok 

where n is any positive rational number. 

It remains to extend the result to negative rational numbers. 
Since f (m -\-n) — f (m) x / (w) for all values of m, n it follows that 

f{n) X / ( It) / (o) I ; 

/(«) ■- !//('-«)■ 

Now let n be a negative rational number, — — g/s, where 
g and s are positive integers. Then 

“ s) "" ^ s '■ 

i.e. (r -I .v) Hence (i + a;)" ;-=/(n). 

i.e. (i I A.)’* — E { \x\ Ivl'-::! where n is any rational 

r ' 

number. 


31 1. Some Properties of the Expansion 

There are a few points about the expansion which are worth 
emphasising. 

(a) The proof depends essentially on the fact that the series 
E A'’ converges absolutely for | a | < i . 

(i) The theorem can be extended in certain cases when | a | = i. 
rhe convergence conditions for the expansion in this case arc 
discussed in Vol. 11., Chap. I.. § 1-52. 

(c) If we wish to expand a binomial of the form {a -j- 6)”, where 
n is not a positive integer we must first write it in the form (i + a)" 
where | a | < 1 . Thus 
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provided j^| < i, i.e. | a | > | 6 |. Again 
{a I- A)" - A"p + |) ^h« y 

I a I 

provided , <1. ie. | | < I ^ I- 


(d) The (r -f i)th tonn of the expansion is 

i.e. ” ~ + i) 

the same form as is obtained in tlu; case in which n is a positive 
integer. This (r 4- i)th term may be regarded as the general term. 

3*12. Particular Values of n. 

The special form of the binomial in the case of (r — x)'^, when 
n and x are positive, is worth special note. Thus 

(1 •’=) " ^ ( !)( 

r~so ' 

Now (- i)" ( ”) "" ‘ ' i ' 

, ( j)2r ” (» I- J ) ■ • ■ {» -l-y --1) 

r ! 

= '!(«_+ i) • • ■ i) 

7 ! 

1 hus if « is positive all the coe^icients are positive. 

The expansions in the eases in which n — A, ’ i, 2, 3 are given 
below. Thus 

“ I) 


(«) (I -X)-} 


- 1: 


1. 3 -5. ■•(2'' 1) , 


2''r ! 


.t < I. 


(i) (I - x]-i . i: ; 




1,1 


(c) {I - x)-> = £x', I X I < I. 
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(This form is already familiar from the theory of geometric 
progressions.) 

id) (T ;r)-“ ,, 

r ! 

|.v| Cl. 

(e) (r - x)~^ ■- i:-* ■ •J'' + ('■ + -) 

r ! 

^l{r -h 1) {r + 2)A-^ I A' I < I. 

It is important that the student should be able to recognise a 
binomial expansion when it occurs. A study of the form of the 
expansions given above should be of assistance in this connection. 
In particular if all the terms of a given scries are positive and a 
binomial series is suspected, the form (i- .r)-« should be first 
examined. [C/. §3-61.] 

3 * 2 . Signs of the Coefficients 

Nexf considei the .signs ol the coefficients in the expan.sions of 

(i -(-a)", A • o. Since is obtained from i) ^^^Iti- 

plying by the factor {n - r | ijjy it is dear that as soon as 
y n |- I the fac tor will b(‘ negative. Thus for i c y < u J- i 

the coefficient will be positive, while for -p the 

coeflicicmts will be alternately negative and positive. If n < 0 
so that there are no values of r satisfying i < ^ w -p i the 
first term is unity and the coefficients of a, a^, . . . are alternately 
negative and positive. 

If n 0 there will l)e a set of values of r satisfying 
I ■ y <n f i 

.so that in this ca.se there will be a group of terms at the beginning 
of the expansion which are all po.sitive. Once we pass beyond this 
group the terms will be alternately \K)sitivo and negative. Thus. e-.g. 

(1 h :r) - I [- ;] a + - ‘ ^ a^ -p vL* ~ .p 

The first three terms are positive and beyond that point are alter- 
nately negative and positive. 
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Finally consider the form (i — xY where x > 0, n > 0. The 
case n < o has been considered in § 3-12. Thus 

(t .T)" Y)-- • 

SO that the coefficient of x' is ( — i)'' | ”') . 

The coeffici('nt of x'^ is obtained from the coefficient of x^~^ by 
multiplying by the factor — (w — r -f i)/V. For r > 71 \- 1 this 
factor is positive. Hence beyond a certain point in the series the 
coefficients of the powers of x all have the sa 7 ne sign. Wliether that 
sign is positive or negative depends on the value of n. Thus 

(I - .t)^ 1 + § ( - - X) I- (- xV- -t- - ■ I ” ■ ( if 


-M- X)* !- 


— T - :lx 


3T 


3. 1. 1 

2T3! 


f 




2 ^ 4 ? 




In this case the coefficients of x^ and all higher powers are positive. 


Again (i ■ xY 

- T - 1 -^ ( ■ • A) 


r> ^ ;{ 
■> I 


.'Ja; T- 


.V3 


( -v)-^ + "3; {- xy 




5.3.1 ^3 5.3.^.^, _ 


2 >. 3 ! 


2 * 4 ! 


In this cas(^ the coefficients of x^ and higher powers of x are all negative. 

Again in the finite group of terms which precedes the infinite 
group in which the coefficients of powers of x all have the same 
sign, it will be observed that signs of the coefficients of the powers 

oixjrmst alternate. The expansions of (i - .1)^, {i — illustrate 
this property. 


3*21. Illustrative Examples 

(i) Obtain the binomial expansion of (i — .v)^ as far as the term in x^. 
Prove that, if a„ denote the coefficient of x”, and jv < i , 

8 m (m + i)«n+i - I2W (n -- i)a„ -}- {in -.3) {in - 4)a„_, ^ o. 

[Lond. B.A.] 
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I - ix f - L li:: + s: 




- I — J-V - 

The coefticient of >r’' is 


(- O" ?• ‘ r J • “I.' • • ■ ^ 1 • 3 ■ 5 (2W - 3) 

' ^ « ! '2" {n !) 

Hence« . - ^ ' *■’ ' “ 3 )* _l2» 3)! 

" 2" (// !) . 2 . 4 . 6 . . . (2» 4) 2*" * (« !) (n - 2) !' 

Thus « - — " 5) ! _ 

■ 2 =" (« I I) ! - o r i'-'"-* {>i - I) ! {n - 3 ) ! ’ 


8m (m }- 

I)fln,i - 

- ijn 

(n - 

i)a„ + (2M 

- : 

(2M 

- I) ! 


- 4 - 

_ 3 - 

3)! 


I)! (M - 


3 ,,2t. 

* (n - 2) 1 (n 


- 3)! 


/(2« 

2 

- I) Un - 

•in - 4 

2) 

. 

(« - 

2 ) ! (M 

- 3 ) 

\ 2 {n 

- I)' (M - 

2) 

(2M 




2« - I 


2”"-* (« - 

2) ! in 

-Ti)'! 

Mm - 

“i ) (n ^ 



- o, since the final expression in brackets is zero, 

(2) Find the first term with a nef^idive coefficient in the expansion of 

(i ! A') V [Madras, Inter.] 

1 1 

The {r H i)th term in the expansion of (i -}■ x) ^ is 

V- (V “ «) •.■ (V - r+ 


The first negative term will occur for Die least value of r such that 
\f — r I < o, i e. r ■ 4’. 

Thus the first negative term is obtaimvl by taking r — 5 and its value is 

V ■ 3 ■ a ■ g ■ - 3 .. ' I ■ « ■ 5 ■ 2 . 1 . 

■ 5* ■ ,5! 


(3) Find the general term in the (Xpansion of (i 4- at) « 

- ^ .)( ^ - 2)..,(-^-r 4- .).v' 

The(r + Dthterni is A V // 

„ ( ^ ^ ■/) [p F ^q] ... { P F \r ~ i)q] 

. r\ 

It will be observed that in this case the coefficients are always alternately 
positive and negative if p > o, q > o. 


(4) Ij X > 2, prove that 

1 L ” 2- 

' AT ' 2 ! -V* ■ 


n ^ n [n ~ i) 

AT - 1 2 ! (at — l)- 
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and deduce that 


n f - 0 , « (wj“ I) {« - 2) (r _ I) (y _ 2) 

2 ! ' 1 ! ^ ^ I T 


n {n I I) . . . (n {- r i) 


j , « , n (n f I) 


provided ) x | > r. 


G--J” 


_ , I 1 (w ■ i) 

' * ^ - I ’ 2 ! {X - T)^ • P*'OviUed I ^ - 1 I > I. 

Tliis condition is satisfied if x > 2. 

V I i) . . . w ■' r - I ) 

IS the coefficient of I 'r^ in the expansion 

(' “ I ) • require the coefficient of ilx^ in the other expansion. 


Now 

X - 1 x\ X 
and thus the coefficient of ijx^ is tt. 


). 1^1 > I. 


I T / I r r 

(.r - 1 ) 2 ” r-V ' x) "" 7 a ^ • Thus the 


coefficient of i/V in 
succeeding terms. 


’ is '' ~ *) 


Similarly for 


I I X 

(5) l-xpand ^ ' 7 I \/ 1 ^^^(^Pndirtg powers of X. 

Rationalising the denominator, we have 

\ I TT - Vi -~x ^ (j_+ X) f (I - ;r) - 2 Vi ~ x» 
\ I ) r E V I - 3 ; ‘ ■ ( I + 7r) - (i - 

2 {1 -- (i -- 1 

- r « - A'-> (I -- r*)^. 

Now (1 - = I - l,,2 -p - ' i (_ ,,2)2 ^ 


- I- xr i- ... 


Ihe (»' 7 i)th term in the expansion is 

- -3) 


= _ ‘/3-.:..- : (" -- 3) 


x‘\ since (— i)*'-' -rr _ X. 
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Hence the required expansion is 


, 2 ^rl 


{Ci) Prove that the cu ries 

I - i + ! • ^ i ^ A I- • . 

is a binomial series ; examine its convergence and find its value. 
If 7 /. denote the «th term of the series 


[Madras, B.A. 
in — T 

(>)». 


«... - (- - (- 

4 . O . I 2 .... 477 r, i 

Now the binomial expansion of (1 1 x)~^ is 

■>"- „l - 

which is convergent provided \ x \ < i. Writing x ^ we obtain the given 
series, which must therefore converge. Its sum is (i 4- -- V|. 

( 7 ) If B and C are independent of x, find their values in order that the 
expansion of 

.. I -|. . A _ 

' * (I - 2x)i (i - yt)^ 

in ascending powers of x may begin at the term in x^, and obtain this term when 
B and C have the values found. [Lotid. Inter. Econ.] 


Now 


(. ,r) - - . h »x + .|. . . 

{l - X) ^ = I + X + + X^ + . . . 


(I - 2 X) i - I +* H- + ■■■ 


I •3-5 , 
3 J 


Hence 


(i - 3 ^)“^ - I -f ;r + 4 . x^ |- . . . 

, 1 , + —^^1 - i + /^ 4- C + ;r (I f B f C) 

(i - 2xy (I - 3A')3 

+ AT* (I 4- 4- tC) + ;r> (I 4- + • • • 

If the expansion is to begin with x*, then 

I 4- + C = o. and i 4- + 2 C = o. 

Solving these equations we obtain B ~ — 2 , C — i. The term in x* is 
x^ {i - 4- y). i.e. lx\ 
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3-3. The Numerically Greatest Term in a Binomial Extension 

Since wc are concerned with numerical values only x may be 
assumed to be positive. Also it is clear that unless « is a positive 
integer we must restrict x to lie in the interval — i < a; < i. For 
if \x \ > T the expansion of (i + in ascending ])owcrs is not 
convergent. Ihe case in which n is a positive integer is discussed 
in Vol. L, Chap. XXV., § 25*4. For convenience we restate the 
rc.sults proved there. 

Write p ~ {n -j- i)xl{x -{- 1), q [p] where [p] denotes 
the integral part of p. If p ~ q, i.e. p is an integer there are two 
greatest terms which are equal to one another, the ^th and the 
[q -f- i)th terms, li p -^q, the (q -f- i)th term is the greatest. 

We now consider the case in which n is not a positive integer. 

If Uj.^1 - is obtained from by multiplying 


by the factor (n - r + 1) xjr. Hence 

u,+i > Ur numerically as \n — r ^i\x > r (i) 

If < w 4- I, I w - T + I I = n - r H- I, 

If r > n i, \n ~ r 1 | — y - n - i. 

In the former case the inequality (i) gives 

r <..{n ^i)xl(x + 1) (ii) 

In the latter case the inequality (i) reduces to 

(r - n - I) A > r, i.e. r (i~ a) < - {n d- i) a, 
and since i — a > o this is equivalent to 

r < - (n -i- i)a;/(i - a) (in) 


II « + I > o there will be no values of r satisfying (iii), so 
that it is only necessary to con.sider (ii). Write 

p -- {n d- I) a;(a + 1), y - r PI 

If P ^q, there arc two greatest terms, viz. the ^th and the 
(9 -1 i)th, while if p ^q, the -f i)th term is the greatest. 

In particular if in addition n < o, i.e. t w |- i > o, it 

follows that 0 < < I, since o < a/ (a + i) < i. Hence 

q^o. In this case the first term is the greatest and the terms 
then steadily decrease. 

If « -b I < o. it is only necessary to consider (iii). Write 
P\ (« + i)a;/{i — a) > 0, = [^J. If i e. is an 

integer, the ^jth and (^1 + i)th terms are equal and are the greatest 
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terms. If the greatest term is the {q^ -f i)th term 

hinally if n -f i = o, i.e. n = ~ i, \u,\^i and the greatest 
term is the first, i.e. the terms steadily decrease. 


Examples.— (i) Fnui the numeyically greatest term in the expansion of 
T 7)"’- [Madras. B.Sc.] 

Let u, denote the rth term in the expansion of (i -p Then 


r\ ^ 




- (- !)-• ■t-5)(4)r. 

' ^ - 1) ! 




As we are considering the numerically greatest the negative sign need 
not be considered. 


liJ- 


> I provided 4 2.\ > jr. i.e. r < 8. 


Hence m, and m, are numerically equal, both being the greatest. The 
numerical value of each term is 


8 ! 


{2) Find the greatest term in the expansion of (r -f- when r » 

and n = 60. ♦ ' ' r> 


(I +x)- 


^ / \ CO 

2: (~”V= r (- nr” ( ” I 0 {n I 2) ... in -hr-i) 

V r~-o r\ ■ 


denoting the (r -f i)th term by 


Ur 


n F r — 


T *' 1 


■ I I ^ ' according as 59 4 > 5;., j.e. r < 

Hence the greatest term is the 15th. 


(3) Show that the coefficients of x^ in the expansions of (i 4- x)^ and 
(i + ax) 3 will be the same provided that a" — lojKpt — 2) {^n — 5)] 

Find B when n 5. and for this value of b calculate the ratio of the Efficients 

of ^‘0 m the two expansions. ^ ^ 

(1 4- 


(I + ax)~^ H —i: 
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llcncc the coefficients of x'* arc equal provided 

a’* (— i — » + i) (I — w f- 0 — 3 'I* * io/(3« — 2) (3« - 5)- 

When ;/ - 3, we have 

S 

Coefficient of in (1 I ;r)'^ is * • ^ !. 

Coefficient of in (i -{- a;r)‘"y is 

- ^ 4 _ iy, _ , ^uyio I 

The ratio of the coefficients is 


EXERCISES III 

1. Show that if ;r be positive, aiffi n unrestricted in value, the terms of 
(1 d’ ;r)" will be alternately positive and negative from the term containing 
vL where r is the least integer greater than n. 

Hence deduce that the terms of (id- x)~*\ where x and n are positive, 
are alternately positive and negative from the first term forwards. 

2. Show tluit in the expansion of (i - a)", where x is positive and n a 
positive fraction, the terms will have the same sign from and after the term 
containing x^. r bi'ing the least integer which exceeds n; and show that this 
sign will be positive or negativeVcording as r is even or odd. 

Expand each of the following expressions to four terms: 

3. (l - J.v)t 4. (i -t 4r)<. 5. (a» - ,rS)->. (,. («> _ 

7. (a - a-'.v-‘) -V 8, (c* - ,>)■<. ,o. („* • 

11. Expand (1 - .v-) 7 (i 1 - ,v)‘ in ascending powers of ;ir as far as the 

term containing [bondon Inter. Econ.] 

12. Show that the coefficient of x^ where r > 4 in the expansion of 

(i 1 x)^l{i — ascending powers of .v is 10 {zr — 3). 

[Lond. B.A.] 

13. Find the coefficient of t*'" in (i - a.*)-’. 

14. If p and q be the Hh terms of (i — x)~^ and (i — x)~^, then 

<i ^ (2>' - i)p. 

13. Show that all the coefficients of (i -fAr)-’* are integers, if n be an 
integer. 

What terras in the following e^^pansions are first negative, x being positive ? 

16. (i -x)^. 17. (I i8. (i -f Arp. 10. (I -f 

20. Find the ratio of the coefficient of the nth term to that of the loth 

term in the expansion of (2 + 3Ar)" in a series of ascending powers of at 
by the Binomial Theorem. 

For what value of n i.s this ratio equal to ^ .=' When n has the value just 
obtained,' if the rth term is the first term with a negative coefficient, what 
^ ' [Lc/nd. Inter. Econ.] 
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21. Show that 


^ 1 -i- ^ 2.4 \i t -vV ' 2. 4 . ('.Vi x*l ^ ‘ 


if — 1 < ;»r < I. What is the sum of the scries when ;ir is numerically greater 
than I ? [Madras, B.A.] 


22. If X is positive and less than i. prove that, if r and n are positive 
integers and r < n, the coefficient of jr" in the expansion of x'^Ki + x)' is 
(— 1 Show that the coefficient of .r" in 

X .v^ .V® 

‘ '■ (I f Jr)> ^ (T|- if '■ ■ ■ • 

when each term is expanded, is zero except when » ^ i. 

[Loud. Inter. [Icon.] 


23. From what term in each of the following expansions are all the terms 
of the same sign ? 


40 Rl 

(I ‘ : {1 -X) '^ : (i -X) 


Find the greatest term in the following expansions: 

24. (I -f x)^, when x = 1. 25. (i . 


26. (l — when X ^-12 and n 13. 


27. Show that the greatest term of (J -f 1) 


is 


3 '4. Expansion of a Polynomial 
Consider the cxpan.sion of 

{ao -I- . 1- 

where n is any rational number. We assume in the first instance 
that Uq + 0 . Then 

{rto + a^x -f -f . . . -f Uj^^Y 


-aY i I + 

I aa a„ Uq f 

' {i + + ^2^* + . • • + 


P 

where = aja^, s ---- i, 2 , . . . , />. Write v - E b^. Then 

6-^1 

provided | y | < i, we may expand (i -fy)’’ by the binomial 
theorem. Thus 

(I +;v)" = I + «> + ■ ■ • 
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The general term of the expansion is 

{ biX -f V* + . . . H- bj,x^y 

= + V' + •••-!- b^p-^y. 

Since y is a positive integer we may expand 

{b^ + . . . + b^^-^y 

by the binomial theorem for positive integral index and obtain a 
series with a finite number of terms. When this is done for 
r I, 2, 3 . . . and the series arranged in powers of x we obtain a 
power series in x. Thus 

't- -h • . . T (ipX^y = I' CrX^, 

If first coeflicient which does not vanish. 

Then 

{a,x<^ -f + . . . |- a^**}'* 


= j 1 

and we may proceed as before. 




-f 


n 


Examples.*- (I) Wrtle dotvn the first five terms tn the expansion of 
(i — 2X -1- 3A'*)~’ and state for what values of x the expansion is valid. 

Write y 2X ^ i^x^ ^ X {2 ■ ^x) so that the expansion is 

(i - y) ■> - JC i (r I- I) (r -f 2) yL ( y | < i 

: . I 4- 3y .|, (yyi ^ j 4. _ 

- :v)-=’ -- I 4 3-t' (2 - 3^) + (yx^ (2 - 3^')’* 4- lox^ (2 - ix)^ 

■I- i5x*{2 ^xy -I . . . 

In order to be able to write down the first five terms we require the 
coefficients of x, x^. x^, x*. Thus 

(i - y)-;* ^ I ^ - 9x^ 

4 - 2.\x^ - j2x^ 4- 54jr^ 

4- 8o;»r> — 36 o.v‘ 4- . . . 

4-. 24o;r> 4 . . . 

(i - 4)-3 I 4 - 6;r - I5A-* {■ 8x^ - 66x * ... ^ 

I'he expansion is valid provided 

I (2 - 3 ^) I < I. i.e. .r- (2 - 3.^)* - 1 < o, 
i.c. {;ir{2 - 3.r) j- i} [x (2 - 34:) - j} < o, 
i.e. iix + i)ix ~ i) (3;!;* - 2 ;r 4 - I) < o. 

Now tlw roots of - rrr + i =. o are imaginary. Since the coefficient 
of t:» IS positive it follows that 3^’ - J* + i > o for all real values of x. 
Hence the condition reduces to 

(3^ 4 i) (.r - i) < o 
nnd this is satisfied for - J < .r < i . 
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(2) Prove that, when i <x < i, 

X' 

(i) (1 — I -.»•■’) * - Z 4 - + 
n - o 

rjj 

(ii) (1 -f IX 1- 3a;2 4 ix^' 4- ,v 4 * 27 {« -f- 1) (a'®" — 2x'^'^+'- 4 - -v-'"'*-*) 

n o 

\Lond. B.Sc.] 

X.' X' 

(i) Now Z (;»■*« 4 - - (I L -v) Z x^" -= (i [ x) (i - .r‘)-\ 

M — o n — o 

provided | x \ 1 . 

- (i 4- -V) (I - x)-^ (i + (I + ,r-)-* ((I - X) (i 4- A'*)} ^ 

- {1 --X + x'^ - .r’} -L 

iX) J-' 

(ii) Z {n 4 0 (a*’" - 4 - Z {n | (1 — 2x | x^) 

n - o n — 0 

rx- 

- (i — Z (n •)- i)x^“ - (i — a)‘(i — a®) 2, provided | -r | < 1, 
n — o 

(I - ;r)> (i - A-)-' (i 4- A ! ^ (i 4 - I 4- 2 X^ 4- x*)-l 

vT 5 . Irrational Index 

Consider, c.if., how we can attach a meaning to the binomial 
theorem in the case of (i Since we require all algebraic 

functions to obey the fundamental index laws {(i |- x) must 

be equal to 

(I 4 i-xy'. 

This equation may l)C taken to define (r 4 i.e. the 

process of raising a quantity to the (\/3)lh power is such that when 
the process is repeated on the resulting quantity, the final result 
is the cube of the original quantity. 

Such a complex definition is of course not very satisfactory 
and it is better to proceed to the approximation of the irrational 
number ^3 by rational numbers. 

Now \/3 ^73205 . . . The numbers 17, 1-73, 1732, 

173205 . .*. form a series of rational numbers, each member of 
the series being a closer approximation to than any of the 
members which precede it. Hence the series of values 

(I 4 -*)''^ (I 4 -*)''”. (I (I . . . 

are such that each member is a closer approximation to (i 4- x)"^^ 
than any member which precedes. 
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Now each member has a precise value, e.g. 

'73 


173*505 

(l i - = (1 = loooo^^j ^ 

and so on. Also if | a: | < 1 binomial expansion is valid for each 
of the members since (‘aeh index is a rational number. 


It follows that the binomial theorem will hold good for (i -\-x)^^ 
as closely as we ph'asc if we substitute for \/3 throughout a rational 
number which is sufficiently near to it for the purpose. 

We consider now a formal method of obtaining the binomial 
coefficients. Supjxxse that 

(i +x)^'^ - a^i \ (i-iX -b 1 . • • , I ^ I < I. 

Putting X — 0 in both sides of the identity, it follows that 


Thus 

f- .. (I + V) 


where 


Again (i+y)'^^=. i 


V --- a-^x -J- a2X^ + 

I- a^y + • 


Now (i ^ {(i -f = (i Hence 

I + 3*3' -f 3^'“ T 

: I + «2>'“ I (hy-^ I . 

I I -I + . . . -I 7? ,,3;" -b . . .) 

-}- «2 d- • • • b d- ■ . .)* 

d- (h d-'? oX'^ 1- . . • + + . • ■)■* 

d- 774 (a^x d’ a^x- b . . . d- a^x^ -f . . .}* 


-f- . . . 


--= I -f a{h 1 (a^a.^ }■ « 2 ^ 7 i^) x^ 
d- -b 2«,77a^ b rtgrtp*) .v-‘ 

-b d- ^ 2 ^ d- zaiU^a^ -b 3^i^«2'^3 + x* 
+ • • • 

Kquating coefficients of corresponding powers of x 


(i) 

3 = «i^72 (i -b «i) (ii) 

I = rt, (a, + 2«3* + aja,*) (iii) 

o = + a2* -(- 2fl,a2aj 3<i,~afy I w^a,* (iv) 

T. A., II, 


6 
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From (i), «, = ^/S- 
From (ii), ^3 = “aii + V'3). 

«2 = V'3/(i + V'3) = V3(\/3 i)/-2- 

From (iii), a, (a, + a,’) = — 2 a,aj* + i 

= I - 2 v'3 {v'3)* (v'3 - i)*/4 
=- I - 3 Vi (2 - V'3) = 10 - 8 v'3- 
Hence a, = (10 - 6 Vi)l4 Vi 

= (5 v'3 - 9)/6 v'3 (\/3 - i) (V'3 - 2)/0. 

Again = 3(y3^- i)* 

^ i Vi (v'3 -I) (2 - Vi) = - 1«3: 
aj“ + 2 aiajaj + ia^'‘afy 

- I - 5 -t- . V3 . ''Ll vijlil + ,, I 

y 2 2 

= Jaj {12 - 3 V'3} = :!«3 (4 - V'3} 

= ("3 (i + 3 V'3) (V'3 - i)- 

From (iv), Vi^i (i + 3V'3) = - n (i + iVi) (Vi - i). 

i-e- (14 = (Vi - 1 ) = I (V'3 - 3)a3; 

«4 Vi (vi - i) (Vi - 2 ) (Vi • 3)/4 !• 

In a similar way further coefficients would be calculated. Thus 
the expansion of (i is 

I + V.I^ I -I- 

2 • 3 • 

, v'3 (v'3 I) (v'3 - 2 ) (Vi - 3) . , 

+ a: +... 


3*51. Further Examples 

In this section we give further examples of expansions in scries, 
other than direct binomial expansions. 

/ . , 3 00 

(i) Prove that ( \ — i -f £ (4"*+ 2)x^. [Lond. B.Sc.] 

— xj n t= I 

Now (i — 3= I + 3 ^; + T‘4 X* + 
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Thus 


- (. + 3 - +3^* I- .V) ^ + 


In this product the coefficient of -v" is 

(» j 1) (n + 2) 3 ” (w -I- 1) ^ 3 (« - T)» (« ■ “) (” ::^L) 


i (8n» + 4)- 


Thus 




I f £ (4»i> I .2);r« 


{2) Expand (i -f ■*■)*/ (i — -V-)® in a senes oj ascending powers of x. 


(I «,r*)s (I ^x)^i + .r)=» 


(I I- x) (1 - .v) 


— (i I jr) £ a,x^, I X | .. i , 

r ^ o 

where i (r -f i) (r 1- 2). The roefficicnt of ;i"' in the produc t is -f <7 ^_p 
i.e. i {r + i) {r -| 2) -|- \ r {r |- 1) - (r + 1)2. 


Hence (t 4 - ^)V(i - -^2)2 


£ (»' I- 1 ) 2 .V^ 


(3) Find the coefficient of x^^^ and x^^^ in the expansion of (i + ;r + x^)~^ in 
ascending powers of x. 

I (i-.v)2 

■ (I + .r+A-2)2 (, -X^y “ 


2;r i x^) £ {r -j- \x\ < i 

/ — o 


£ {r + I) {X*' - 4 

r — o 

The terms involving x^^^ are obtained by writing r = 33 so that 
zrr x^^, x^''^* — Hence the coefficient of is — 2 x 34 ^ — 68 

and the coefficient of x^^^ ^ 34. 


Show that the coefficient of a-*' in the expansion of ^ 

(I t- 


(4) 


ascending powers of x is 

8 (4!) 


The expression — ^ 

(1 -.r )5 

To escape the difficulty of determining the required coefficient by dealing 
with two infinite series, multiply the numerator and the denominator of the 

expression by (i -f ar)^ which operation will give us an integral power of 
14--*^ for the numerator, leaving the denominator still a binomial. 

Thus the expression 

^ I 


(I 4 - x)^ (I 4 A')* 


, n .-^(I 4 -^)MI-^*P 

(1 4- X)^ (I - X)^ (l - AT*)^ 

(I + 4 * + 6 *» + 4** + **)(i +-?*» + .. 


1*1 < 
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Since even powers of x alone appear in the expansion of (i — the 

cocH'uicnt of ,v“ required in the question can be got by multiplying the 
coclficicnts of (,v=)* and (;r=)* in this expansion by the coefficients of x* and x 
respectively in the expansion of (i f and therefore the coefficient of a:’* 


1 . 2. 3. 4 


+ 4 .^ 


1 . 2 . 3 . 4 . 3 


7 9 -I 1 /5 , i 3 \ --23 

(4!) 'W ' «/ ■ 8(4!) ' 


(5) Write down in its simplest Jorm the coefficient of x^ in the expansion 
in ascending powers of x, of 

(a I bx I cr* |- dx^) (i - — i < x < i, 


00 

and determine the coeffn ients a, h, c, d so that this expansion reduces to S nh". 


Prove that H 

n - -- 



n I 

[Lond. B.Sc.] 


(I - 1 -1 Z ^ 4)(:5).;( 4__»:.tj,) („ ;y)r 

r - I » • 


i.c. (i ~ a) * 


y (r 4 - I) [r + 2) {r + 3) 

z 

r - i J 

r - o J • 


The coefficient of .v" in (a + bx + cx^ -| dx^) Z ^ 3 .)^r 

M — O 3 - 

(« + i) {« + 2) (« + 3) + (» + I) (n }- 2) 

-f c (n — i) n (« 4 1) 4- d (n -- 2) (n — i) n). 

This expression is denoted by u„. Then 

•X) 

(a 4- bx 4- CA* 4- dx^) (i — x)~* — Z u„x". 

n — o. 

Suppose nrjw that u„ : n*. Since is of the third degree in n it is 
possible to choose the constants a, b, c, d so that this condition is satisfied. 

In the identity write n ^ — 1, — i, o, i in succession. Then 
— 8 — — c — 4^, — \ ~ d, o — a, I — 4a f 6. Hence a — o, 6 =3 i, 

c 4, d = i. 

00 00 

Since Ug = a it follows that 2 ’ u^x* becomes Z n‘x’*, when 
n = o « I 

a„ — o, b*— I, c — 4, d — 1. Thus 

CO 

2* (at 4- 4;r* 4- ;r^) ( i — at) ~ i < a' < i. 

n -- 1 
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In this equation write x — L I lion 
3 

^ = (* ! ^ T I) (I) * - 

n — 


3*61. Determination of a Binomial Function from its Expansion 

So far we have been concerned mainly with the problem of 
determining the expansion from the given function. We now 
consider some examples of the converse* problem, i.e. given a 
binomial series to determine the function from which it is derived. 

If we arc given a power series in x we can determiiK; by a study 
of the coefficients whether or not the series is a binomial expansioTi, 
It must be remembered that the complete (‘X]->ansion may not be 
given and further that we may not be dealing with a direct l)inomial 
expansion of the form (i d- xy\ The student must be guided by 
his previous experience gained in dealing witli ])articular binomial 
expansions. 

If we are given a nttmencal series tlu‘ problem is in general 
less simple than the previous case. For now another unknown 
factor has been introduced, viz. the particular numerical value of 
X which has been substituted in the power series to giv’c the particular 
numerical series. 

Examples of both types of series arc given below. In tlie first 
example we indicate the details of the analysis which enables us 
to decide the function from which the expansion is derived. 


Examples. — (i) the joUounng series to infinity: 


^*(3“ !) 


- V 

2^(1 !) 


« - 3 -5 

2 “ h !) 


wluTe ( X I < 1. 


[Madras, n.Sc.] 

The general form of the coefficients suggests a binomial expansion. First 
we observe that the factors in the numerators of successive coefficients increase 
by 2. This suggests that the denominator of the index of the power of the 
binomial expression is 2. This is confirmed by the presence of the powers 
of 2 in the denominators of the coefficients. 

Next we observe that the terms arc alternately positive and negative 
and that the powers of x increase by unity. This indicates that the expansion 
will be of the form {i + x)^ as distinct from (i - .r)". The fact tliat the 
terms are alternately positive and negative from the beginning docs not 
indicate precisely whether « is a positive or negative. For some of the terms 
of the complete binomial expansion may be missing from the beginning of 
the given expansion. 

The next point to be observed is that the " factorial " terms in the denomin- 
ators of the coefficients begin with 3 I. This shows clearly that three terms 
of the series are missing and that i/2»(3 1) is the coefficient of the 4th term 
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of the complete binomial expansion. Thus we must multiply each term of 
the given expansion by at* and divide the resulting sum by at®. 

Again if i /2*(3 I) is the coelhcient of the 4th term there must be three factors 
corresponding to n {ft — 1 ) (n ~ 2). There are three factors | and this indicates 
that two of the required factors are — for those numbers differ by 

unity. The factor which is missing must cither by — | or -f This 
point is settled by the next coelTicicnt which is obtained from the first by 
multiplying by - - ^ changing 3 ! into 4 !. Hence we must take the 

value L 5 and tlie given expansion must form part of the binomial expansion 

of (I + x)\ 

The precise setting out of the working is as follows. 


_J * , JL1:A _ 

2®(3 !) 2^(4 !) ' ' 2®(5 !) • • • 

Vi*(3!) 2^(4!) ' ' 2®(5!)- ■••I 

T r 3 .i .2 a.i.i.i 3.1.1. "^.5 4 

‘ I 2 A 2 _ 2_2 2_jt ^4 .1 2, 2 v& _ . 

JT® Vl! ^ 4! ^ 5! 


/ i:Ji 4 , a 

3.1. > , 4 ’ . 1 . 

5 2 2 ^4 _ . a ^ 

_ 1 . _ 3 . _ 9 

A ^ 2 v 5 

“ 5 ^=* 1 3 ' 

4 ! 

5! * 


A® \ 

I - 2'^- - H' 2!/' 


-= !(' 1- 4 - i*" 

-- (t 4 


(2) Evaluate i -f 

m {m - 2) (m 4) . . 

_ , Mr2»'' 

. (rn ™ in 2) 


1 


m {m ■ 2) (w 4) . . . (w - in T 2) 
■ ~n\i^ 


\Lond, B.Sc.] 
n(m \ (m \ [m \ 






Hence i + i: f 


Z 

n ^ o 




1. 1 .)•* - 111*". 

(3) Sum the infinite series : 

, , ■ ,2.5 ' , 2.5.8 I , 

I 4 4 - 4 - . ^, 4 - 


Taking the expansion of (i — Ar)“", we have 

(1 - ,r)- =.+»;. + ” + ■> + . . . + ”• <” + ’> ' • ' +-^ + . . . 

' 1.2 1.2.3. 
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Here (i) the indices of the powers of x increase regularly by unity, the 
index of x in any term being the number of the factors in the numerator or 
denominator of its coeflicient; (2) the numerator of the coefficient is the 
product of an a.p. of which the first term is «, and the common difference is i, 
and (3) the denominator of the coefficient is also the product of an a.p. of 
which the first term is i, and the common difference is i, 

Tn the series given for summation, the first and second conditions do not 
appear to be satisfied. Wc therefore modify it, by dividing by 3 each 
factor of the numerator of every coefficient, the requisite number of 3’s for 
this division being taken from the power of J. Thus the scries after modification 

+ i! + &( j)' -I ttH ',)'+ ■ 

- (I - k)~'^ - (r" - (§)■" - 


(4) Sum to infinity: 


1 I ^ 

+ 57.-0 • 


6 . 2.2 


6. 2. 2. 6 


The series 




6 . 


1.2.3 


.5-10.13 


•i- 

1 . 2 . 3 . 4 


a . » y . 2 . / _ 2\ 


1. 2. 3. 4 




1.2.3 


- (I + t)^ = («) X (f)^ - IW 5 - 


(5) Sum to infinity: 


1.4 

12.18 


.. ‘• 4 - 7 ^ . 

12.18.2.} 


1 1 . 1 . <» . 7 

The series 1 _ 1 -J?- -f- , 

4 4.6 4.6.8 

The factors of the denominators are in a.p.; but they do not begin with i. 
Hence one additional factor, namely unity, has to be introduced into the 
denominator of each coefficient ; and as the number of factors in the numerator 
is the same as that of the factors in the denominator, we have to introduce 
an additional factor in the numerator also, which factor is clearly, — f. 
Let S denote the series. Now 


|5 = 


(t t)-i 


•i- 




(i)> - - . 


(-JhLl ,j). . 

1.2 " 1.2.3 1. 2. 3. 4 

Again, since the index of x in every term must be the same as the number 
of factors in the numerator or denominator of the coefficient, we have 


-!5x i 


!>(-!) 


(i)> + 


fjT- \) (-_!) 

1.2.3 


.(i)’-f ... 
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Here the first two terms are evidently wanting. When we supply these, 
we find that 

- X i + I I } (j) - I + 3 (J) -I- * ’’ (i)> + . . . 

-Ji- I ij = (1 I j)S i^ns. 

■■■ S = 3(ij - JO'iX) - 4 - 

3-62. Properties of the Coefficients of Binomial Expansions 

We first prove that the sum ojL the first (r -f i) coefficients in 
the expansion of (i — xY is 

(- t)^‘ {n - i) (n - 2 ) (w - 3 ) . . . (n -r)!r I 

Now (t -x]" - S (- !)'■ ( " ) ,r^ I A- 1 < I, 

(I a)-* - 1 ' |a| < I. 

; (' 

Since the series converge- absolutely the product series also 
converges absolutely for \x | < i. Thus 

r/j 

(i .r)" (i ■ x) ^ — 2J a,.x^ fChaj). I., § i-b] 
wlwre a, r -. 1 . f -...+( - I)-- (") 

Now (i - xY (i “ (i - 

X — o 

where h, - ( !)»■ ^ 

Hence Ur (Chap. 1., § 1 - 8 ). 

Tims r (- - 1)^ ('' /)• 

The remainder of the section is devoted to examples which 
indicate how the projjerties of binomial coefficients may be obtained 
and used. 

Examples.— (i) find the sum of the coefficients of the first {r + i) terms 
in the expansion of (i — 

00 , 00 
(I x)~^ ^ r I (r 'h I) {r !- 2) A” ^ SUrX^ and (i ~ x)-'^ - £ xr 


y ~ o 
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Usiny tlic product theorem for power series 

(i — where f • • • + &r- 

00 

Now (1 - ■ -r) ^ J (r + i) (r 1- 2) {r + 3) 

} -- o 

i {s .p T) {s + 2 ) -= > {>' d- 1) {r + 2) {r + 3). 

5 o 


(2) If Cr denote the coefficient of in the binomial expansion 
, , n {n -- \) » , , n {n — 1) ... (n — r i) , , 

2 

a'here I > .r > — i, use the identity (i — a)’* (i -|- a)" - (i — a''*)" to 
prove that 

-f- (- - i(- (I ~ Cr). 

[Lond. B. 5 r.] 

00 00 

(i 11” — £ (— O'rprL and (i a)" — £ c^x^ 

r — o r ~ Q 

Since each series converges absolutely for ( a | < r 

00 

(i a)" (i d- a)" =- £ a,x\ 

r ~ o 

where a, =- r/o - fV_iCi -| c,_,_Ca . 

-I ( + . . . -f (- tj^CrCo. 


Since this is true for all values of r, 

■!”••• 'h ( l)* 0^2r-» H' • • • 4 " ( ~“ 

oO 

Now (i - a)" (i + a)" = (i — A-)" -= £ (- l}^CrX^r 

r ^ o 

Comparing the two expansions, the coefficients of a*'’ must be the same 
in each case. Hence 

Vzr - + ■.. + (" + ... I- CirCo (- 1)’'^,, 

2r 

i.e. £ (— — (- 

s o 

In the scries on the left there arc 2r -f i terms and the terms equidistant 
from the end and beginning arc equal. The middle term is obtained by 
writing s r and is (— Hence 

2 £ {- + (~ i)V - (- 

s — o 

f — I 

i.e. £ (- l)*C,Car-. “ H- (l ~ ^r)- 

5 = 0 


(3) Write down the expansion of (i — a*) ^ in a series of positive integral 
foivcrs of X. If the coefficient of x^’* in this expansion is a„, show that 

I- H . . . + rt„«o = O [Land. B.Sc.] 
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(1 - 


2-' H 




{zr - I) ! 


Z^r-l y I „„ , ) ! ' 

{ir -- i) ! 


•• r 22'’-‘ r I I) ! 

Next consider the square of the series Sa^x'^'. Since the series converges 
absolutely for \ x \ < i the series obtained by considering the square will 
also be absolutely convergent. Thus 

{(i - ,r*) where J- 

Now {(I - x^)~^]^ - (I - a:*)-' 

Hence — i. Writing r — n\ 

1 ^ «0^fi T \ + 

(4) Find the sum to n terms of the series whose rth term is 
r {r -I- I) {r -f 2) {r + 3). 

Write M, = r (r -I- i) (r + 2) {r -f 3). 

Then «, = 4 I 


«r = 4 


5i^_:7 + i) {>' + '^) {r -{ 3) 


{r - i)^! 

iDO 

Now r /-s'! (_, i)rvf 

S 5 • 6 • 7j _•:•♦'(»:+ I ) (»' 1; 2) {r 3) {r + 4) 


i.e. (I ■ S 

4 ' y — o 


The sum required is Z 
r = 1 


w — I 

: Z 
r — o 


If 5 denote the sum of the given series it follows that 

s — 4 ! X the sum of The first n coefficients of (i — x)''^ 
“ 4 ! X coefficient of in (i— a) * 


I.e. 5 ” 4 ! X 


n {n -j. 1) (« -h 2) {n + 3) {n 4- 4) 


i« (n + i) (n f 2) (« 4- 3) (m -f. 4). 

3'63. Application of the Binomial Theorem to Approximations 

00 

The binomial expansion 2J i^r/^ is a scries which converges 

absolutely to (i -f x)^ provided | | < i. In particular from 

the properties of convergence 
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01 


lim. {^\ == 0. (Chap. I., § 1-32.) 

n -> oo ' 

Also wo know froTn the properties of the coefficients that there 
is a numerically greatest term in the series, which may in particular 
be the first term, beyond which the terms steadily decrease. 

Further it is clear that the smaller the value of \ x\ the more rapidly 

imll S j A'' converge to its sum function (i -j- x)^. In other 

words, if \x\ is small enough we can obtain good approximations 
to the value of (i + hy taking comparatively few terms of 
the expansion. *' 

Consider the problem of finding the «th root of any number. 
Let N denote the number. Express N in the form + 6 where 
a” is as close to N as is convenient, while ^ is a positive or 
negative number which is small compared with a”. 

Thus, e.g. if we require the fourth root of 626 we should write 
626 = 625 + I “ 5* + T. In general 

N =- h, iV'‘ -{a” f Z))” - ^ f i f ^ J«; 

j_ i 

• — a {i x)^ , where x — b/a^ and | x | is small. 

It is clear that the number of terms which are retained will depend 
on the degree of accuracy required, since clearly the more terms we 
take the more closely do we approach to the precise value of the root. 


Examples. — (i) Extract by means of the binomial theorem the fourth root 
of 624 correct to six places of decimals. 


(624)^ - (625 - i)i == 5 




l.-i 




1 1 


cJ* 


+ . 


==5\i- 
- 5(1 


5" 

_i 3 

2500 125 X 10*^ 

•0004 — -00000024 ~ “ 5 X ’99959976; 




(624)* — 4-997999 correct to 6 places of decimals. 


(2) By means of the Binomial Theorem find the value of (ro2)^ — (0-98)^ 
correct to six places of decimals. [Lond. Inter. Econ.] 

Write = (i 4- -02)^, ^ =: (i — -02)^. Then 
( 1 - 02 )* - ( 0 - 98 )^ « X* ~y^ == {x - y) {x^ xy y^) 

X* + xy + y* 1= 1-02 -f (i — -0004)^ -f -98. 
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(i — -0004)^ — I - i (-0004) — I (-0004) 2 , 

— o <)9<)7Q998 correct to 8 decimal places. 
Tims 4 - T y'^ — 2-g9979998. 

Now (I + «)* = I 4. - l,-! + - , 5 ^i« 4- 

Thus (I ^ 2) i „ r - - 1=' ~ .>4» - - . . . 

(I 4 2)* - (I - = 2 + J2’ + ,’s2'> + . . . 

Put z — *02. Then x — y = -02 f J {•02)'’ h 1^5 (-02)® -f . . . 

— -02 -f -00000 1 + terms not affecting the 8th'<iccimal place. 

Thus ,T* — ^3 = (2-9997998) (-02000100) = 0-059999 correct to six 
decimal places. 

% 

(3) Find, hy the binomial theorem, the value of ^/z to four places of decimals. 

V2 - 7 - 1 vii “ i iii)^ = I i (• - 

- 4 ‘ + <- <- »’»> ^7.2 “ 

4. 

- s T ICO + sootra + 200V00 + • • - ) 

- 14 X (t + -or 4 -00015 + *0000025 4 - . . •) 

-- 1-4142 to four places of decimals. 

Note . — The value of \/2 can also be found by putting it in the form 

- ’v"- vn - -V’ (I " 


(4I If X is so small thatx^ and the higher powers ofx may he neglected, show that 


Vr+ X - xy^ 
i-y-x+Vi-y-x 

The expression = T (1 _ 


(I 4 4 (I + X) 


- I — nearly. 

(I -I + ..•)±JL“ + 

■ I 4 4; 4 (i 4 Jat 4 . . .) 


Since x"^ and the higher powers of x may be neglected, the expression 
I 4 4 I — _ 2 — ’.r I — 7>x 

I d AT 4 kx ~ 2 4 Tf;r~ i 4 i-v 

(I - tV-^) (I 4 \xY^ - (I - ,h^r) (I ■ - lx 4 . . .) 

I — f^.^x -- \x, x^ and the higher powers of x being omitted, 

I -- lx. 


(5) Show that the error in taking ^ 4 — ^ ^ approximation to 

\/(i -{■ x) is approximately equal to x*]!’’ when x is small. 

By taking x ~ I, find a rational approximation to y/t and. state to what 
number of figures the result is correct. [Lond. B.A.] 

Now Vi i- X ={i 4 .r)i As in Ex. (2) we have 
(I 4- 2)i - 1 4 It - !•>“ + ,'o*’ - lis-t* + • • • 
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2 4- ^ I 4- .1' ^ l~ X I - r 


•(I 4 - 


i + i-v 4- i - lx 4 Ja'*— 4- 4- 

- 4- . . . 

- 1 4- J v - i,v2 1- - ,^A'L . . 

Neglecting a® and higher powers the dilTcrence between the two cxpres- 


Whcn X I . Vi 4 - V J ^/6. 

Also ^ +^4 

2 4- 2 I- J ' 4 ^ f 

Hence adopting tlie approximation wc oI.)l;un y /6 2-45. 

The error term is x^iz^ r/2“ •ooo4<) approx. Thus we would 

certainly expect the approximation to be correct to 2 decimal places and 
perhaps to 3 places. It is easily verified that s/G - 2-4493 ... so that the 
result is just correct to 3 places of decimals. 

When I a; I is large wc may approximate in a similar way by 
considering an exj)ansion in ascending powers of i/x. 

( 6 ) Ifx is very large, find, correct to the term in i/,v*, the expansion tn powers 
of ijx of i/{x 4 - 3) X lijxf^/{x - 2). [Madras, BSc.] 

<'{x } 3) ;;/-»• (f I- 

Dividing numerator and denominator by the expansion becomes 


2 Vi , / 


I 3- Vj4- 


3 ^ (3^ 




* 14 -' ‘ 

1 ' + J ” T> 


(7) Prove that 

V{x*~T^Ux^ - V{x^ 4-"c9 I rf*) - i T b'^ - _ (P), 

when X is very great. 

The expression = (x'^ 4- a») ^ (a-^ 4- 6»)^ [x'* 4- (.v^ -f d'^)K 

-- x^ (I 4 - a^x*)^ (1 4 bVv^)^ -A'» (i 4 - c>/x‘)^ (I 4 - d^/x^-)i 

‘-0{‘ + i-“i+ •■•)(* + l-f, + •••) 

+ 14 .+ •■■)(' + i4> + •• ■) 
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reciprocals of poweft of ^ higher than being 
neglected, since x is very great, 

//i* 4- ft* — ~ d}\ 

— x^ — x^ \x* f — T — j approximately 

o: J (n* f 6* - — d*) approximately. 


fflX^ — flX^ 

(8) Ifx be nearly equal to unity, show that ' approximately, 

I.et -v ~ I -f- yi where y must be small, since x is nearly equal to i ; 

. >” (> 4 - y)"* y)!! 

m — n 

m (i I tny (r -| ny + ■ • ■) 

m — n 

m - « f y . 


the expression 


I I (w I- n)v: 

y* and higher powers of y being omittod. 

Also x^^" —■ (i -1 y)”**^’' - I 4- [m + «) y, under the same assumptions, 
which prove the equation. 

The binomial theorem may sometimes be used to find approxi- 
mately the root of a given equation. 


(9) Given that a is small compared with b and c find an approximation to 
numerically smaller root of the equation ax'^ + -f c — o. 

The roots of the equation are x = {— b ± Vb^ — ac}la. 

Since a is small the root required is {— 6 -f Vfc' — ac}la. 

It is clear that if in the quadratic equation we suppose that a -> o the 
equation would become 

0.4“ + 2bx 4 - c = o 

whose roots arc — c/ift and 00, with the usual convention on the meaning of 
the symbol infinity. 

It follows that the first term in the required approximation will be — cjzb. 
Now 

(6» -ac)^ ~ h (l - (' - i p - i Ir - ■ ■ ■) 


= 6- J' 


« "ft* 


i V. vvhere a^lb^ and higher powers 

0* 


Thus the required root is — 
are neglected. 

(10) Find an approximation to the small positive value of x which satisfies 
the equation 

(I 4 * xy (i - X)-* = 1-05, 

and verify your result by the use of tables, reproducing the significant figures 
of the number i'05. [Lond, Inter. Econ.] 
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( 1 4- (I - X) - (I -f 7-^ + + • • •) (» f + lox'i- . . .) 

I + I i;v j- 59^* (higher powers of ;r neglected). 
Thus ilie e<piation becomes -05 ^ iix |- 59.^*. 

Solving this as a quadratic equation in x, we have 

.r = {- II i V(i2i + 4 X -05 X 59 ))/ii 8- 
'I hc required root is clearly x ^ 

From tables - 11-522 so that x ^ *52^/118 ^ -004424. If we 

had neglected x^ the approximation to the root would have been x -- -05 Ti 
- 004545. Taking the value -0044; 

(i -f ;r)’ (i - .r)-‘ - (i-oo44)V(-99.')h)* 
log 10044 =* ,Vo X -00432 -= -00190 
log (1-0044)’— log (-905h)‘ — 7 A -00190 — 4 X 1-99808 
- -0133 -f 4 X -00192 = -02098; 

(i + (1 - — 1*0495 — 1*05 to three significant figures, 

The binomial theorem may sometimes be used to determine 
approximately the error term in equations which represent relations 
betwean physical quantities, due to small variations in the quantities. 


(ii) The pressure and volume of u given mass of gas are connected by (he 
equation pv^'* — c. If the volume is increased by 2 per cent,, find the percentage 
change in pressure. [Madras, B.A.] 

Now pv^'* - c, c being a constant. Suppo.se that when v changes into 
V T h, p changes into p li, h and h being .small. Then 
[p -f h) (v f- /i)‘ * c ^ pv^-f 


p I- h { V V‘ { , 

S^'b+zi) + J • 

... , 

p ' V 2 1 V* 

Now - — since v increases by 2 per cent. Neglecting -- and higher 


powers, 


A- 


1*4 


^ . Now kIp is fractional increase in p so that percentage 

increase in p is 100 kip. Thus percentage increase in p is — 2-8 per cent. 
The negative sign indicates that pressure is decreased. 


3*64. Approximation to a Function by a Series 

In approximating to any function by means of a finite number 
of terms of an infinite series, which is the expansion of the given 
function, the following points should be observed. 

The approximation will be required to some stated degree of 
accuracy, say r decimal places. Then it will be necessary to 
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ensure that all terms which can affect the ^'th decimal place are 
included. Further, all the terms which arc included should each 
be calculated to at least (r -f 2) decimal places. This is to ensuie 
that the accumulation of errors will not affect the rth decimal place. 

Again, in determining the number of terms which must be 
included it is necessary to know the greatest term of the expansion. 

Suppose, further, that it has been necessary to take p terms. 
Then we require some estimate of the remainder after p terms. In 
the case of the Binomial Theorem there is no single elementary 
formula which is applicable in all cases. 

The ultimate behaviour of the terms of the binomial expansion 
as regards sign has been discussed in §§ 3-12, 3*2. There are two 
cas(^s. (i) Terms alternately positive and negative, (ii) Terms all 
of the same sign. To (i) belong th(' forms (i -f 
where n > 0, a > 0, while to (ii) belong (1 x)~^, (i — .r)" 

where n > 0, x > o. 

We have supposed that p terms an' taken and we wish to 
estimate the magnitude of Kj,, the remainder after p terms. 

Cask (i). We take p greater than the order of the numerically 
greatest term, and also greater than n. This second condition is 
to ensure that the terms have reached the “ alternately positive 
and negative " stage. Under these conditions 

^ ^b>i 2 h “h • • • 

or -- - Ry.i 1- Up,. - Uyr, + - • • • 

when' Ut denotes the absolute value of the /th term. The former 
equation applies if the first term in Rp is positive, the latter if the 
first term is negative. 

Now the sequence {/q} is monotonic decreasing, as once we 
pass beyond the numerically greatest term, the terms steadily 
decrease in absolute value.. 

Taking the first equation 

Rj, = Up,,^ {Up^2 • • • 

" ^^1)12) b ^^p+4) "T • • • 

Hence Up,^ 

Taking the second equation, 

Rp - «1>+1 + (“»+2 - «»«) + ("oil - "i.J 4- . . . 

= — (Wpl-l “ ■“ 0 <»l -3 ~ **1114) ■ ■ • 

Thus - («„n ^ »„,2) > /?„ > - 
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Observing that in the first inequality is positive, while in 
the second it is negative, it follows that in both cases 

In other words, if stop the expansion at the pth term the error 
in the approximation is less than the absolute value of the (p -f i)th 
term, and greater than the absolute value of the difference of the 
{p d- i)th and (p d- 2 )th terms. 


Case (ii). All terms ultimately of the same sign. Consider 
first and suppose p > n. This will ensure that the 

greatest term is passed. Also 


— < X 
Ur 


all r > p. Hence 


l p vi d' 


d 


I + 




f 


•) 


/ I -|_ ^^^+2 ^ P+2 , \ 

P+l 2 p + 1 / 


< (l d" X i-x- [-...)= *'p+l/(l - x). 
Similarly we may consider (i - a; > o. n > o in which 
case all the terms are positive. . As before 

UC. I < -*). 

Thus in l',\ainple (i) of § 3-63 th<' I'lror in stopping at the thiid 
term is less than 


3! s') 


/ 

4 ^ X 


7 X 2® 


This error cannot affect the 6th decimal place. 


.5 ^ 

' 10 *®' 


37 . Limit of a Quotient 

Supj)ose we require to determine the limit as a of the 
quotient of the functions f [x] and p (x) where /(.v) and p (x) 
are continuous. We suppose first that a is finite. Then since the 
functions are continuous 


lim f{x) / (a), lim. p (.v) 

X - ► a X -> a 

f (a), p (a) denoting the defined values at x t 
^ ia) +0, / {x)lp (x) is continuous at x -- a and 


lim. 


fix) 

p{x) P{a)' 


f (^t) . 

. Also provided 


T. A., II. 


•V ~> U 


7 
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Now suppose ^ (fl) = 0 . Then there are two possibilities. 
Either / (d) + o or f (a) — o. 

In the former case it is clear that the limit does not exist, for 

/ (^) 

j - > ± 00 as X -■> a. 

(ft {x) 

In the second case / (x) has the indeterminate form o/o 

at X = a. The equations 

fix) = 0 , <l>(x)--^o 

have a common root at x = a. We can say that x a is a zero 
of both / (.v) and ^ {x), i.e. the functions possess a common zero. 
It does not follow that / (a) and p [x) have a common factor of 
the form x - a. This would only be the case if f (x) and ^ (.r) 
were polynomials. 

fM 

To discuss liin. , , ( in the case of the indeterminate form 

« ^ix) 

change the variable from x to h where x — a h. Thus 
h 0 as x - > a. Then 

f{x)^/(a + h) 

^ -I- h) 

If we can expand the functions f {a h), p (a \' h) as a 
series in powers of h, h being small, we can proceed further in the 
determination of the limit. 

Thus suppose that by means of the binomial theorem, or by 
any otlu^r method we can obtain expansions of the form 

/ {a H- h) = ao I- I- • • • 

p [a -1- h) - '^o 1- bfi -{- hji- 4- . . . 

Since a^ is the value of f (a h) when h o and / (a) — o 

it follows that = o. Similarly = o. Thus 

/ + • • • if /i 4.0- 

p {a -\ b) bfi -h b^h^ + • • . \ bfx y . . . ' 

lim. provided ij+o. 

If ~ 0 and Aj+o then clearly the limit does not exist 
for the ratio f (a h)jp{a -{■ h) l>ecomes infinite as h-^o. 
If = o, a^ -- o we obtain 

f (a h) a^ -{■ ^8^ 4* • • • 
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and we may now argue as before. Tims 

1 • / (^ "f" if 2 • t 

provided +0, and so on. 

Next suppose that a is infinite, i.e. wc require lini. 

X — > 00 ^ (^) 

Ihis may be reduced to the consideration of a finite limit by the 
substitution x = i/y. As x-> -j- oo, y ■-> o through positive 
values. Thus 


as y tends to zero through positive values only. Similarly 


lim. ^ : 

.V -> y, {^) 


as y tends to Z(‘ro through negative values only. 

371. Application of the Binomial Expansion to Limits 

We give a number of examples to show how the binomial expan- 
sion may be used in the delermination of limits of quotients. 

Examples.-(i) Find lim. {(.v 1- //)» - .v"]//c <vhne n denotes any 
h > o 

yalioniil number. 

{.X + /i)'‘ x4i + X [O. 


(x -f A)" - 
It 


{■ -1- v + -‘"r 


1 h 

c X 2 ! 


' / ’ X 


lin. 


I terms in h'^ }ind\ 
ih'ghrr powers/ * 


lim [^vnr-x” 

Jim. 

h -> o 

Note.— rhe student who is familiar with the notation of the different 
calculus will observe that what has been proved in the evaluation of this 
limit is that if f (x) = where n is any rational number,' then the derived 
function ' or first differential coefficient f^(x) is nx"-^. 

(a) Find the limit oj (L± .)v)* 

(I I- 2 a;)l - (i - 33 -)S 


as X tends to zero. 

[Lond. Inter. Fcon."] 
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Now (i 4- 2;r)i == i + 4 . . 

(I “ 3^)^ ' .r - - . . . , 


(i 4- ix)^ 1 4- -r - ^A* 4- ■ • . 


lim. 

A ->■ o 


(I ^ 1 

(i 4 2A)^ - (i - 3 a)^ 
(i t- 2A)i - (i - 3A)^ 


lim. 
X -> o 


s* I- 3** + . . . 


lim. 

X -► o 


i + -f ■ • • 

^ 4- . . . 


(3) Prove that lim. 

X - > o 


^(14-^) - \/(> i 

v/(i - V(i 


See § .'•64 [, Ex, 4. 

(, + .v)^ .= r 4- lY . i-v^ 4- .... (1 4- v-)^ - T !- W '■ + • ■ 

(1 _ .v4' -- I I- iA* 4 • • •. (I - A)^ - I - iA 4- iA* i...: 

V(* + a) - V(i 4- A*) ^ iA - |a* IJiiglier powers of .v 

• ’ v/(i -- A*) - \/(i ’• a) "" fr - Ja* 4- higher powers of a 

I — ;?A i powers of a 
1 - 4- powers of x 


• Thus 


lim. 

V -> o 


v/(i 4- a) j- V(E± a'* 

V/(I *- A») - Vi^ - A) 


I 


(,) Prove tho, Hm. <' + ”‘7" J -- i (» - 

A -S I 1 

Write ,v - i ■= h. Then 

(i — m 4 - wiA)” - {I >n (i - a)}'* -- (i -|- m/i)" 

- I f ninh 4- nt^h'i - . . . , | mh \ < i 

(I - >i 4- »A)"* = {I - n (1 - a)}’« ^ (1 4- nhy* 

= I 4- mnh 4- ~ - . . . 1 I < t. 

The given quotenl becomes 

4- higher powers of aJ 

— I mu (n — m) 4- powers of A. 
Letting A ■ > o, the limit is J wn (w — m), 

r (a h A)"* - (a - 

(5) KvaluaW ^ Im.^ i; J 


m). 
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.»{l 


^ 1 

(■ -ID 

x» 1 


rn 

J 

4- 


(■d: 

r-( 

■-IT 


)■-( 

■ -ir 

Since x is large we may assume that j 

< I. 

Then 


m (»i 
2 ! 

- I) 6* 

! — 7‘ + 

- 1 + 

nth 

m (m — 


2wb 


t)6« 


|‘ terms in and higher powers of 


(i I- ~ + terms in and higher powers of * 


Also ( 


Proceeding to the limit, wc get 


lim. 




'{X + b)” -■ (v - b) 
Alternately we may write .r = ijy and consider 

lim. (y-' - jy' - fe) 


2 tnb m 
2 nb ~ >1' 


(y-» + ft)» ~ (y-» - by 


ts y > o through positive values. 


3*8. To find the number of homogeneous products of r dimensions 
that can be formed out of n letters, a^, a^, a^, . . . and their 
powers 

Let aj, d'g, a^, . . . , denote n numbers such that • 

\ar\ <1, r -= I, 2 , 3 n. 

Then if | a; | < i, | | < i. Hence by the binomial theorem 

00 

(i — ayc)''^ — S a/x* = I -f a; -L ayc^ -f . • . 

s ^ o 

n 

Thus the product II (i — (irX)~^ = i + + • . . , 

r ^ I 

where Sj = + . . . + • . 

4- <?./ + f • ■ • 

Ss = ^1® + -f . • • 
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Then 5,. S.^, S^, . . . are the sums of the homogeneous products 
of one, two, three . . . , dimensions which can be formed out of the 
letters, a^, a^, a.^, . . . and their powers, 

n 

It will be seen that in the product JI (i — we are 


r i 

considering the product ot a finite number of absolutely convergent 
series, the subsequent product being arranged in ascending powers 
of X. That this process is legitimate follows from the theorem 
on the product of two absolutely convergent series. (Chap. I., § i‘6.) 
By repeated application of the theorem, the result clearly applies 
to the product of a finite number of absolutely convergent series. 

To find the number of terms in S^, Sg, S^, . . . put a,. — i and 
denote the corresponding values by , i.e. 

is the number of homogeneous products of r dimensions. Hence 


{(I - >}" 


oc) 

Now (i — xY^ — I b 2* 

r — 


I -I- r ,//,*’•. 

n (n + i) [n -f 2 ) . 

r\ 


(« + »• -I) 


and from the theorem on identical equality of power series (Chap. I., 
§ 1-8), it follows that we can equate corresponding coefficients. Thus 


n 


Hr 


n{n + i) (w -f 2 ) . . . (n -f r — i) 

‘ V\ 


Note . — It will be observed that “ n+r-if^r so that we 
can use the notation of Combinations in calculating the value in 
any particular case. 


3’9. To find the number of terms in the expansion of a positive 
integral power of any polynomial 
Let the polynomial be 

Uq q- UiX -I- 4- . . . + 

so that it contains r terms: it is assumed that the coefficients are 
all different from zero. We require the number of distinct terms in 

(rto 4' a^x -L HX^ 4- ... 4- «r- 1 x^-'^Y 
where n is a positive integer, i.e. tenns involving the same power 
of X are counted as distinct if the literal coefficients are different. 

The expansion contains all possible combinations of the r letters 
powers. Hence the total number 
of terms in the expansion is the same as the number of homogeneous 
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products of n dimensions which can be formed out of r letters and 
their powers, 

i.e. <'■ + • ('■ - I ). 

***'»» ^ j 

Note.—li all the terms involving like powers of x are grouped 
together and treated as a single term the number of terms will 
in general be m;' — « -f i since the highest power of x is 
This statement assumes that none of the coefficients in the series 
so obtained, is equal to zero. If some of the coefficients vanish 
this would imply the existence of relations between the original 
coefficients aQ, a^, a2. . . . Ur-i. 


Example.— Find the number of terms in (<* + 6 -f f)»‘, n bcino a positive 
integer. 

The required number is 

a+n-l^^n = fi+S^a = f {» F l)(« d’ 2). 

EXERCISES III 

28. (i) Find the coefficient of x* in (i -j- (i ~ x^)-^. (ii) Use the 

binomial theorem to calculate the value of (8-4)-*/» correct to three places 
of decimals. [Land. Inter. Econ,] 

29. In the expansion of (i ~ x)~'^, find the conditions that the sum of 
coefficients of the first three terms may be equal to the coefficient of the fourth 
term. Find also the condition that the sum of coefficients of the first r terms 
may be equal to the coefficient of the (z' + i)th term. 

30. Find the coefficient of in {i x)j{i — x)^. 

31. Find the coefficient of x’^ in (i - x)^l{i — 2x)^. 

32. Find the coefficient of .r” in (i -f 22r -f 3«v*)/(i - r)*. 

33. Show that the coefficient of .r” in (i -f 2x)l{i — 22-)“ is 2" (2n -f i). 

34. Find the coefficient of ;r’- in (i ->r ax a*Ar» + ... to infinity) «. 


35. Show that the coefficient of in (i — 2;r -j- 3;»r* — . . . to infinity)”* is 3. 

36. Show that the coefficient of.^r">* in the expansion of (i— ;r)\/i~.r is 


1.3.5... (2n-3) 

{nd-nr"" 


37. Find the coefficient of -t’’ in the expansion of {(i -f x)l{x — ;r)}^. 


38. Show that the coefficient of x*^ in ; cJ; 

(I ~;r)»(i -\-xy 

i (n d- I) (« d- 2 ) (n d- 3). 


39. Show that the coefficient of ;r" in (i - 22r)"/(i - 3.^) is i and that 
of is 3'’. 
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<X> 00 

40. Prove that the product of £ .r*’ and S (r + ijv*^ is 
r — o r ^ o 

CO 

i Z (r f I) (r + 2) VL 
/ — o 


4T. Show that 

42, Show that 

(a ^ 

43, Show that 

44, Prove that 


r 6 , « (n + 1)/ 6 Y 'I 

V (( — b 1.2 \a — b' f 

. 1 V. \ X ” I V L 
. + „ I ... 

I -t^ // 1.2 \i •} nJ 

zn ^ n {n “ 0 / 2^ \* ^ 


45. I'ind the first two terms in the expansion of 
in ascending powers of x. 


2 h .V': ; ( i - 
I - A.V -h (4 - .v)^ 


40. (a) Find the coefficient of .r* and of .vMn (i j- ;r ] r* | .v® 1 .r*)*, 
(6) Show that tlie coefficient of x*"^ in (i - x d- r“ — * is 1. 

47. A student is examined in 3 papers with a maximum of n marks for 
each paper. In how many ways can he get a total of n marks ? 

[In each paper he may get o, i, 2, . . . or w marks. 

Hence the total number of ways in wliicli he can get a total of n marks 
is the coefficient of x^ in 

(I + ;r -f ;r* + . . . -f ;r") (i -f -v L L . . . f (r f y h -v* 4- • ■ ■ + -V"). 
since every way of forming the coefficient of x*‘, say (.v* x x^ x .■v’* **), corre- 
sponds to a way of getting a total of n marks (2 marks in the first paper, 2 
marks in the second paper and n — 4 marks in the third).] 

48. A man sits for an examination in which there are four papers with 
a maximum of m marks for each paper. Show that the number of ways of 
getting half marks on the whole is 

J (m 4- i) (2m» 4- 4m 4- 3). 


l^rove the following results: 

49. 1 + 1+ 

50. •yj = I + I 14 -j, + + ■ ■ ■ to infinity, 

51. 2=1 I + ■ ■ (<) inanity. 


[Madras, Inter.] 
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52. Find the value of i? W ) and state for what values of ^ 

I 

the series converges to this sum. 

53. Find, by multiplication or otherwise, the cube of 

1 -I + ^679^* - 1 - ... to infinity, 

as far as x*. in its simplest form. 

34. Find, to five places of decimals, the value of -^1003 — i'097- 

[Madras, B.A.] 

55. Find the value of (998)^ correct to five decimal places by means of 
the binomial theorem. 

56. Show that C'3 = x US?)* = V (i + ■029)*, and hence find 
the cube root of 3 to four places of decimals. 

57. Prove that 2 = J (i -f -024)^, and hence find the cube root of 2 to 
four places of decimals. 


58. Find the cube root of 29 to four places of decimals. 


If A' be so small that .v* and higher powers of x may be neglected, show that 


59. 

00. 


(I -f (i 4^)”'* 1 h iix. 

(9 + «)*(.C+_ 4 ^)., + 

\/ I — X 


61. 


V 1 4- ^ ^ I r 2 V 

V* I t- TT f ^‘/I .{-Ti.r 


f)2. 


‘ + 3^ H (< - 3;f)* 
I - 1* + (4 - >4 


+ i*. 


63. If y xl{{x ■]- !)(»■ + 4)). prove that y has a maximum value 
when ;r =- 2. Show also that approximately, when x 2 h, where h 

b small, 3; = 1 (I - ^7 ■ ■ )■ [ Lond . Intn . Econ ] 

64. If C be a quantity so small that may be neglected in comparison 
with /*, show that 

VrTc'' V/ - C 

13 very nearly equal to 2 + 


O5. Prove that lim. {(i - x) {ax'* - 6.r“)/(,v^ - ;r“)} « 
;r I 


I. 
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66. Prove that liui. 


iSa'x - ~ 2aK 


a {^ax — 2x 


.2^ . 


67. If u - I I \'i ha-. 7^ - I - V{1 + x^ show that as a -► 00 

„ 2 m __ jjim ^ 2m - v^’^+^)lx* 

where m denotes a positive integer, 

68. Show that if 0 denote the middle term of (i -f- x)*^, then will 

Iq f 'h fj + • • • — (• 4'^') 

/N N , , N -I M 

69. If N and n be nearly equal, then n~ N f « n'~ 

approx, 

^iV 4' 

70. If v/A' “ a I X where x is very small, then ^‘}v 4- 

71. If {'N ~ a — X where .f is very small, then 

3,^, iN + a^ 

^ N — a... , , approx. 

' N + 2a^ 

J2. Prove that if M differ from by a small quantity, the square root 
of M is approximately equal to 

- A/)* 

SN^ 


^,N • 


73. Show that if p - q be small compared with p or q, then 

n/P (n 4 - 1) /> + {n - I)q 

T I P approx. 

\ ? « - ^)P « T i)q 


^/p _ {{p + 1) + (/■ -.?))"_ {L±i?„-i)/.(rj «>>" - • • • ] 

'' ((r I ?)-(/> ?))" {>-(/>-?)/(? + ?))" 


74. Apply the foregoing rule to And to three places of decimals (a) the 
square root of (6) the cube root of {c) 

75, If n is a positive integer, prove that the coefficient of at*" in the expan- 
sion of (i x)j{i -I- X 4 - x^)^ in a series of ascending powers of x is 

i {m 4 - i) (3« 4- 2). [Camb. Sch.] 

70. If ;r. i — X. and (n — 1) are all positive, prove that the remainder 
after r terms in the expansion of (i — a:) " is less than 

n (n -f i) . . . (u + r — l) x^ (i — x) ''jr 1 [Lond., B.Sc.] 



CHAPTER IV 

INFINITE SERIES WHOSE I'ERMS ARE FUNCTIONS 01 
A VARIABLI': 

Ijf Chapter 1. some of the properties of power scries of the form 
-I- a^x -f ! • • • f + • • • 

have been considered. In parlieular if the power 

scries becomes the binomial expansion 



The t(M*rns of such series d(‘pend on a variablt* .r and W(‘ have 
proved in the case of the binomial scaies tliat if x is any fixecl value 
in the range - i <.r < i the series converges absolutely. 

4T. Meaning attached to the Sum of a Series 

Any scries whose terms depend upon a variable x may be 
expressed in the form 

o 

(^) T "b • • • + b • • • ' ^ Uni^)' 

II I 

Let us now consider precisely what is meant by the sum of such 
a scries. 

Denote by 5 (;r) the sum of the scries, the sum of the 

first n terms, Rn(x) the remainder after n terms, 
pRn{x) -- ■5„,,p(Ak) — S„(x) 

a partial remainder, where p is any positive integer. Then when 
we assert that the scries converges for values of a: lying in a certain 
range, the following properties are implied. 

(i) We fix the value of x in the range, for which the sum is 
required and insert this value in each term of the series. 

(ii) The value of 5 „(a;) is then found. 

(iii) Keeping X fixed, S (x) is the limit as w -> oo of 5„(x), i.e. 
corresponding to the arbitrary positive number c there exists a number 
«o such that for all n > Hq 

I W - SM I < c. 
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The conditions for convergence may also be expressed in the form 
I I < ^. w «o> P ^ positive integer; 
or I 7v\ I < €, w > 

We have emphasised in Chapter L, the property that the 
number depends in general on e and this has been indicated by 
the notation «o («). 

In order to fix precisely the number let us agree that it is to 
be the smallest positive integer with the property such that 

I 1 < ^or all n > n^. 

Now the terms of the series Su^ix) depend on x and consc' 
quently we would ex|)ect Hq to depend also on the particular value 
of X used in determining this sum. This is equivalent to the state- 
ment that Wo is a function of x, i.e. if we alter the value of x, the value 
of Wq is, in general, altered. Thus Wq is a function of both x and c. 
This is conveniently indicated by the notation Wq {x, c). 

Examples. — (i) Let the sum of a given series to n terms be il{x + n) 

where x > o. Thus 5 „(a'} -- — \ — • 

X -[• n 

Clearly if a- > o, lim. S„(x) — o. The condition for convergence is 

n CO 

I ‘ I , . J J 

- < e, i.e. X n I.e. « > — x. 

I A + « 1 c « 

Since x is a fixed positive number wc can choose c satisfying x < ^ so 
that - — X is positive. 

It follows that =- | This equation* shows that «o depends on .v. 

oo 

( 2 ) Consider the series E m„(a) where 
n — I 

u„{x) ^ xl{(n - i);r + 1} {nx + 1}. 
for X > o. The series is 

- 4- ^ 4- — - - -1- 

;r 4 - I (a -f- I) (ix 4-1) {2X 4 - I) +0 

To find the sum to « terms of this scries we observe that 

-■ , ^ • 

' (n — 1 ) ;r 4- I nx + i 

• . (l -\- X 2X -Pr) ^ (iAT + I 3V"4- i) ^ ■ 


♦ Throughout this chapter the notation [yj will be taken to denote 
the integral part of y. 


(n — i) ;r -f I nx -{■ 


1) 
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It Is necessary to consider two cases. 

If X > o, »x -> GO as n -> 00. Thus 

lim. -S'nM -= I — lim. I i) — i. 

n oo M -► 00 

If X — o, nx ^ o and 5 „(o) = o. Hence 
lim. S„(o) — o, 
n CO 

and it is obvious in this latter case that tlie sum of the series is zero, for each 


If X > o the condition lor convergence is 

— < f i.e. nx -[■ i > lit, i.e. rt > I ‘ ■ 1 1 l.v. 

I + I 1 U U 

Thus «5 — using the same notation as in Ex. i. 

From this equation it follows tliat the smaller x is the larger will be 
In fact 


V [(7 ■')/"]“ 


On the other hand J 5 (o) ‘‘>n(o) | < < ior every positive integer n, 

since S (0) — 5 „(o) o. In this case — i. 

This example shows that although all the terms of the series are continuous 
functions of x the sum function may be discontinuous. For in order that the sum 
function S [x) be continuous at x o it is ncce.ssary that 
lim. 5 [x] - S' (o). 

X -> o 

Ihe left-hand side is unity, while the right-hand side is zero. 

Let u.s next consider the approximation curves as in Vol, I.. Chap. XIll. 

Write — 5 „(;r) i — — 


i.e. (>■„ .)(.v 1-;^)“ ■ 


We give the graphs for the casc.s n i. 5, jo, 30. The student will 
(‘cognise that the graph of y y„ is a rectangular hyperbola whose asymp- 


totes are the lines x ^ 


■ o so that the 


line X --- #- — approaches the line x — o, i.e. the axis of y. As we now 

arc only concerned with positive values of x only a part of one branch of 
the hyperbola i;? shown in each case. (Sec Fig. 5.) 


X - - 

0 
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0-91 
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0-978 
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As M -> 00 , X > o the graph y ~ yn approach nearer and nearer to 
the )/-axis between ^ o and y i, and to the line y = J. 

If we argued from the approximating curves it would appear that S (x) i 
when X > o, while when x — o, 5 [x) might have any value between 
0 and I. Of course N' (o) can only have one value since each term of the 
series is single-valued. 

The actual graph of the sum function y — A {:x) is the line y = i for 
X > 0, and tlic origin corresponding to x = o. 



The example just discussed shows the dangers of arguing 
intuitively. Since 5 „(a:) 5 (x) as « ->■ oo for x > o, we would 

expect that if the curves y • ^ vS’nM. y = ^ M be represented 

graphically the curves y -- 5 „(a) would approach more and more 
closely to the curve y — S (%) as n becomes larger and larger. 
Actually this is false as the example shows. 

The only sense in which we can assert that the curves do approach 
coincidence is that if we choose a particular value of x, then corre- 
sponding to € there exists an integer Mq such that for this particular 
value of x, the absolute value of the difference of the ordinates of 
y = Sn(x) y ^ S (a;) will be less than c for all n > Hq. Jhus, e.g. 

it is clear if we take x = o-2 and e = 0-15 that 

I 5 (^) — I < €, for all n > 30. . 

For I S(x) S^q(x) 1 = I - 0-86 ~ 0*14 < 0-15. 

Also for n > 30 the corresponding approximation curve lies 
above y und below y = i. 

4-2. Repeated Limits 

The difficulties which arise in Ex. 2 of § 4’i are due to what are 
called repeated limits. Let S u^ix) be a series which converges to 
5 (a:) for each value of x in an interval (a, j 9 ) and let « be a value 
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of X which lies inside the interval. In accordance with this notation 
5 (a) will denote the sum, u„(a) the «th term, of the series corre- 
sponding to X — a. 

n 

If E Ur(x), then by definition 

r — I 

5 (a) — lim. 

n f/D 

This is a particular case of 5 (x) lim. In this last 

« -V 00 

equation suppose that x > a. Then 

lim. .S' (x) — lim. [ lim. .V„(.r)]. 

X -> a ,v -> a n ->■ <xi 

If it is legitimate to invert the order of the limits, i.e. let x a 
first and n co afterwards, then we would obtain 

lirn. [ lim. ^S„(a)]. 

• n oo X a 

Now S„(x) — ufix) -f -f . . . -f Un(x) and as nj^x) has 
been assumed to be a continuous function of x it follows that Sn(x) 
is a continuous function, being the sum of a finite number of con- 
tinuous functions. Hence 

lim. S^(x) -- SM- • 

X -*■ a 

It follows that 

lim. [ lim. 5 ^^] = lim. -- 5 (a), 

w <rj X a « ->■ 00 

Hence in order that we may assert that lim. .S (;t:) = S (a) we 

X -9- a 

require that 

lim. [ lim. 5 „(t)] = lim. [ lim. Sn(x)], 

X a n cx) n->co x -> a 

that is, we must he able to reverse the order of the limiting processes 

without affecting its value. Ex. 2 of § 4-1 shows that this reversal is 
not always legitimate. 


4'3. Uniform Convergence 

The discussion of the previous section brings us to the notion 
of uniformity as applied to an infinite series. 


Consider the series E 


{(n - i) .T H- i){nx 4- 1}‘ 


Then it has 
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been shown in § 4-1 that corresponding to e we can take 

such that I R„(x) | < c, all n > Hq, where Rn(x) denotes the 
remainder after n terms. Since 

[C ‘)A1 

becomes infinite as x-^ o it follows that there does not exist a 
fixed number «q such that for all values of x in the range % > 0, 

I R„{x) I < €, for all n > Wq- 

i.e. there is no number Hq which will serve for all values of x in the 
interval. 

On the other hand if we exclude x 0 and suppose that 
X > A > 0 we can find a number which will suffice. For in 

this case the greatest value of ^ ‘ - i ^ j x is • 

value of Uq is | ^ ~ 

We say then that the series converges uniformly for all values of 
X in the range .r > A > 0. Thus we are led to the following 
definition. A series Sun(x) is said to converge uniformly in an 
interval a <x < ^ if corresponding to the arbitrary positive number 
€. there exists a number Hq such that 

I R,fx) I • : t. all n > Ro. 

the same Uq serving for all values of x in the interval. 

The student should note carefully the extra condition which 
implies uniformity. Ordinary convergence asserts that correspond- 
ing to each value of x we can find a number Wq- while uniform 
convergence asserts the existence of a number Wq which is the same 
for all values of x in the range, i.e. a number which is independent 
of x. Clearly uniform convergence implies convergence in the 
ordinary sense, but the converse is not true. 

Examples, -(i) Show that the ieries whose sum to n terms ts is not uniformly 
convergent in the interval o < a* < 1 . 

Write 5„(;r)=« o < at < i. 

If 0 < < I, lim. .v" -- o; if at ^ i, 5 „(a') ^ i and lim. 5 „(a')-=i. 

n -> oQ » -> 00 

rhns the sum function is discontinuous at a; ^ i. 
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Consider o < ;»; < i. The condition for uniform convergence is that 
corresponding to « we can find such that 

I JT" [ < e. all n > Wo, 

the same n„ holding for all values of x in the interval. 

If == o the condition is satisfied for all values of w so that we may 
take «o — 

If X > o, A" ■ o and | v” j - v". Taking logarithms to base lo, the 
condition a" < < becomes 

n log X < log f. 

Since o < at < t . log x < o. Dividing both sides of the inequality by 
the negative number log x we obtain 

n > log c/log X. 

It will be observed that when < is small, log c < o so that the ratio 
log c/Jog.v is always positive. 

As x-^i, logA ->o and log c/log .r .» xi. , 

For any /?Ar</ value of x between o and i we can take 
[log c/log ,ir] H- I. 

Since -*■ oo as x -> i it follows that no exists which will be sufficient 
for all values of x in the range o < x < 1. 

On the other hand w^hen a- — i we may take Wp = 1 ; for in this case 

Rn{x) — O. 


(2) Prove that the series 
in 0 < A' < j. 


CO 

S A’'-*(i — Af)* converges uniformly to \ ^ x 
n - I 


Now 5 „(a') (1 - x)- d- AT (i — at)* - 1 - Ar’'->{i — ,t)* 

- (r - at)’ (I + X+ ...+x”-^} 

- (i - .r)* (i - x^)l{i - x) = (i - a) (I - AT'*)- 

If o < AT < I, lini. A" — o, so that 

n ->■ c/j 

S {x) — I — X for o < X < T. 

When ;r — I, lim. a’* — 1 and S (a) -- o. 
n -> iX) 

Since i — x o when a — r it follows that 
.S (a) — 1 a, o < A < r. 

This proves that the series converges to (i - a) for o < r < t. 

To prove that the convergence is uniform in o < a < i it is necessary 
to find a number Wq such that for all n > w„ 

I (I _ A) -- (i - A) (1 - A") I < « 

the same serving for all a in o < a < r. 

Now (I - a) - (i - a) (i - A") A" {1 - a) > o,‘o < V < I. 

Let « be an arbitrary positive number. Divide the interval (o, i) into 
two parts, 

o A < r — f, I — f A < I. 


T. A,, II. 


8 
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Suppose that .r lies in the first interval. Then 

(I - x)x» <Ar" <€ provided n > log f/log.r. 

Now the nunieiically least value of log x is log (i - c). Thus the greatest 
value of log e/log x is logr/log (i — <). 

Hence we may take ^ [log </log (i — <)] -|- i. This value of Wq will 
suffice for all values of x in the range o < .v < i — e. 

Next consider the second interval i - t < x <, i. Since r" < i it 
follows that 

(i - x) x'^ < t provided -(i — x) < e, i.c. 1 — c < .r. 

This condition is satisfied for all values of n so that we may take >io = i. 
Since the former value of is in general greater than unity it follows that 
for all values of n > «<, where 

(i — «)] I' 

1 (1 - .V) - (I - - at) (i -■ .1") I < e. 

As we have found a value of «o independent of x the property of uniform 
convergence is proved. 

4'3L A Necessary and Sufficient Condition for Uniform Convergence 

Corresponding to the general principle of convergence for series 

00 

(Chap. I., § 1-3) we have the following theorem: Let ^ Un(x) be an 

n — 1 

infinite series whose terms are defined in the interval fa, ^), 
Then a necessary and sufficient condition that the series should 
converge uniformly in fa, p) is that corresponding to the arbitrary 
positive number € there exists a positive number w© independent 
of X such that 

I 6«+pfar) — Snix) | c 

for n >no and every positive integer p, 

(i) The condition is necessary. Suppose the series converges 
uniformly to S (x). Then there exists a number independent 
of X such that 

\S (x)~S^(x)\ <K all n>n,. 

Let n, n f p be two .‘?uch values of n. Then 
1 -^n+pM - Sn(x) I I .S'„, pW - S{x)+S (x) - SJx) I 

< I S,,,{x) - S W I + I S (*) - S„{x) I 

< Jc + e, n > «Q. 

Hence the condition is necessary. 
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(ii) The condition is sufficient. First we observe that the given 
condition implies that the series converges for each value of to 
some function 5 (jt). The given condition is 

I - S„(*) I < < 

for n > «(,. and every positive integral value of p, being indepen- 
dent of X. Thus 

Now keep n fixed and let p -> 00 . Since Nn+pW -> 5 (x) as 
p 00 it follows that 

S,,{x) - - € < S W < S„{x) 4- e. 
i.e. I S [x) - 5„(a;) I < €. 

Now n is any integer which is greater than or equal to iin, 
being independent of X. Hence 5„(.r) converges uniformly to S (x). 

4*32. Uniform Convergence in a Qosed Interval 

We now prove that if the functions involved are continuous, an 
interval of uniform convergence is always closed. The theorem 
may be stated precisely as follows. Let Sn(x) be the sum to n 
terms of a series whose terms are all continuous in the closed 
interval a < x < so thatSrfx) is continuous in this interval. 
Suppose also that Sn(x) converges uniformly to S (x) in the open 
interval a < x < ^. Then SJx) converges uniformly to S (x) in 
the closed interval a < x < 

Let e denote an arbitrary positive number. Since 
converges uniformly to S (x) in a <x < P there exists a number 
Wo independent of x such that 

I - S,(x) I < *c 

for all « > Wo and for every positive integer p. 

Since SnW. 5„.^pW are continuous at x ^ a, there exist 
numbers of corresponding to f such that 

I S„(X) - .S„(a) 1 < ic, 
for all Af in the interval o < a; -- a < t/j, 

I S„+,(*) - s„,„{a) I < Je, 

for all X in the interval 0 < a: ~ a < 

Let 7} be the smaller of t/, and 7^2 o < a: — a < 77 . 
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Then 

1 ~ SM I - I 

■ SM + ^nW - SM I 
^ 1 *^n+p{^) I "i" I ‘^'n+pW 

- SM I + I SM ~ 5n(a) I 

<J€ + ’e I 

i.e. I 5 „_^.j,(a) — S„(a) I < €, for n > Wq, p a positive integer. 

From the way has been defined it is dear that it is independent 
of X. Hence S„{x) converges at x ^ a, and further since 
is independent of x the convergence is uniform. Similarly for 

4*33. Tests for Uniform Convergence 

As in the case of ordinary convergence, when wc are dealing 
w'ith particular series it is convenient to develop some simple 
tests which may be used in determining uniform convergence. 

The simplest test, and by far tlu^ most important, is known as 
Weierstrass’ M-test. Let {M„} denote a series of positive constants 
independent of x such that converges. Then if the series 

has the property that 

I I < 

in some interval a < x < p, for all values of n, then the series 
E uJ^x) converges absolutely and uniformly in the interval (a, j 5 ). 

rhe property of absolute convergence follows immediately 
from the comparison test of Chap. I., § 1-35. 

To prove the uniform property we may proceed as follows. 

1 - nAx) I ■» : ^ I »r(*) I 

f ^ n I r ~ n 1 

P 

< I' Mr. 

r ~ n \- I 

Since SMr converges, there exists a number n^ depending 
upon an arbitrary positive € such that 
P 

£ Mr < €, all n > n^. 

r M - 1 - I 

Since Mr is independent of x it follows that nj, is independent 
of X. Thus 

P 

1 I Ur(x) I < e, for n > n^, 

r «t» -f I 
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the same Wq serving for all values of a' in the interval (a, ^). Hence 
the series converges uniformly in (a, j3). 

Examples. — (i) The series Sr**cosnO, Ur^^sinnd converge uniformly 
for all real values ^ if o <r < i. 

It should be observed that uniform convergence is with respect to the 
variable 6 . 

For I y" cos nO | < r», since | cos nO \ < i for all values of d. 

Since the series 2 V”, o < r < i. is a scries of positive constants which 
converges, the uniform convergence of the series Tr^cosMO follows immedi- 
ately from the A/-test. Similarly for the second series. 


(2) Prove that the series whose nth term is xln (i -f nx^) converges uniformly 
for all real values of x. * 

Write y- Then yjPx^ - x | ny - o. 

From the Theory of Quadratic Equations [Vol. 1., § 17*4] xi’i real if i > ^y^rP. 

Hence y* < i/4«’, i.e. | y | < ijzn^. 

Thus I - 1 < for all real values of x. 

|» (I + nx^)\ •: 


Since Sn * converges, the series £ 


_ j n (i -f nx^) 


converges absolutely 


and uniformly for all real values of x. 


4'4. Continuity of the Sum Function 

We now give the important theorems which relate uniform 
convergence of a series to continuity in the sum of the series. 

(i) Uniform convergence implies continuity in the sum. Let 
Z Un{x) denote a series of which each term is continuous in an interval 
a < a; < j9. Suppose further that converges uniformly to 

S (x) in a <.x < p. Then S (x) is continuous in a ^x <. p. 

Let € be an arbitrary positive number. Then there exists a 
number Hq independent of x such that 

I 5 {x) — S.,^(x) I < Jc, all n > Wq. 

Now S„(x) is a continuous function of x, being the sum of a 
finite number of c^ontinuous functions. Let a be a value of a; in 
a <,x <. p so that 

I S (rt) - S„[a) \ < J*, all n > «„• 

There exists a number of such that 

I S„{x) - S„(a) I < 

for all X in the interval \x — a \ < tj. 
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To prove continuity at x - a it is sufficient to show that 
corresponding to € there exists a number t) such that 

I w - («) I < 

for all X in the interval | x ~ a | < t). Now 
I 5 w - S I S (x) - SM I- - SM + SM - {a) I 

< I 5 {X) - 1 + I SM - Sn(a) I 

+ I SM ~S(a)\ 

< U “H h Jc 

— for \ X — a \ 7). 

Hence S {x) is continuous at x a. 

Since a is any value of x in a < x < ^ it follows that .9 {x) is 
continuous in (a, P). 

(ii) Conversely if the terms of the series are continuous and the 
sum function is discontinuous, then the series cannot converge uni- 
formly in any interval which contains the discontinuity. 

For if the series converged uniformly the sum function would 
be continuous. 

(iii) Uniform convergence is a sufficient condition for continuity 
of the sum of an infinite series whose terms are continuous, but the 
condition is not necessary. 

This property may be shown by an example. Consider the 
series whose sum to n terms is «%/(i wV). Thus 
5 „{a') = »%/(i 4- nH^), 

If X — 0 , 5„(o) = o and hence S (o) — o. 

If X4^Q. ® as « -> 00 . 

Hence S (x) — o for all finite values of x. Thus the sum 
function is continuous. 

We now show that the series does not converge uniformly 
at X ~ o. The condition | S (x) — 5„(.r) | < c becomes 
n^ \ x\ 

I -1- 

Suppose there Exists a number Uq such that this condition is 
satisfied for all n > Uq, the same n^ serving for all values of x in 
the range x > o. Write x — ijn^. Then 
n'^lx \ __ 

I 4* « V I 4^ n^jUff 
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Thus if 


Taking n — this gives h the least value of which is T 
J the condition ” ^ < e is not satisfied. 

3 

Since i/Wq^ -> 0 as > 00 it follows that the series cannot 
converge uniformly at x ^ o. 

Express u^{x) - xl{nx + i} {(« f. i) + i} {(n -f 2) ;r + 1} 
as the sum of three partial fractions, x > o. Hence find the sum of the series 

00 

£ Unix) and shoiv that it is not uniformly convergent at x — o. 


[nx -}- I) {{n -f i),r +1} ((» 2) .r -i- i) 

3 -1- + « 

i.e. X ~ A {{n 4 i) .v 4- 1} {(« j- 2) x 4 1} 

I /• {irv H- I) {{w I- 2)x 4- 1} 4 - C [nx !■ 1} ((,/ 4 1)3: 4 i}. 

The expression on the right i.s a quadratic equation in x so that if we equate 
corresponding coefficients on both sides of the identity we obtain three 
equations to determine the quantities A, B, C. 

It is simpler to write A' - i/m, i/(m -|- i). - i/(m 4- 2) in succes- 
sion. Thus 

T / T \ / . \ 

in. 


-1=4 

ft \ 


II 

nil)' 

^ — C 1 

f_c.U ■ ._'1 c 

n 2 * 

[n ( 2/ In 4 2/' ^ 

,w= 

' ' MA 4 I 

, « 4 I _ 

: 4 1) at 4 I 


Sni^) ■■ 


^ i 

r — I 


A' 4- : 


i h' I 2)_ 
'{n 4- 2) A -f r 

T 3 


2X 4-1 3^+1 


j, - iji + . + r C4 

^ 2* + I ^ 34 -I- ‘ ^ 4 -' ! ' 

+ -J A + 4 , C5 , 

3A 4- I + I 5^ ! I 


4. ^ ih^iuiL . JL:: ^ i” 

— 2) A 4- 1 ' (» ~ 1 ) A 4 - I ^ n A' 4 - I 

4. 4. _ 4. - i + 0 

(n — I) A 4 - I MA 4- I (« 4 1) A 4 - I 

4. _T_fc? 4. _:^±_L_ 4. _Z_U” tJ) 

^ «A 4- I (« 4- I) ^ I {« 4 2 ) A 4 i' 
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C tr\ = 4 . _L_ j- ^ 

' x-i-i~^2x-\-i{n + i)x-i-i [n 2)x'+ i 




-T 


{{« -}- i);r -f 1 } {(n -f- 2)^ + I}' 
5 (,v). 


(jf +1) (2;r+ I) 

Hence provided ;v > o 

lim. SM - X~r\ 

n ->00 + *) + H 

When X — o each member of the given series is zero so that 5 (o) -- o. 
Also lim. i — - - I- 


, Thus 5 (x) is discontinuous at ;r — o. 

Since M*(Ar) is continuous for x > o it follows that the series cannot 
converge uniformly at ;r — o. 


4 * 5 . Tannery’s Theorem 

The student will observe that this useful theorem is similar 
to Weierstrass’ M -test : Let f (w) denote the sum of the series : 
u^(n) + u^{n) + . . . + Wp(w), 

where HfM, r — i, 2, 3, . . . p, denotes a function of n, and p is an 
integer which tends to infinity as n -> 00. Then if for fixed r, 

lim. Ur(n) — e,.. 

n ->• 00 

then lim. / (») = Vj -f f ^'3 I • • • infinity, provided 

n -> t : 

■X) 

I ufin) I < Mr where Mr is independent of n and L! Mr converges. 

r — I 

00 

Since E Mr converges there exists a number Vq such that 

r « I 

00 

E Mr < f, all V > Vq. 

f ~ V 

Let V denote a fixed value which satisfies v > vq. Since p-~> 00 
as n -> .00 we can assume that p > v. Thus 
\f(n) -- «,(«) - Ui(n) - ... - «.-,(«) I 

= I u.{n) + «.+,{«) + ■ . ■ + «,(«) I 
< I «v(«) I + I Uy^i(n) I + . . . + I u,(n) I 

^ Mv M . M p 

c. t, P > V > Vf,. 
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Again, since = lirn. iir(n), r fixed, and | | < 

« -»■ 00 

where Mr is independent of w, it follows that | I ^r- Hence 


1 

-f- 


...| 

< Mu + -f ^f’tM.2 + 

Hence 

00 

— I 

rv converges. 

Lot its sum be denoted by V. Then 

l/w ■ 

- l''l 

V — I 

= 1 - 5 ^ 

r -- I 

Ur -f 

P v — I 00 

^ Ur — E Vr - E Vr | 

> - V r — I r 



<ri:' 

r I 

Ur 

V -- I • p CO 

r 1 + 1 E IV 1 1- 1 'V 1 

> - I r ~ V r ■— u 



V — I 

<1 i; 

Ur — 

E Vr 1 2 €. 


r \ r - I 


Now the only restriction which has so far been introduced on 
n is that /)>»'. Since v is a number which does not depend on n 
we may let n tend to infinity in this last equality. Now 

V — I - r 1/ — I 

2 * Ur — E V,. = £ {Ur — 

r -= t r ■r= 1 

Since Uy v,. as n 00 and there are only a finite number 
of terms, 

V — t 

H {Ur — tv) 0 ^ 

r I 

Hence there exists a number Wj such that 

„ - I 

|- H (Ur — Vr) I < €, all n > Wj. 
r = 1 

Hence \f(n) - V\ < 3€, all > Wj, 

Thus f(n)-^ V as n -> 00. 

4*6. An Important Application 

In Chapter II., § 2*21, it has been proved that 



exists and lies between 2 and 3. We now consider a proof of the 
existence of the limit, by means of Tannery's theorem. 
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Expanding by the binomial theorem, n a positive integer 

This expansion contains (n -f i) terms so that in the notation 
of Tannery's theorem p ~ n i. 


u,{n) 





Keeping r fixed, lim. ufin) — - 

n ro V ~ l) ' 


Again | u^in) | < ^ - since the other factors of ufin) 


arc all positive and less than unity. 

I 

Since the series Z 

Tannery's theorem are satisfied. Hence 


converges, the conditions of 


lim, 

n-> <X) 


. ("■3'"'+'+3+fi+ ■ 


- E 


We can generalise the result by considering the case in which 
n tends to infinity in any way, not necessarily through integral 
values only. Consider then 

lim. (i + 

V -y 00 

where v tends to infinity in any way and 
lim. ~ I. 

V - > X) 


We first consider the case in which v takes integral values n. 
Write wf = A where n is a positive integer where i as 
n -> 00. Then proceeding as before 
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I A-- 1 .. 

'(.-I)! ■■ 





(r- I)! 


where p is the greatest values of | A | for all values of n. The 
number p can obviously be chosen independent of n. 

Since p is a constant the series £ p^-^l{r — i) ! converges and 
the conditions of Tannery’s theorem are satisfied. 


Also 

lim. 

M ► 00 

“r(”) = ,7- VY , 

V * ; • n - > 00 

I 

(^“vr! • 

Hence 

lim. 

n nc 

(I + a" - I I- t !■ f . . . 

(r 4 ,) J 


where n ^ i as n 00, n being a positive integer. 

If 00 through values other than integral values we can 
find at any point in the process an integer n such that n < »» < « -f i. 
Then with the usual interpretation of the index (r -}- will lie 
between (i -f- J)” and (i 

Also »4* < (« -I- i) 

Thus lim. (n() — lim. (« -[- i)^ -■ i. 

n -> 00 w • > 00 

From the argument given above 

CO 

lim. (I 4 - £ i/r! lim. (i -j- 

n -> 00 r - o n x 

As (i -f lies between (i d- ^)” and (i + and both 
these expressions tend to the same limit it follows that (i + ^)*' 
tends to this limit. Hence 

(X> 

lim. i/H 

V ->■ 00 » ~ o 

where v tends to infinity in any way and lim. (v|) = i. 

V ->• 0C> 


47. Properties of Power Series 

We now consider some properties of the power series 

<x> 

^0 4 - ciiX + + . . • 4 - 4 - . • • = ^ 

w — o 
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I. If Urn. I a,^ !'• --- i!p the power series converges absolutely 

M 00 

• if I I < p, and cannot converge for | *i> p. It is assumed 
that p is finite and positive. 

First we observe that the series converges absolutely if 
1 ^ 
lim. I 1” < I . and diverges if lim. | |^ > i . 

n X) « -> 00 

For let the limit be k < i. ('hoose € so that A: -{- e < i, e.g. 
take 6 = i (i — Then there exists an integer «q such that 
for all n > )l^^ 

1 

I I" <k + € ; 'i-c. 1 «„ I < (K -f c)". 

Since T (A: -f c)” converges, o <k *[- ^ < i, it follows that 
EUn is absolutely convergent. 

^ I 

Now consider the power series and write lim. | •' ■■ 

n -► CO P 

Applying the previous result, the series will be absolutely con- 
vergent if 1 

lim. 1 <i„x- 1" < I, 

n (jo 

1 ^ 

i.e. lim. | | | I < I ^ I P- 

n - ► oo 

Tf lim I 1 > i. tends to oo of the wth 

a -> 00 

term of the series does not tend to zero. Hence the series cannot 
converge. [Chap. I., § 1-32.] 

The interval (— p, p) may be called the interval of convergence 
of the power series. Inside the interval the series converges abso- 
lutely, outside the interval convergence is impossible, at the end 
jx)ints the power series may or may not converge. 

In dealing with power series it is sometimes convenient to 
replace the interval (— p, p) by the interval ( - i, i). This may 
be done by substituting xjp for x in the given series. For the 

X 

condition of convergence | x | < p is equivalent to | ^ | < i. 

The behaviour of a power series at the end points of the inter\’al 
of convergence is illustrated by the following examples. 
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Examples. — (i) -1’ (« ] i).v" \ zx T 3.1- f- . . . 

M — O 

The series converg(‘s absolutely for | r | <1, diverges for | | > i and 

tlie interval of convergence is (_ i, 1). When r - -|_ i the series becomes 

M 2 1 3 1 . . . 

1 - 2 i 3 - • . . 
neither of vvhicli is conv(‘rg(Uit. 

OT) o .3 

(2) 2: x'^in - .V 4 - ^ I '"L -f . , . 

n - I *■ -j 

In this case also the interval of convergence is (— i, i). When x — \ 

the series becomes 

1 h i T i 4- I + • . . 

which is divergent. When x - - j tiie .series becomes 


I I- i ■ j i r - ... 

which is convergent, but not absolutely. Thus the power series converges 
at one end of the interval and diverges at the otlicr. 


( 3 ) 


I -f- ' 

! - I ‘ • 


.3^ 


The interval of convergence is (— i, i). When x ~ ± 1 the series becomes 

1 

4" 


+ 3.-f 


3- 4“ 


I* + T 

both of which are absolutely convergent. 

II. If the power series converges for x = X it is abso- 

lutely convergent for \ x \ < A. 

For I I I I <k , k a constant, since 

rt„A” is finite for all valuc.s of n, and tends to zero as n -> 00. 


Since 


< I the series E 


is convergent. Tims 


E I I is convergent, giving the required result. 


Corollary. If the series does not converge for x — A it does 
Hot converge for any value of x such that \x \ > A. 

III. If (— p, p) is the interval of convergence of the poiver series 
E a^x'^ then the^ series converges uniformly in any dosed interval 
entirely inside ( - p, p). 
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The result follows immediately from the Af-tcst. Let 8 be a 
number as small as we please. Then in the interval 
— p -f 8 X p — B 
the series is uniformly convergent. 

For I | < | «„ (p — 8)" | which is the nth term of an 
absolutely convergent series, as p - 8 lies inside the interval 
of convergence. 

From this theorem we deduce the following result. 

IV. A ponder series is a mitinuous function of x in any 

closed interval Ivinf^ entirely inside the interval of convergence. 

V. Abel’s Theorem. If 2 J a„ converges then 

lim. U a^x^ = I 

.r - ► I 

First we observe that Sn(x) — -h V "h V 1 - * * * f ^ 

is clearly continuous for all values of x. 

It follows from § 4-32 that the interval of uniform convergence 
must be closed. Since the scries converges for x — 1, the value 
a: I must belong to the region of uniform convergence. Hence 

S (x) is continuous at x i. [§ 4-4 (i)]. 

Now S(i) = 2 Jan so that the property asserted is that 
S (i) = lim. 5 {x), which is true from the definition of a 
I — o 

continuous function. 

4*8. Application to the Binomial Series 

It has been proved in Chapter III. that if | a; | < i 

r — o '' 

The series converges absolutely in the open interval, — i < .r < i , 
and uniformly in any closed interval lying inside (— t, i). 

Now in Chapter I., § 1-52, it is shown that when x i ami 

11 i T >0 the series S [ converges. 

Thus if n + I > 0 the value a; == i is a point of uniform 
convergence and consequently (i is continuous at a; = i. 

Hcngc if n }■ i > 0 



r 
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Again, it has been shown in Chapter I., § 1-52, that the binomial 
scries converges at x = — i if n > o. Tims (i Ta)'‘ is con- 
tinuous at a; = “ I and hence by Abel's theorem 

>'= - ( ■)'■(”). '< >0. 

r - o 


EXERCISES IV 

I. If the sum to n terms of a scries is nxl{i 1 nh'^) for all finite values ofx, 
find the sum of the series to infinity and prove that it is continuous for all 
finite values of x. Prove also that the series docs not converge uniformly 
to its sum. 


2. Prove that the geometric progression i A- x 1- .v‘'* I- . . . converges 
uniformly to i/(r — -v) in the range o < x < A < r. 


3. Prove from first principles that sci ics 
verges uniformly for x > o. 


( - ij" '/('* + ''■'*) con- 

n — I 

4, Prove that the .scries 

CO, « + -I- 

converg(;s absolutely and uniformly for all real values of 0, if /> > r. 


5. Prove that the series \vho.se »th term is i/(u' -f n*X‘) converges 
uniformly for all values of x. 


6. Show that the series 
real values of x. 


(.V I uniformly convergent for all 

n {n -f 1) 


7. Prove that the scrie.s whose «th term is x‘^j{i -j- converges 

for all real values of x, but is not uniformly convergent in any interval which 
contains the value x o. 


'O 

8. Find the sum of the series H x" (i - a") for o < x < i. Show 
« - 1 

that it is not uniformly convergent in this range. 

0. Show that the serie.s whose nth term i,s xl{i -f- converges 

uniformly if x is finite and at > A > o. Docs the scries converge uniformly 
at .r “ o ? 

10. Show that the exponential function defined by the series 2 * — is 

n ^ o ” ■ 

continuous for all finite values of x. 



128 Infinite Series whose Terms are Functions of a Variable 


II. Sliow that the cosine series 


‘ 2 ! ^4 


(- •)- 


-!• 


{in — 2) ! 

converges absolutely and uniformly for all finite values of ,r, 


12. Assuming that the series 

T ^3 

sin'* X -- ,v -f 


3 2.45 2.4.67 


converges at x — prove that the expansion converges absolutely and 
uniformly in the closed interval o < .r < i and hence show that 
I . I-.1 


In : 


* 2.3 2.4.5 ■' 2. 4.6. 7 ’ 


It is assumed that the given expansion holds for principal values of sin'* x. 



CHAPTER V 

THE EXPONENTIAL AND LOGARITHMIC SERIES 
It has been proved in Chap. IV., § 4-6. that 

where n may tend to infinity through any set of values, The value 
of the limit has been denoted by e and it has been shown in § 2'2i that 
2 < e V j. 


51 . The Exponential Series as a Limit 

We now show that if x is any real number such that 
lint, -- X 


then lim, (/ I .r)*' / H ^ ^ + . . . + “y -f . . . 

.->00 

This is a generalisation of the result just state<l. 

First suppose that v is a positive* integer n. dhen by the 
binomial theorem 

n {n - i) « . 

(I ^ I + ny -\- - p — y + . . . 




In the notation of § 4-5, 


, , n (n - 1),. . . (n — r + i) 
»rn{n) = — — V ‘ y 


(' ;) 


where 2 = ny so that z - > as n 00. 

It follows that z is finite for all values of n and is bounded as 
w 00. Hence we can find a positive number'/j such that \z \ < p 
for all values of n, p being independent of n. 

Hence | Hrn(n) | < 


T. A,, II. 


9 
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Now it has been proved in Chap. L, § 1-53. that the series 
Z p'^jr ! converges for all finite values of p. Again, for fixed r, 

lim. «,+,(«)=[ lim. ^J. [(i -3- • I 

= !. 

Applying Tannery's theorem it follows that 

lim. (i "h y)” I + ^ ^ , 'f • • • + • 

>i ■ > 00 

Now suppose that the index v is not necessarily an integer and 
that V -> 00 in any way. Then at any point in the process we 
can find an integer n such that « < v < « + i. 

Thus (i -|-y)^ will lie between (i 4-y)” 

This is. on the assumption that the positive value of (i +y)»' is 
taken. The result is clearly true if v is rational, while if v is irrational 
the result is also true since we may approximate to an irrational 
number as cl()S('ly as we please by rational numbers. 

Again ny < vy < (n -{- i) y. 

Since vy-^x as v-> (X), y->o as v->cc). 

Hence lim. ny — lim. (n + i) y. 

n - > 00 fi -> 00 

Since lim. ry = x, lies between lhe.se values it follows that 
n -> 00 

lim. ny = lim. (n j) y = x. 
fi 00 « 00 

But it has already been proved that 

lim. (i 4- y)” = I + ^ 4- ,, j + . • . 

« -► 00 ^ 

+ lim. (i •+ y)"^K 

^ ■ n -> 00 

As (i -V yY lies between (i +y)” and (i -fy)"'*’^ it follows 
that (i +y)‘' tends to the same limit. Thus 

00 

lim. (i+y)‘'= ^ x'^lr\, where lim. (vy) x. 

v-^ (X) f ^ O V-VOO 

In particular, if v nx, y = i/n it follows that 

/ Tvna ^ 

lim. ( I + - ) = ^ *’'/'■ ! 
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T3T 


We now proceed to prove that it e — lim. 

n ->■ 00 



It has been proved in Chap. IL, § 2-5. that if / [n) > I, I > o as 
n -> 00 then {/ («)}*= -> /* where k is any rational number. Let x 
denote any rational number and write 



/{») (i -I- 

71 J 


Th('n f (n) -h e as 

71 ->* 00 . 


Hence {/ {«)}* -y 

as n - > 00. 

Since 

lim. (il'r = 

00 

: S x>lr 

it follows that 


t 0 





the expansion being valid for all finite values of x* 




then 


511 . The Remainder in the Exponential Series 

Let Rn denote the remainder after 71 terms. Then 

n ! + («TFri + -1- 2) !+•■• + 


X’' , 


X 




n + I (n H- I) (n + 2) 

+ 


-h • • • 

.r’- 


(n + i) . . . (w f r) 




’ I i? I ^ ^ ^ ^ 1 I ^ ^ I ^ 


) (n -f 2) 
a;!'' 


+ ... 


(« 4 - 1) . . . (« + y) i 


< 




M: _ 

n \ I — I jc l/n 


, provided \x\j 7 i <1, i.c. | a; | <n. 


* In the last part of the argument a theorem proved only for rational 
values of the variable is used. The theorem is, however, true for all real values 
and enables the exponential theorem to be deduced for all real values of x. 
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Since x is fixed and « oo we can always find a value of n 
such that I A' I < M. 

Again, if > o all the terms in the series are positive. Hencx' 
Rn >x^ln !. 

If a: < 0 the terms are alternatively positive and negative and 
steadily decrease in absolute value. Put x — y so that y > o. 
Thus 


(- 1)' 

.. -v" 

^ L + 


«! 1 

n T 1 

(“ 1)’ 

y" ( 

I 

-• T-fi 


n ! 1 

n -h 1 ' 


(« T I) (n 

- ) 
n + 2 / 


+ 2) j 


_ (\ . y U.. J 

(n I- i)(w T 2 )(n 4- 3) f 4 ' .1 

Since it has been assumed that | x | < n, i.c. y < it follows 
that the factor of (- i) y"/n ! is less than unity. Hence 
1 Rn I -.r/w !. I ^'^n \ > ! . 

Combining the inequalities 

1^1” ^ I P I - - 

~n\~ (h - r) 1 {n - | A' |)’ 


Thus, -e.g. if x = 1 , w — 5 the remainder lies between 


vST2. The Number e is not Rational 

For suppose e pjq where p and q are positive integers. Iheii 


il 


where 

I -A'-'- 

(Hi)! ‘ 4’ ' 

! 

M 

= <7 ! + 9 ! 1^1 + • • • I- I + 9 ! ^'’0 


Now all the terms in the equation except the last are clearly 
integers. Hence q^- Rq+\ integer. But q^- Rg+i < 

which is a fraction. Hence we have a contradiction. and e cannot 
be of the form pjq where p and q are integers. 

5T3. The Exponential Theorem for Real Values of x 

We have proved that when x is rational 

- I -f * -h 4- , 4- ^ • • 
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Now take the expansion and suppose the [unction c* to be 
defined by it for irrational x. The scries has been proved to be 
absolutely convergent ior all finite values of .r. I'urther the l\I-tcst 
shows that it converges uniformly for all finite values of x. Hence 
the sum function is a continuous function for all finite r, since eacli 
term of the scries is continuous. (Chap. IV.. §-|-.t.) 

Thus the expansion defines a continuous function for all values of .v. 

Again, / {x) is a strictly monotonic increasing function of .r. For 
suppose To > x^ - 0. Then 

2' T/V!. - Z x{lr\ 

. t o r - a 

Since x./ > i'f it follows that e^‘^ ' 'e‘^. 

Again, if x^ < < o write Vi - a'i. ys = - so that 

> Vo > o. Thus > e^'^ from the first cas(\ and 
e ^ e i.e. e ‘ - . e 

Thus the function steadily increases with a, for all values of a;. 

Hence to any given x there corresponds one and only one value 
of the function c*'. 

rims adopting the exponential series as a definition of the 
lunction c*' wc have shown is a unique continuous monoionic 
increasing function for all values of t. 

Again, if x ~ o, i. 

If -V > 0, e-‘ > I and it is clear from the expansion that by 
sunicit'ntly increasing x we ('an make as large as we like. In fact 
it is clear that 

lim. e-^ — -f cTj, 

X ^ '.Xi 

Next con.sider a < o and write x — y where y > o. Then 
as y increases from o to + oo, cx steadily increases from i to oo. 
Hence c V ~ steadily decreases from i to o, 

i.e. lim. — o. 

AT * 

Ihus we have shown that the function c* can take any value 
between o and -} cx). 

Hence corresponding to any valiu' y > 0 tluTc will exist a 
number x such that 

y = i.e. a; - Iog,y. 

It follows {hat corresjxinding to any real positive number there 
exists a unique number which is its logarithm. 
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Now let a be any positive number. Then 

-r. 1 i-x log, a f I , {log,fl)2 -h . . . -f (log, aY . 
for from the definition of a logarithm. Thus 

,, ,r log,rt 

SiibstiflUing in the exponential series we obtain the expansion 
for rt*. Thus 

~ ^ *■ j 

r ~ o ^ • 

The series being uniformly convergent for all finite values of x, 
it follows that is continuous for all finite values of x, a > o. 

Arguing as before it follows that there exists a unique logarithm 
of any positive number to any positive base. 

Example. — 7'>o»n the expansion of e* in ascending powers of x, deduce the 
expansion of a®, where a denotes any positive number, and hence calculate the 
hundredth root of loo to four decimal places, f^iven log^io ?= 2’3026. 

[Land. Inter, Econ] 

«®= E (l()g,fl)". 
n - o 

Now, writing a =» roo, x — i/ioo = ro 

1 

looioo =s s ioo)'7(w ! lo*"). 

n ^ o 

The second term is (2 log, io)/ioo — -040052. 

The third term is 4 {log, io)V(2.io^) ^ -ooioOo, to 6 decimal places. 
The fourth term is 8 (log, io) 7 (f>.io«) — -ooooiO, to 6 decimal places. 
Clearly higherterms will not affect the fourth decimal place. Thus 
lOoT^tf I 1 040052 -ooioOo -I- -ooooiO -f . . . 

1= 1-0471 correct to four decimal places. 


ST4. Illustrative Examples 

(i) Find the coefficient of in the expansion of (2 h 3^:) e’®*. 

(i.+ " (' I- .)*) 

•f ->-rTl + + 

(— l)’"' 2'"^ (— iV 2’’ 

/. the coetticient of ^ 3. — "1“ — H 

-c (-I)^2'-l (4 - 3r)/r!. 
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(2) If X is a (juantity so small that powers higher than its square may be 
neglected, show how to find A, D, C, so that Ae<* -{- -f Ce®+»*, 

to this degree of approximation, a, r, s being supposed knoivn. 

In particular, find A, B, C so that in the circumstances stated above, 

^ J 


r-- Ae" 1 T is equivalent to e^ ^ A A- Be’^* -|- Ce*^. 

Expanding each term and neglecting powers of v higher than the second 

Equating coefficients of corresponding pow(Ts of x. 


\ ^ A A- B \ C, 
i - r/M sC, 

T r*i? I .s*C . 

The solution of these three linear eciuations determines A, B, C in terms 


of r and i. 

In particular if r - s L the equations become 

A -\ B A- C i (i) 

^B I zC o (ii) 

9B f -iC - V (iii) 

From (ii) and (iii) B — M. C -■ - 0. Substituting in (i), A ^ 2. 


(3) Show that the relations y -- i 2-5/(io ,v) and y .9^ -| •3i^’‘^S-^ 

are approximately equivalent to the linear relation y - 1-25 -f •025,1: for small 
values of x. 

Obtain the expansions of the two expressions a -| fe/(io x) and p -I qe/’^ 
in ascending powers of x up to and including the terms in .v*. Show that p, q, r, 
can be so chosen that the two expressions agree for the terms obtained, and that 
the latter then takes the form a -{- 6 (i | «5^)/20. [Lond, Inter. Econ.] 


Now y ^ i A- 2-5/(io - ;r) ^ 1 1 -25 (t - ^^xf^ - i + •25 (i -I- f^x), 
neglecting and higher powers. Thus y — 1-25 | -025.1. 

Again if y = -04 1 -sic-o*'. y - -94 j- -31 (i + 082), by the exponen- 
tial theorem, if x^ and higher powers are neglected. 

Thus y = 1-25 -|- -0248;^ = 1-25 -f •025.*' approximately. 

Expanding a -f bj{io — x) and /> + qe'^^ as far as terms in x* we obtain 


a A f;(io -X) a A- ^ b{i - ' - « + * 6 -1 ^ bx -|- 

10 \ 10/ 10 100 10( 

p -f = p A- q {i A- yx + P A q A qrx -| Iqr'^x*. 


bx'^, 


If these expressions agree then 

p A q = a A- ^h, qr ^l^b, Iqr^ 

This gives three equations to determine p, q, r. Hence p, q, r can be chosen 
so that the two expressions agree. Solving the three equations, y = I, 
q ~ iob, ^ a -b ^b. Thus p -f qe^” becomes 

A iSibe'^^ -= a + 6 (I + ^5'V)/20. 



136 The Exponential and Logarithmic Series 


(4) Show that the expansion of (1 y -f- i>'*)/(i ~ -f J)'*) in ascending 
powers of y agrees tvith that of up to the term involving y*. Hence find 
approximately the value of x which satisfies the equation e* — i*i and check 
your result by using tables of logarithms, assuming e 2718. 

{Loud. Inter. Econ.] 

(I + y -I- (, -{- y I ly-) (I - - y (1 jyj-i 

M (i + (I - b) + >-*(1 - b'Y' 
h y(i - jy* -I' - b)* 4 . . , } 

== (' Yy f (* 4 y I T b* 4- 4- . . •). 

i.c. (i 4 - -f - y -{■ Lv*) - i + 2y + 2y^- + b* + b* 4- . . . 
(iy)* 


, . (^yv 

' 3 ! 4 ! 


Again e^*' - i 2y 4 ' I- 4 - vi' 4 . • • 

- i I- 2y 4 2y^ h b* 4 b^ 4 . . . 

Thus the expansions agree as far as the terms in y^. 

Next consider the equation e* — i-i. Write x = 2y. Then approximately 
I -1 y 1 jy I-I (! - y 4 iy“). 
i.e. >'« 6jy f 3-0. 

Hence y = ((>3 ± 3/03* — i2}/2. 

Since x is small the negative square root must be taken. Thus 
AT r- 63 {i - (1 — 1 2/63*) J}. 

By the binomial theorem, 

(i — 12/03*)^ - 1 -- 6/03* approximately. 

Hence ;r — 63 x 6/63* 2/21 — 0952. 

To check the result, we have 

;rIog,„e -- log i-i, i.e. ^ 0953. 

(5) Show that the coefficient of x^ in the expansion of e*'" is 


I + , t , , + . 


■ + ri + • 




= I + (1 + * + 4 + ■ • • y -l + • ■ • ) 2 ! ( 

+ ',7 + + y + ^, + ... + +.■•) + ... 

Hence coefficient of x^ in the expansion is yj(^l 4 |-j 4 ^^3 4 • . . ) 

(6) Show that the coefficient of x* in the expansion of e*^ is 5^/3 ! . 

^ 4 ^ 4 X*l 2 I 4 _ g / 4 x*!i ! 4 ^/3 1 4 • . ■ 

■-*«{• + (*+ 4 + •••)+ (* + r ! + •••) + M* ^ )4 ■ 

coefficient of x* el-r f L .2. , 3 ) == il. 

'' 3 1 2 ! 2* 3 ! / 3 ! 
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iVo/dr — From Ex. 5, 

Ex. 6 gives an alternative way of obtaining the power series 
which is the expansion of e*®. 

Since the power scries converges to the same function it follows 
that they are identical and tfiat coefficients of corresponding powers 
of X are equal. (Chap. I., § i-8.) In particular, if w^e compare 
the coefficients of x^, 

. y 

i: ^ 

« rr- 1 " • 

(7) Write down the first five terms in the expansion of pe'>^ j in 
ascending powers of x. 

If P, q are the roots oj the quadratic equation 
A* - aA -f 6 =- o 
show that the first four terms of the expansion are 

a + ibx -f I abx^ + {b {a^ - zb) x^, 

and express the coefficient of x* in terms of a and b. [Land, htler. Econ.\ 

,,.-1 f; + 


-t ?(■ I p^-i i 31 I 3, - 
^ p \ q I- 2pqx i pq{p \ 9) j + Z’? (/’* I </-) ^ | 


-1 pq {p^ 1 q-') i- . . . 

Now if p, q are the roots of the ct|Uiition A'* - aX f b o, then 
p -)-q ^ a. pq b. 

Also p» H q' - ip + qV ■ ^pq - a^ - zb. and 

p'i ! q^ [p 4- q) (/>* - pq I ?“) - iP + ?) iiP + V)* " SPq) ^ “ 3/'). 

llnis the first four terms become 

a I- ^bx -f labx* -|- lb {a- — zb) x^ 
and the coefficient of x* is (a* - 36). 

(H) Sum to infinity the series 

I ,1 + 3 , 1 + 3 + 3 ’, > I 3 +3’ + 3* , 

ri+ Tr+ "“'If 4' '■■■ 

The Mth term is 

I + 3 + 3* -h • • * + 3" ^ _ I 3" - J A ( 3" _ TV 

■ ■ I 2 ■ « ! 2 v» ! « 
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i 3 « 


Hence the required sum 


*{(^^ + fi ■*■ 3S ^ .V! I I 

■’ (Chap I.. § I- 36 ,) 

“ 4((* -I- 3 + fl + fi + ■ ■ ■ ) ■■ (' ' ■' C! ' .1! + /l + ■ ■ ■ )*' 


(9) Shotv that n + — 2 ( i 


i). 

!' 


4 ^ 


- e) =■■ he {e 

{lofi* «)^ 

2 ! 

2 ! ' 3 ■ 

and :r - i ; and then put a ~ v, and ,r = - i. 

/1,-vrr ..U2 Ih 


\- 
■ ■ ■ I 


In fl* ==: 1 + (log, rt)2r 4 - 1 , + 


, first put a }}, 


, , , (loi;,»)- , (log, »)“ , 

Ihus n — T 4 ' log„ « -I - /f - 1 ' , I r 


and « ‘ — I - log,, n f 


‘2 !^' 


By addition, wo get the required result. 
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Fig. 6. 


5 - 2 . The Graphs of ^ and 

Using the series for e we may approximate to e as closely as wo 
please. Thus correct to ten decimal places e = 27182818285 . . • 
Using a suitable approximation for e we can construct a table oi 

values and plot the curve y ^ e^. 

It should first be observed that a number of properties of the 
curve are already known. Thus steadily increases from 0 to 
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00 as a; increases from — co to co. Also is never negative for 
real values of x. Thus the graph lies always above the X-axis and 
steadily rises as % increases. Further, since i, the point 
(o, i) lies on the graph. 

These facts in themselves give the approximate form of the wave. 
In constructing a table of values we observe that ~ i/c* so 
that values of the function for negative values of x are readily 
obtained when the values for the corresponding positive values of 
a: are known. The table given below is obtained by taking 6 = 2718. 


X = 

0 

1 

I 

15 

2 


( 


272 

4-38 

7-39 

r ^ 

I 

o-Ci 

0-37 

~ 0 - 27 ~j 

0 'i4 


In. pig. 6 the continuous line shows the curve y = the dotted 
line y ■■■■■ If we plot the 

graphs of y " a > 0 we 
obtain similar curves. 

Example. -- Show on a rough 
sketch the general form of the graph 
of the expression (e® — i)l{e^ 1). 

Drain carefully, on a suitable 
large scale, the graph of 

3 (lO-^ - T)/(I 0 ® - 1 - 1) 
between x — o and x — i. Use 
this to solve the equation 
3 (10* - 1) ^ (3 ~ 2 x) {10^ -I I). 

[Lond. Inter. Econ.] 

y _ !)/(/>* I- t) = I - 2 /(p® -f- i). 



As AT ranges from — 00 to -f 00, e^ ranges from o to oo. Hence y lies 
between d; i ^md tends to these values as x tends to d; respectively. 
When X :r:= o, y — o; when x > o, y > o and when x < o, y < o. Also 
if we change x into — x, y changes into — y. This enable.s the curve to be 
sketched. The lines y - ± i are asymptotes. (See Fig. 7.) 

y 3 {io» - i)/(io* d- i) (0 

Tlie following table of values is first calculated. 


X 

0 j 

0*23 1 

0-5 

075 

I 

y 

1 ^ 

0-84 

I’56 

2 *08 

2-44 


3 (10* - i) ^ (3 _ 2X ) (lo* 4 0 equivalent to 

^ _ 2Ar 3 (10* — t) (10* 4 i). 



140 


The Exponential and Logarithmic Series 

The required sohition is 
given by the point of inter- 
section of the graph of (i) and 
the straight line y ■— ] — 2 a. 
(See Fig. S.) The solution is 
X “ o-6r correct to two deci- 
mal places. 

5*3. The Application of 
the Exponential Expan- 
sion to Limits 
We now prove an iin- 
^ portant property of tlic 
exponential function true 
for real values of /Is 
00, lends to infinity faster than a positive integral power of x. 
In symbols, if n denote any positive integer, 

lim. lim. .t'V - o. 

x -^ a XV (X. 

Now e' - I -f- * + - 1 - • • ■ + 



- x" i' I * I- - 2 r ■ • ■ + 

\x’' x"-' 2 "ij 

where i?„+i(*) ilonotes the remainder aRer (h + i) terms. 

No matter how large x is, the expression 

in+J-l +,,!U + ---+,T! 

is always finite. In fact, as co this expression approaches 
nearer and nearer to i/m ! , « being a fixed positive integer. 

^n+2 

Now RniiW ^ l t- 2) ! "^ (« I- i) ! 

Hence f' > W + is always finitr 

and positive. Then 

__ 2- ^ 

/■^7W'-1-*/(h + i)‘! ' ■* 

Since ijx-^o as * -> oo and all the quantities arc positi\'e, 
it follows that 

lim, {x^je^} o. 
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It follows immediately from this result that if v is any positive 
lira, {*►/««} = o, 


-> 00 . 

for there exists an integer n such that « < ^ < « 4 . j, and since 
lira. lim. ^x’'je^) — o 

;f > CO .V 

the result follows immediately. 

The limit proved above may be expressed in different ways by 
moans of substitutions. Thus, e.g. if wc write y -- e* loe v = x 
the limit takes the form ’ 


I 

lim. (log,y)"'y := 0 or lim. (log,v) y' -o, 

.V y -> rfj ■ ■ 

where n is any positive integer. 

Substituting y =- i/x the limit takes the ftrm 
lim. {.r (log, ;c)”) 

.V » + O 

Tn particular, if n - i. lim. ;clog.v - o 

X - Ho 

Another limit which is of im])()itance is lim. -- - 


Now 


a" - I + .r log, a + ^ , (log« a)2 \ —(log, a)'^ |- . . . 


I'lnis ^ . log, a + a; 


d Y, (log*«)^ d- . . . j. 


2 ! 


1 he series inside the bracket converges for all finite values of x 
and hence is finite if x be finite. Hence 




I (r — I 

Since x o, so also does Ax. Hence if a > o 

lim. ^ 

X -> o ^ 


< Ax, where A is a constant. 


log« a- 


Example.—// y = .t- (i .[. — c •'), find the limit to which y tends as 

> tends to zero. 

If y is expanded in a series of ascending powers of x, show that the coefficients 
'V o.t.1 the odd powers of x are zero and determine the expansion as far as the term 

. [Lond.. B.Sc ] 

y X {\ + f ■')/(! - e *) ^ X {e^ I - 1). 
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Now lim. («* + i) = 2, since c' is continuous and e" — i. 


Again lim. - x- 


^ lim. j 

x-^o I -1 * V 4 - . . . 

2 ! 

Hence lim. y — z. 


x‘^ ^ 

Now 1 — ^ I — I -I - “j ^ ! 4 ! ^ 5 i 


v‘ AT* 

3 ! ■ < 1 ! 5 ’l 


i , ^ 

• 2! "3 


I '*'* \ 111 - ~ _L H — 

2 ! 3 ! ■'■ 4 ! 'll \ 21^3! 4 ’’ 5 '• 


Now it is easily verified by the ratio test that the series 


i ^ L’ 4. 

2! " 3*! 4! 5! ^ 


converges absoluUdy lor all finite values ol x, and hence is finite. Thus the 
expression . 

/ ■ .U- A 


I ' I j - ^ 1 ' - _ _ 4- 1 - . . . 4 - — 

3-1 + 4-1 - 5! - 2I + 3! 4! 5! " 

can be made as small as we like by taking .r sutficienlly small; in particular 
there will be a range of values of .r such that 

I I l!. - '^ * 4 - ^ I < 1. 

r 2! ‘ 3! 4! 5! I 

Let y = <^"1' I ^^2^^ I • • • * T L • ■ • 

Changing .r into - x.y becomes 

- AT (i 4 - e^)l{i - e-) - AT [c- 4 - i)/(c* - i) 
which is y itself. Thus y is unaltered if at is changed into - at, i.e. y is an 
even function of at. Changing a? into - .v in the expansion we have 
= f 7 „ - a^X -1- rt-i-t' - • • • «2n • 

Since both the expansions arc power series and converge to the same 
function the expansions must be identical (Chap. I., § 18). Hence 

'lan-i =" - ‘^an-i. i c- «2». -1 "" 0. Tor all positive integral values of n. Thus 
the coefficients of odd powers of r arc zero. 


Now y = |2 - A? 4 - ^ ^ ^ 4 - “1 - • • -J 

Expanding by the binomial theorem 


- 2'}"’, where 1^1 < 1. 


y . (j - . + ^ + ^4 - . . .) {M- + -l-> + ^‘ t- ■ 


" 6 ^ 24 120 


Now z 
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Thus 



-f ^ .a ,, 1 T ~ 

Hence y ^ 2 + .v -| + o - .^qA^ . . . 

V - ^A^ - ^Ga^ + 0 ... 

-i- JaS -I ^A'' + j'^A* . . . 

— 6'’^* 12^'* ■ • • 

-I- . . . 

.*. .r - 2 4- - .4 oA* . . 


5*4. Scries Related to the Exponential Scries 

Th('rc an' two important sc'ric'.s wbi('li arc closcl)^ iclatcd to the 
exponential series. They arc the ex])ansi()ns of the Irigonometrical 


functions sin x, C( 

)s X. Thus 



sin X X , 

3 ! 

1 L 1 - , . 

' 5 ! 7 ! ' 

... r (-])'-■ 

r -- I 

(2r - 

cos X = I - — , -1 
2 ! 

x' a:* 

' 4 ! ' 6\ " 

. ■ A (- 1 )" 

t 1 

(2r- 


X denoting circulai' measure. 

Wc first observe that eacli of tlie series is l)oth absolutely and 
uniforinly convergent for all finite values of x. hor Consider the 
first series and let denote tlie rth term. Then 

I)! 

1 2Y [zr -\- 1) 

h’ 1 1 

' ^ =0 
Ur 

and the series converges ab.solutely for any finite value of x. L’nilorm 
convergence follows immediately from Weierstrass' M-test. (( hap. 

^ ... ^ ^ 

The second .series may be considered in a similar way. It follows 

that the sum function in each case is continuous for all finite values 

of X. 

One method of discussing these trigometrical functions would 
be to define sin x and cos x by the corresponding series and show 
by algebraic methods that the functions so defined satisfy the 


Ur,, ^ . (-r; 

'//, {zr 4- 

Thus lim. 

r -> a.' 
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fundamental properties of sin x andTos x as defined by elementary 
trigonometrical methods. Thus, e.g. write 


5 (x) = 


orj 

E 

Y ~ 


(_,)rl 


(ir ~ I) !’ 


C(x) = 


■fj 

E 




[2Y — 2) !‘ 


First \v(i observe that .S (o) o, C (o) i. 

Then we can show that .S (.t) is an odd function, i.e. 


while C (x) is an even function, i.c. C (x) ^ C (- x): for 


5 (- .V) 



i)"M 


1)2, -1 


^2r 1 

( 2 r - if! 


XD 

E 


t 


( T)*’ 


{2r 


2r-l 


i.r. S( X) S{X). 


As for C (x) It will be observed that only even powers of x occur 
so that the substitution of a; for x docs not' alter the series. 

Next it may be proved by using the theorems on the product 
and rearrangement of absolutely convergent series (Chap. I., §'§ i-6, 
'•34) ‘'"It {S' W)"-. 1. 

.S' (x) 

Finally wo consider the property, lim. ‘ = i. Write 

X -> o ^ 


f (x) — S {x)jx. Then 

./w 


E 

r -rr O 


( I)' 


(2r + I) ! 


The ratio test shows that the expansion of f (x) is absolutely 
convergent for all finite values of x. From the properties of power 
series it follows that the series is uniformly convergent for all finite 
values of x. Hence / (x) is continuous. 

In particular lim. f{x)=f(o). Now /(o) — i, since 

X -■> 0 

also terms of the series after the first are zero. Hence 


lim. 

X 0 


x 


The student will now observe that the functions S {x), C (a:) 
defined by the series given at the beginning of the section satisfy 
the following fundamental properties of the sine and cosine. 


(i) sino — o; coso~i. 
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(li) -- sinA^; cos ( .,,:)^cos.r. 

(iii) sin^A; -j-cos^AJt. I. 


(iv) lim. 


sm a; 

X 


The results (i)-(m) would b,^ true for both degrees and radians 
It wc adopt the ordinary elementary definitions, since the trigono- 
metrical ratios sine and cosine are independent of fhe units in which 
* IS measured On the other hand, (iv) is true only if * is measured 
m ladians. It follows that the number * in the given series must 
n^present an angle measured in radians. 


5-41. The Expansion of 

Now (C'^ T)/x 1 
a: 


A- 

• fj ^ .^T 4- ... - T 4 V, say. 


Then 

provided | y 
where 


I 

I l-y 


- r 4- y^ - 4- . . , 


I 

: I. Thus the expansion will he valid for | a | < A 


A , A« 

^,+ 3 ,-i-^,+...<i. 


Now 


A A 2 

2 "!+r!+?!+- 


■f 


— iA/(i - JA), provided A < 

The equation = i gives A i-2. Hence the expan- 

sion is certainly valid for | * | < i-2. The important point here 
IS not that we should know the best possible value of A but that 
there should be some definite interval of convergence. 

It is clear that the coefficient of ^ is — Hence we may write 

X 

~ I - ix H- -t- -I . , . -f a„*" + ... 


Consider the function / {x) 


-T ix. Then 


«-» - I - — I * 


xe‘‘-x X 


T. A., II. 


10 
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Hence f{x)=f{—x) and f (x) is an even function. Thus 
the expansion in ascending powers of x contains only even powers. 
(Chap. I., § 1*9.) Thus 

X 

-- ^ 1 - -f ^2^2 _ 

The coefficients a^, a^, ... in this particular expansicjii arc 

usually denoted by BJzl, !, B3/6 !, . . . Thus 

Y V*- v*^ V® 

"" * 5 * + ^ , + Ih ^ I + 1^3 I ■ • • 

The coefficients B^, B^, B.^, . . . arc called Beynouilli's ntmbera. 
In general the «th Hernouilli number is the coefficient bf x^^Kzn ) ! 
It is easy to verify by direct calculation of the coefficients that 
— ;iV‘ — 4^ii. And soon. The Bernoiiilli numbers have 
important applications in the expansions of Irigomctrical functions.* 

5 ' 42 . The Hyperbolic Functions 

The hyperbolic sine and cosine, sin/i x. cos/i x, are defined by 
the equations 

sin// X ~~ i (e^ - e •*), cos// x A (e’^ e 

V v2 v3 

Now — I d' 


Thus i (d® 

•i 


X , x^ 

x^ 

.r' 

1 "h 1 

1' , T 

? 1- 

I ! 2 ! 

3 5 

4 ? 

X x^ 


A* 


, f 


I ! 2 ! 

3 ! 

4 ! 


6“'^) ^ X 
c-') - I 


X'* 

3! 


Sr'- 

nr' 


The expansions are absolutely and uniformly convergent for 
all finite values of x. Thus the hyperbolic sine and cosine are 
defined and are continuous for all finite values of x. 

Since the expansion for .sin// x contains only odd powers of x, 
sin// x is an odd function, t.e. sin// (— x) ^ - sin// x. Similarly, 
since the expansion of cosh x contains only even powers of x, this 
function is even, i.e. cos// ( — x) — cosh x. Further, since 

v2 vt 

cosh x - I + , 4 - 7 , 4 - • . . 

2 ! 4 I 

* The notation Of instead of for the Mth Bernouilli number is used 
by some writers. 
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it follows that cosA is least when x = o and its value is then unity. 
As X increases from zero cos/t x steadily increases, since each term 
of the expansion steadily increases. Similarly, as x decreases from 
zero, coshx steadily increases, since the expansion contains only 
even powers of x. Thus cosA x is monotonic decreasing for x < o 
and monotonic increasing for x > o. The graph of y = - cosh x 
is shown in Fig. 9 by the continuous curve. The curve is sym- 
metrical about the y-axis since the function is even. 


Next consider sink x 




When x = o, sink x = o since each term of the expansion is zero. 


When x > 0, all terms of 
the expansion are positive and 
steadily increase with x. Thus 
sink .V > o for x > 0 and is a 
monotonic increasing function 
of X. When x < o, all the terms 
of the expansion are negative 
since it contains only odd powers. 

Further, as x decreases, | x | 
increases and each term of the 
expansion increases in ab.solute 
value, so that sinh x steadily 
decreases as x decreases. 

It follows that sink x is a 
monotonic increasing function 
of X for all values of x. 

The graph of y = sink x is 
shown by the dotted curve in 
Fig. 9. 



5*5. The Logarithmic Series 

We now prove that if | a; | < i, 

loge (1 -f x) - X - ■ Ir* f . . . 

00 , 

- r ( Ir 1 V 

r ^ I r 

* In more advanced mathematics the base of a logarithm is always taken 
to ^ ^ unless otherwise indicated. Thus in what follows, when the base is 
omitted the student should understand that the base is e. 
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i.e. (i 4- xy - I 1 ■ y log (r + x) -|- {log (i | 


+ {log (l + x)Y -t 

Ex|)anding (i + *)' by the binomial theorem we have 
(I + .v)''=- 1 -i- yx +-^ 4 r 


(i) 


+ 


( V -_ 2 ) 

3! 


I I .r I I (ii) 


Assuming that it is legitimate to rearrange this scries in ascend- 
ing powers of y it follows from Chapter L, § i-8 that coefficients of 
corresponding powers of y in (i) and (ii) are equal. In ])articular 
if we (‘quate coefficients of y, we have 

log (i T x) X - \x- -1- -- ix^ -h . . . 


W'c may justify the rearrangement of the terms of tlie scries by compar 
ing term by term the binomial expansion of (i 4 - xY with that of (1 — 
where ^ |a |, 19 -- | vl. tlie expansions being valid for j/r] < i. The 
(r 4 - l)th term is rj{rj i 1) ... {rj r ~ i) ! which is the product of a 
series of positive factors and when writ ten in powers of contains {r 1) 
positive terms, This scries can accordingly be rearranged in powers of rj 
and by comparison the result follows for the scries in y. 


Noie.-~ Ii will be ol)S('rvcd that we can obtain series for 
(log (i -| x)}'^ and for higher powers by equating coefficients of y* 
and higher powers of y. Thus from the coefficients of y^, 

i (log (I -I x)Y Ix^ \x^ (I 4 J) -1 (1 + H- i) ” • • •. 

and so on. 


Validtiy of the LoGARiriiMir Series. — 'I'he series converges 
absolutely and uniformly for | x | • p • i. Hence log (i -[- x) is 
a continuous function of x for | a | - 1. 

When X -- i the series 'becomes i — I }- J 1 + » 

which is known to be convergent. Hence by Abel’s theorem 

(Chapter IV., § 47) the interval of uniform convergence extends up 
to and includes x ^ j and 

lim. log (i + x) = I 1 + 1 l b i - . ■ 

X ■> 1 

i.c, log 2 = I - J 4 - J - i + 1 - • ■ • 

When X = — J the series becomes i 4* i T i + i *h .i + • • • 

which is divergent. 
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Thus the scries is valid in the range — i <jv < i .nid in this 
range log (i + x) is continuous. 

It is convenient to remember the form of the scries in the case 
in which x is negative. Thus 

log(r -*) '.X l.v‘- ... 

. ^ x‘ 

i.c\ log (i .r) - 2,’ ■ ' . 


5‘51. Inequalities for log (i T .t) 

y2 .-4 y5 

Now — log (i 4- x) • ~ ■ ' - [- -- - — 4- ^ 

-- .V- (1 ■ - I- - lx) 4- . . . > 0. 
for - - I < I. Again if o • jc < i, 

- log (i 4- x) - Ix^ = - a;-' (J - {x) - - Ja:) ^ . . . < q. 

Hen(.'c 0 < X log (i + x) < Jjcl o < x -C i. 

Now .suppose that - r < <o and write y - x, so that 
o<3 ;<i. Then 

log (I 4- x) log (1 - y) - - y -- Ty2 - Jy^ j ^ t . Hence 

• V - log (i - \-) -- .1 + jy 4- 1/ 4 . . . 

<.ty2(i ij. 4- v’M- . . .) 

- bV(i >'). I.v| <1. 

Thus 0 <;r log (t 4-;v') < h x'^l{i 4-^'], - i <x < o. 

Example. Piuve Ihut if n is a positive integer 

I , n \ \ I 

o . < - 

II n 2/r 

and o < T !- ,J -f . . . ^ ;/ < i [M.T.\ 

The first inequality follows immediately by writing x — tin in the first 
inequality proved above. 

Noav put n ~~ I, j, 3 , . . . {« — t) in succession. Then 
o ' I — log f < ^j2' 

O < S - log J < 4,5- 

o < } log 3 < ^ 


_ lojT <-■ 

« — 1 °n i ^ 2 , {n — i)*’ 


o < 
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Addin;^', o i 


j ^ ^ ,V 


< ' f- 1 4.^', * • • 
- I 1 n • i 


« - T , /„ , 

Now £ , < £ ,, j f. : 2 and result follows. 

r - 1 *' I 


5*6. Modification of the Logarithmic Series 

f'or purposes of numerical calculation the logarithmic series is 
inconvenient for two reasons. 

Firstly the series converges very slowly, i.e. it would require 
many terms to obtain a good appro .ximation. 

Secondly the series is not directly available for the cases in 
which X > 1 . 

To obviate the first (litficulty the logarithmic series is replaced 
by others which converge more rapidly. 

log (I ! V) - .V-- - I .... |.vi < 1 , 

v'* 

Thus log(i I X) log (I x) 2 |;f i + ■ • -j 

Hence log' ' zlx + | ... j (i) 

1^13 5 j 

ihe expansion being valid for | r | i. 


Example.-- .SVH>?e that Ihe lo^arithyna oj all iiiixfiers from i to mean he cnlcnluted 
by putting X - - L ,L 7 J- in turn in ihe expansion 


[l-ond. Inter. Econ.] 

W'rite / (a) - log, * ^ Then 


/(^.) Jogs - log 3 -log 2 ( 1 ) 

/(g) - Jog? ^ Jog 7 Jog 5 (ii) 

/ ( 7 ) - Jog ^ 2 l«g 2 - log 3 (iii) 

/ (I) log ? 2 log 3 - log 7 (iv) 



The Exp( 3 Nentiae and Loc.akhkmic Series 


All logaritlima are to base e. The left-hand side of each equation can be 
calculated as accurately as is desired by considering the corresponding series, 
From (i) and (iii) log 2 and log 3 are found : then log 4 — 2 log 2 is known. 
F.liininatinglog 7 between (ii) and (iv), log 5 is found; then 
log 6 - log 3 I log 2 

is known. Log 7 may be found from (ii) since log 5 is known. Also 
8 — 3 log 2, log 0 — 2 log 3 and log 10 - log 5 f log 2 are determined, 


IToin (i) we may deduce series which are useful in numerical 
computation, and which converge when the variable involved i,s 
greater than unity. 

Write %= 1/(211 1 i) so that (i+.r)/(i x) (n \- i)ln. 

'riicn 


log 


n f I 
n 


f 

T I 


^ -p ^ 

3(2W + l)'^ 5(2W I- 



the expansion being valid provided | i/(2« | i) | r, i.e. n > 0 
or n < - I. 


Example. — By means of the expansion oj log ((« i)/n} in ascending 

powers of i/(2w | i), evaluate log^ correct to four decimal places. 

\l.an(i. Inter. Jtcon.] 


To find log ^ write n 

t - - 


Then 






7 ' 7 ' 


• • 'J 


the work of calculation may be set out as follows; 

1/7 - -142^57. 

1/7- - -020408, 

1/7“ 002915, 1/3 7’’ ~ -000972. 

1/7* -000416, 

1/7® ^ -000059, L5 7^ -- 000012. 


Clearly the next term of the series will not affect the fifth decimal place. 
Adding log ^ — 2 (-143841) — -287682 - -2877 correct to 4 decimal places. 


We now deduce another formula suitable for numerical 
compaitation. In (i) write (i -f x)/(i x) mjn so that 
X (ni — n)l{m n). The condition for the validity of the 
expansion is \ (m — n)l{m + w) | <1, i.e. 


/in - n\^ /m~n \ jVi n 

-ICO. or 7 -I 

\m f n \m f n / -f n 


0 


< o. 


Multiplying throughout by the factor (m f «)* which is positive 
for real m and n, this condition reduces to mn > 0, i.e. m, n either 
both positive or both negative. It will be observed that this is 
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the condition that the logarithm be real. For mn > o implies 
min > 0. when m and n are real. The expansion becomes 


, m 

10 g „=2 


rm n , . im - , (m ~ ny , 1 . . 


the expansion being valid for mn > o. 


Example. — Show that and log^i oz can be calculated correct to 

five decimal places by using only the first term of the above series, and that log,\‘i 
can be calculated to the same degree of accuracy by using the first two terms. 

[Lortd. Inter. Econ.] 

Write w " [01, « ~ ido. Then 

ni — n ^ m -|- n - loi, (m — n)l{m + n) — i/ioi. 

Hence I - - - ^ -- oooooi. Thus§( ^^- ” ) < 000001. Clearly 

\m n) \m -}- «/ 

this and higher terms cannot alTcct the lilth decimal place in the deter- 
mination of log I'd. 

For log I '02 write m — 102. n — 100. Then 

- !i U^)• < ! X -0000075 - '000005. 

Thus the second term will not affect the fifth decimal place.* 

For log I'l write n/ - 1 1 , n = 10. Ihen 

2 - 2 ( i X -ooooi < -000005. 

\m + n / 

Hence this and higher terms will not affect the fifth decimal place. 


The series (3) may be represented in a slightly different form 
by writing m/n x or we may deduce the result by proceeding 
directly from the expansion 


log — 2{v -{“ Jv^ -f 1 + . . .} 

I — y 

by writing (i -f;y)/(i — .y) “ x, so that y = (.t --- i)l(x + i)- 
In either case we obtain the expansion 


{x — I , , 

IX i\’ . . lx i\“ , 

1 

: + ’ 

[x -1- i ) * \x -\ 1) 



the expansion being valid for all positive values of x. 

The condition x> 0 may be deduced from the validity con- 
dition of either (i) or (3). 


* A discussion on the conditions under which we may approximate to the 
expansion by the first term of the series is given in § 5'0. 
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Example.'— that in the series 

when X — 2, the rcnuiindet after n terms is less than i/{4(2u -f 1) 3®'*“*}. 

[Lond. B.Sc.] 


When X = 2, - 2 


i .e. log 2 ■ 


1 I 


I I 

1 ’3“ ' 5 3" 

^ T-(2rH) 

r ^ ^ -• 

>r I- T 


••] 


! O 


Tiic remainder after n terms is 


2 " < — — 2 ’ 3 ' 
.. 2 ; )- I 2U + I ^ 


Summing the series as a G.P. vve obtain required result. 


\V(? can deduce from (i) anolher form wliich is sometimes 
useful. In the expansion 

loR = 2 {v f h’’ + 5 /' + •■•}. I .r I < I. 

write y — jI{ 2 x - i) so that (1 d- v)/(i — y) — Xj{x -- i). 

The condition | y | < i becomes | iji^zx - i) | < i, i.e. 
(2.^ — i )2 > T, i.e. x(x - i) > 0. Thus the expansion will be 
\'alid provided .1; < o or w > 1. Hence 

log - , =- 2 ^ ^ 

X — I 

provided x < 0 or r > t. 


I ^ ' (2.V l)'‘ 




57 . The expansion of log,, (a + x) 

If a>o and \x | < a w^e can obtain from the logarithmic 
.scries an expansion of log (a + x) in ascending powers of ,r. Thus 

log (a -f %) -- l(>g{u(i ^-x|a)] 

= log a -|' log (i -|- xia), if a > o. 

If \x\ < a, log ( I 'I xja) may be expanded as follows: 



Thus log {a +x) = log « + X ( ■ i)’' ^ (* ) ■ I * I < «• 

r “ I r a . 

If a <0 but a -\'X > o and \a \ <x we can obtain in a 
.similar way an expansion in a.scending powers of ijx. 
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X X^ x^ 

Example. — From th$ expansion log,{i+x )^ - -+ • •• 

deduce the expansion of log^^{a + x) in ascending powers of x. For what values 
of X is it valid ? 

Given log^^i — *30103, and log^^ = *43429 calculate %io2*i and log mi-S, 
without using tables. [Lond. Inter. Econ.] 

logioic* + ^) = log,(a + ^)/log,io xn logiotf.log,o(a 4 x) 

^ M log,( ^ ft ~ logio<?. 

=- /ilog,a 4 - /ilog,(i 4 - 

=-,.iog.a + ^ r "/“(«-)'■ l■^<l''l: 

r — I ^ ^ 

thus login (a 4- at) = logioa 4 * /t S - f! )'* 

M - i ^ 

Write a = 2, ;r ~ 0*1, xja = o o-,. Then 

log„2'i = log„2 + ^ ('05 - J ('OS)* + i (-OS)’ - 1 (-05)* + . . .) 

— *30103 -f *43429 {*05 — -00125 + *000042 — 

Clearly higher powers of *05 will not affect the fourth decimal place. Thu.s 
logio2*i = *30103 + *43429 X *048792 

= *3222 correct to four decimal places. 

To obtain logjoi-S write a = 2, x = — 0*2, x[a - 01. Then 

logioi '8 = logioi 4- *43429 {- *1 - i (•!)* - i (- 1 )* - i (* 0 * - . . . } 
rr. .30103 - 43429 {*! + *005 + *000333 4 *000025 -t- . . .} 

*30103 - *43429 X *10536 
— *2553 correct to four decimal places. 


5*8. The Application of the Logarithmic Series to Limits 

When X is small log (i -f ^) “ x, provided and higher powers 
may be neglected. If this approximation is not sufficient for the 
purpose the next term must be added. Thus as a second 
approximation 

log (i -\-x) —X 

The application is shown in the following examples. 


Examples. — (i) Find the limit as x -> i of 
Put AT = I 4 - Then 


{log x)l{x^ - 4- 2 ). 

[Madras, B.Sc.] 


lim. 

X -> I 


-I 


Jog AT 

- 3 ^ 4 2 


lira. _ 

A " o (' + *)*- 3 (I + A) + 2 


*= lim. 

A o 


log (i + h) 
h*-h 


1- b~ 
hm. 

A -> o ^ 


iAM- .. 

[ - I + A) 


s= lim. 
h-*- 0 


1 - f . . . 
- I 4- A 
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(2) Prove that log, (i — xe-*) = — ;r -f- ^x- f ix* . . and deduce the 
limiting value of 

. \log,{{i -xe--){x ■\-xe-)}]lx^ 

as X tends to zero. [Land. Inter. Econ.] 

Now log (i - xe-*) — — xe-‘ — JaV ** — jAr*«-** - • • , | xe~* ( < i 

= - (l - ;r + + . . .) 

- ix* (l - 2 X + i.4^* - . • 

- - 3 ^ + . . .) 

- \x*{i - 4X~\- ...) 


^ - x+ix^-\- ix^... 

Changing x into — x and assuming that \xc*\ < i, 
log (I -1 xe*) = ;r -f - i-*® • ■ ■ 
log {(I - xe~^) (I -f- xe*)) = log (i - xe-'^) + log (i + xe*) 

= X* + terms in;r* and higher powers. 

Hence lim. [log {(i ~ xe-*) (i -f xex)}]jx* » i. 

X o 

{3) Prove that approximately, when n is large. 

[Madras, B.A.] 

Write u =- {(« 'f i)/(n — i)}"; 

log M - n log {(n 4- i)/(w - i)} -■ M log (1 + * ) - « log (i - 

in ^ 311^ ^ 5 «‘ + • • • } ^ + 3«** 

where i/«* and higher powers of t/« are neglected. 

Now when n is large, log (i + 

log « 2 + log(i + approx., i.e. « c*(i + 

(4) Prove that lim. /v/^ — e*. 

x-^o ^ t ^ 

Write u ~ ^ 

i — X 

Then log « - ^ log {(i + x)t{i - x)} - ^ {x + !- . • • } 

- 2 4- 1^* + + 

Letting x o, log « -> 2. ilciite lim. u = eL 

X o 

Alternatively we may proceed as follows. From (i) 

« .2 4 - + 1 ^* 4 * X T T • • • 

As X -> o, e^*' + + • ■ • ^ = i . 

Hence lim. u = e* as before. 
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(5) Find lim. {(e® — (i + ^)}. 

. (*+il + |^+ ...) 

log (i x) - .y - J.r» + ! ^ I < L 


Thus 


log (i + .r) 




2. 


o 

The student should note that in a case like this \vc arc assuming that series 
in the numerator and denominator represent continuous functions so that 
the limit as .r o is the actual value of the functions at ;r = o. 

(6) Defining log, a — lim. {{a* — i)/;r}, prove that 
X o 

log,ab = log,a + logjb. 

Now log,a6 s=> lim. [a^b* — i)lx',. 

X -> o 

log, a + log, 6 


lim. 

{(«■ - 

\)lx} + lim. {(6» - T)/.r} 

X 0 


0 

=5 lim. 

{(«" + 6* - 2)lx} (Chap. II., § 2-63) 

X -> 0 

lim. 

{(a'6» 

- I d- -k 6» - a*6" - i)lx} 

;r -► 0 

«= lim. 

{(a*6* 


X 0 



r lim. (1 - &*) 1 lim. ((a» 
L;»r“>-o -I'-x-vo 

Iog,a6. 


since lim, (1 — 6') =0 and lim. {(a* — i)/;r} « log^a, which is^^nite. 


5-81. Miscellaneous Examples 

(i) Find the coefficient of x^ in the expansion of log, (i + -f 

in ascending powers of x, (i) when n is a multiple of 4, (ii) whennis not a multiple 
of 4. [Lond. Inter. Fcon.] 

Now I -f- r + A* - 1 - — (i — x*)l(i — x). Thus 


log,(i -I- .r -f- .v® + X*) - log (i - .»*) 



- log (i 
00 

+ 2: 


r = 


1 


Hence if n is a multiple of 4 there is a term from each expansion. That 
from the first is - 4x”ln while that from the second is x^'ln. Thus the 
coefficient of x^ is — 3/«. If n is not a multiple of 4, then there is no corre- 
sponding term in the first expansion, and the coefficient is i/«. 
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(2) Find the ranges of values of x for which log, (1 - F x^) can be 
expanded in a series of ascending powers of x and give the expansion as far as 
the term involving ^ 

log (1 - 3 X + x^) log {I - 4'(3 - .r)} - - £ ;»r*(3 _ xyjr, 

r — 1 

provided | 3^ - r* | <1, i.e. (3.V - a-')= - i < o. 


Now {^x - x-y - I (3Ar - -I I) (3;^ a -2 - 1) 

-- ' .V*” 1) (.v2 - 3A' f i). 

The roots of x^ 3.r +1-0 arc a' I (3 ^ \/a), while the roots of 
A* — 3Ar — I = o are at = ^ (3 j- \/i3). Arranged in ascending order, let 
the four roots of (at* -3^-1) [x^ - 3 ^ I- i) - o be «, y, 5 and write 

E = (Ar2 -- 3.V - i) {x^ ~ 3A' F i). 

For A^ < a. E > o; for a < A' < E < o; for ft < x < y, E > o] for 
y < AT < 8, E < o, while for x > 8, E > o. Hence 


E <0 provided a < x < ft or y < x < S, 
i.e. J (3 ^ Vis) < < i (3 - Vs) 
or H 3 + V 5 ) <x < i (3 T V»3)- 
For these values of x 


Ing (I _ 3X + t«) „ - (;t(, _ ^ ^^.,(3 , 

+ J ‘‘(.I -*•) + . . . ) 

= - .VV + i * 


- ?*’ + 3 V-' - J t’ 

- 9Ar» I gx* + . . . 

- T . . . 

log (i _ 3^- .[. a2) - 3 Af ~ Ix^ - 6a'3 - ‘V a-* . . . 


(3) Expanding log (i — at^) in power series in two different ways, prove 
(hat for any positive integer k, 


\k<^n<k (A ~ >0 ! ( 2 ^' - ^) I k ^ 


3 P i I 


where p is an integer. 


^ = 3 A 


[A/. T.] 


v 3 ^ 

IOg(l - AT") ^ ^ , | .v| < I. 

/ = I ^ 

Again log (i ~ at*) = log (i - at) + log (i f a' + x^). 

00 r 

log(i-^.r)-^ E 

r = I ^ 

log (l 4 - Af + AT®) log {l -f AT (l d- X)} 

^ X* 

^ 2: {-lY {IF xy, I A (I d- A) I < I. 

5=1 * 
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Thus £ (— 1)* -7 (l f ;»r)* — £ 

s ^ I ' y ~ I 


00 8t 

Z y ■ 
/ ^ 1 ' 


Now (i h xy 


Thus £ (-- !)• (» f xy 


4 — 0 

« /- ly ^ 

- £ ^ 


Consider the cocflicient of x^ is this expansion. Then u j- s ~ k. The 
coefficient is 

/r + A ■ r + A 2 * » ^ ^ • • — - -r . . . 

The last term will correspond to w - [^k]- where [J/f] is the integral 
part of U. 

Now C ... I ')’'(« -" 1)1 

tt " * “ ,1 (/( n ) ! (211 — *) ! (* -- h) I {in — k ) ! 

Thus the coefficient of x’^ may be written in the form 

i’ , ... 

ll < Kn<k { k -„)<{ in ~ k )\ 

Now if k - 3/) ± i the coefficient of x'^ in £ — £ -■ is 

r ~--i ^ t ~ i ^ 


X' 


i.e. 


I . 


the coefficient of x'^ in £ 

r - 1 ' '' 

H k ^ 3p there will be a term from the second series and the coefficient 


IS 


i 


k : \k “ k 

(4) Show that if - i xe^^, and and hi^hey powen of x may he 
neglecied, y + 


Now — i 
is equivalent to 


4 ! 

. .r' h 


, -f- 


3! 


I- 


[Madyas, B.A.] 
Thus the given equation 


If X o, the given equation is true for all y. Assume then that x ^o. 


Then i + 


, + T-. -i- 


r -f . . . - c*'*. 


Taking logarithms to base e 


>■;{ 


^ X* \* 

1+^ + - + .,.) 
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- ^ -f terms in x* and higher powers. 

I X 

Hence y -- ^ terms in and higher powers. 

Observe that in the exponential expansion it was necessary to take terms 
as for A* because of the factor x which is divided twice. 


(5) By using the fact that ^ prove t 


(‘ + n) + (‘ «) 


if' 1 f 


1 /A« 

»n3 8^ 


ij i/n‘ and higher powers of ijn are neglected. 

n log, (I -f xln) 


[Loud. B./t .j 


+ «) 


.“^ 4.2 + 


1 i 




where i/n* and higher powers of i/« are ticglcclts 
" -«log(i ^ xjn) 


vSimilarly ( 1 




- O, ' *»> + *«> 

K will be observed that this result may be deduced from (i) by changing 
n into -- n. 


(. I ;)■>(.-:)■■• 

"'"■™ '■ ■■ )*.’(' i ! r>) 


-1 i , - 

e » . {e 


Expanding in accordance with the exponential theorem and neglecting 
i/n* and higher pbwers it follows that 


hi- 




(f’) If X and y are small, show that 

(i 4- >')*/(! xY ^ i - xy[y - x)j2 

provided the ratio xjy is finite, and that terms of the fourth and higher orders 
are neglected. [Lond. B.Sc.] 

Now (I + yY = ^og (i+y) ^ ^ (y - iy*). 
where y* and higher powers of y are neglected. 

Again (i -f xY — 

where a* and higher powers of x are omitted. 
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(i I >/)*/(! -f xy - (^y ~ - ^y + ^^'y - - y) 

== I + Ixy (,v — ;v) T higher powers ol x,y 
- I — ^xy {y — a) as a first approximation. 

(7) In a population of N persons, where N is large, one person out of p dies 
each year, one person out of q emigrates each year, and one out of r is born each 
year. Show that the population after s years is 

nIi ~ ' I - ]\ 

\ p (] r I 

Find the. number of years which elapse before the population doubles itself if 
/) = 46, r ~ 33 and there is no emigration. [/.and. Inter. Econ.] 

Let be the population at the end of / years. Then in the {t f i}th year, 
Xjp die, Xflq emigrate and XJr arc born. Thus at the end of the [t d* i)th 
year the population is 

V ^ I _ 1 - ' ^ ' 

^ I p q r ^ ‘ 

Hence at the end of s years the population is 

n{. ! 'I'- 

I p q r' 

If p -■= 4O, r -- 33, there is no einigration and the population doubles 
itself in s years then 

N{i - 4 - 4.}' - (1 i- - - 

Taking logarithms to base e, s log, (i - 1 - =- log,'2. 

Now 13/1518 = 0-0085639 . . , J {13/1518)2 ~ 0 0000367 . . . 

I'Jg (> -i- ,U,-.) - - i-W, i- - • • • 

It is easily seen that if we work to four significant figures, the third and 
higher terms will not affect the fourth significant figure. 7'hus correct to 
four significant figures 

5 (-008527) -- log,2 log,f,2;'log,oC. 

Taking e = 2-718, .s -30i03/(-.^3423 X -008527) = 81-3 approximately. 
Hence the population will be doubled in 82 years. 

(8) By using the expansion of 

log [{i - (6 - r).r}(i - (c - (y).v}{i - {a - b)x}] 

prove that 

{b — f)* -I- (c — «)* h - by - 2 (be -j- ca | ah — a“ ~ b^ — C‘)“. 

[Land. B.Sc.] 

log[{i - (b - c),vHi [o - a)r}{i - (a - b)x]] 

== log {i - (b - c)x} d- log {1 - (c - + log {i - (a - b).x}. 

Each logarithm may be expanded by tlic logarithmic series provided x 
is small enough. Thus 

00 

— log {i — (& — c).r} — B (b — c)'^ x^jr. 


log {1 - {c- a)x} : 


(c ~ ay xfr. 


■ log {i - {a -r- h)x) - 


(a — byx^jr. 
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Each series is absolutely convergent for \x\ sufficiently small and con- 
sequently the three series when added together and rearranged in ascending 
powers of x converges to the original function. In this expansion the coeffi 
cient of is 

i - <)' i 1 (f - a)^ j- ^ [a 1,}^ 

Now {I - (ft - c);r}{i - (c - rt)x}{i - (« b)x} i - - ^^3 

where A = a* -f ft* j- - aft he - m. fi - (« - ft) (ft _ c) (c - a). 

If X be sufficiently small, log (i — A,v* - fix^) may be expanded by the 
logarithmic scries. Thus 

00 

- log (I - A-t* /M^) £ .V*'(A + fayir 

r - - 1 

- aMA -I fix) + ix*{X T ^.v)* -h . . . 

'I'he coefficient of x* is ^A*. Now the two expansions which have been 
obtained are power series which converge to the same function for J x | 
sufficiently small. Hence the two powers series are identical and the corre- 
sponding coefficients equal (Chap, I.. § i <S). Thus 

J A* - i (ft - ly + 1 {c a)* + i (‘» - b), 
giving the required result. 

('j) y/ a I ft I- r — 0 , prove that 

. (^6 + ft6 -P ^6) ^ ^ p ,3) V I (a* + 63 q- c»). 

{Madras, B.A.] 


- log (I 

- ax ) < 

rt'A’ , , 

2 - . aa < 



y I ^ 

- log (i 

— bx) — 


- log (l 

- cx) 

c’'x'' , , 

2 ^ . 1 f-v 1 < 


/' = I 


Whatever the value of a, ft, c it is clear that by taking x small enough, all 
the scries will converge. Thus 

- log {(i ax) {i - bx) (i - (.v)} ^ L ^ 

y = I 

The coefficient of x® in the expansion is \ (a* T ft® 1- c®). Now 

- log {(I - ax) (i - bx) (i - cx)} 

— - log {i — (rt -f ft T c)x d- (rtft -1- be 1 ca)x^ — abex*}. 

-- log {i X- {ab(x - ah — be — trO)* 
since a -p ft q- c ^ o. 

Again for sufficiently small values of x 

— log { I ~ x^ [abex — ab - be ~ ca)} 

-- x'^{uhe x — ah — be — ca) -}- Tv® {abc x — ab — be — ca)* -f . . . 

The coefficient of x^ in this expansion is - abc {ab -f be T ce')- 

T. A.. II. 


11 
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Since both expansions represent the same function for sufficiently small 
values of X, 

— ahe {ab -{- -f c«) — 5 («* 4* 

Since a + 6 + c ^ o, we have 

rt» f 6* 4- c* ~ — 2 (ah 4 - fee 4 - ca), 
a* 4" 4 c® — 3 abc. 

Substitution gives i (a* 4 - ft* 4 - c-) X J (a* 4 ft’ 4 - c*) — i (a® 4 - ft® 4 c*). 


(10) Pyovc that log 2 — 




Since the logarithmic scries is valid for a; = t (§ 5*5) 

log 2 - 1 - J 1 I - \ I- i - I -h . . . 

(• - A) I- (I - i) 4 - u - i) I- ... 

1.2 ^3.4 + 5.6 + - •• 

Note the groupings of the terms in this way has not altered the arrange* 

00 

mont of the terms in the original series. The scries S (— is 

n ~ } 

only conditionally convergent and a rearrangement of the terms may produce 
a series with a different sum. The series obtained by grouping the terms is 
absolutely convergent, for all its terms arc positive. Thus the two series arc 
not equivalent, one being conditionally convergent and the other absolutely 
convergent, but they have the same sum, 

( 1 1 ) Prove that 


^ 4-5 ^ 5 - 6-7 ’ ' 


2 log 2 : 


to infinity = log, 2 - J. 

\Canib. Sch ] 


= 2(1 - i H 4 - i 4 - i - i I- . . .) 

= 2 - i 4- 1 - I 4- i g 4- . . . 

-14-1 - i - i 4 4 f 4 - 4 - 1 4- 4 4- i ~ 4 - 4 I . . . 

This is a new serils which is different to that in the line above, but it is 

clear that they converge to the same value. Bracketing the terms without 
altering the given order. 

2 log 2 - I 4- (I - 4) - (4 - J) + (4 - 4) - (4 - i) 4 - (r- 4) - • • • 

^ I -f L 4 ^ _ * 4. J . 

1.2 2.3 3.4 4.5 5.0 

Bracketing the terms again but still keeping the same order we obtain 

2 2 2 
^ 1.2.3 3 - 4-5 5 ' 6.7 

Dividing throughout by 2 we obtain the required result. 
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(12) Find the sum to infinity of the series 


__L_ 4 , . _5__ + ‘3 ^ 

1.2.3 ^ 3.4.5 ^ 5.6.7 ^ 7.8.9^ 


If denote the nth term of the series 


4" :i_.3 ^ 2 ( 2 M + i) - 5 

(2« — l) 2)1 (2H -1 l) (2« — i) in {in + 1) 

J _ 5 

{2ri - fYin {in - ij in {in -] i)’ 


Hence 2 J u„ — 2 I* ^ — - , - • - 5 £ , > ^ — ,, 

„ ^ I „ _ j(2n ~ i) 2« ^ j (in - i) 2n (2n + 1) 

provided the series on the right converge. It is easily seen that they are both 
absolutely convcigont. From Fxx. 10, 11, 

a.. j ^ 

log 2 ■- — log 2 — ^ — Z ■ . ; r. 

n n ~ ~ (-JW + I) 


Hence Z - 2 log 2—5 (log 2 — | 3 log 2. 


5 9. Construction of a Tabic of Common Logarithms 

Using the series ( 2 ) of § 5-6 or one of the related scries we can 
calculate the Napierian logarithm of a number, i.c. the logarithm 
to l)asc e, to any desired degree of accuracy. Then to obtain 
logarithms to base to we would multiply by i/loggio, i.e. by 
logiflC. This number whose value is *434,294, . . . , and which may 
be calculated by one of the scries indicated is usually denoted by 
/i and is called the modulus of the common system. 

In i)ractice it is more convenient to proceed directly. Thus 
sui)pose we wish to construct a seven-figure logarithm table of 
numbers from i to 100,000. First of all we observe that it is 
sufficient to consider numbers from 10,000 to 100,000; for an 
earlier number will only differ from one of the later numbers in its 
characteristic. Thus, e.g. the mantis.sa for 53 will be the same as 
that for 53,000, that for 6394 will be the same as that for 63,940, 
and so on. 

We take the expansion 

-I- I 3(2n -f 1)3 ' 5{2« + i)^ 
what is known to be valid for n > 0. (§ 5-6.) The error due to 

neglecting all terms except the first is now estimated, when n 
is not small. 
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r i_ I 

['^(2n -1- t)» 5 (2w + 1 )“ “ ■ j 


3 (2« 4-1)^ ^3 (2« 4 - 1)® * 


(2n 4- 


(2W 4- l)^ 


^ (2« 4- t) n (n 4- 1) lon^’ 

If n > 10,000 the error term is less than io“^^ and so cannot, 
t\g. affect the eighth decimal place. Thus if we retain only the 
first term of the series 


, n 4 - I 2 . , « 4 i 2u 

=2» + i' -2r+ 

2lX 


logio 4- I) == logloW 4- . 


Now log 10,000 — 4 and hence 
log 10,001 = log 10,000 -H 


20,001 

2/x 


2 n 


= 4 4- 


2/i 

20,001’ 


log 10,002 “ log 10,001 4 ^ , and so on. 

^ • 20,003 


5-91. Proof of the Method of Interpolation 

We first show that if h < N numerically, then 

log.. [N + k)- I _ i ^ + j - i 

For log ,„(iV + h)~ log,„]V = log.^i + ^) = /* log.(i + 

^ Liv * jv*' ^ * iv» • • • J' 


Next we estimate the magnitude of the error obtained by neglect- 

h I 

ing all terms of the series after the first. Write - = u. Then 
the abvSolute value of the terms is less than 

[I + -j« + J«* + •••]< ilM^ [I + « + «* f . . . J 
= »)• 
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< iV. - w) < •45/-9. i.e. - u) < 

Hence the eiTor in writing 

+ h) - \og^QN = fih/N 
is less than \ h^/N^, provided | h/N | < 

Now suppose that o < h < 10 and N > 2000. Then 

and thus correct to four decimal places 

-f h) " JogioAT - fihIN. 

If, on the other hand, we take N > 10,000 and 0 < h < i, then 
] //"TV' < 

so that the equation would be true correct to eigJit places of decimals. 

For practical purposes it is convenient to represent the result 
in slightly different form. If k is a number which satisfies the same 
inequality as //, 

logi(,f.V 1- k) logioiV ^kjN, 

'I'hen if o < h < to. 0 < k < 10. N > 2000, 
logio (iV h h) - log^ ixhjN ^ h 
log io(/V ■+ logio/V ' /uW / 7 ’ 

'correct to four decimal places. Again, if 

0 < < T, 0 < k < I, n > 10,000, 

+ /i) logioiV ^ h 
logiofiV + A’) - Iog,,,/V A-* 
correct to seven places of decimals. 

In particular, if we write k -- i, the equation becomes 
log^o(^_+^^logioiV_ , 

log,o(A^ + I) - log,o/V ■ 

Suppose that in a table of seven-figure logarithms it is known 
that log 10421 = 4-0179094, log 10422 = 4-0179511, and we 
require the logarithm of 10421-31. Write h = 0-31 in the formula. 
Then 

log 10421-31 - log 10421 _ 
log 10422 — log 10421 ~ ° 

i.e, log 10421-31 — 4-0179094 -f 0-31 X 0-0000417 
= 4-0179223. . 
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Example. — Given that /ogio24<>o = 3‘38o2, calculate the values of 
%io2407. /o^io24io coffect to four decimal places. = 0*4343.) 

[Lond. Inter. Econ.] 

We know that if N > 2000, o < A < 10, 

4- A) — logioN + fiA/iV, correct to four decimal places. 

Put N = 2400. and h ~ 3, 7, 10 in succession. Then 

logio 2403 = 3-3802 + 3 X 0-4343/2400 3 3807. 
log, (,2407 -= 3-3802 4 - 7 X 0-4343/2400 = 3-3815. 

Iogio24io 3*3802 - 1 - 10 X 0-4343/2400 ^ 3*3820. 

The results could be calculated directly from the logarithmic series. Thus 
|og ,02403 logio {2400 (r -f 3/2400)} 

- Iog,o240o + /ilog,(i f 3/-2400) 

-- 3-.3802 -1 - *4343 {2,^05 - i 

Clearly the second term in the expansion and higher term.s will not affect 
the fourth decimal place. Thus log,o2403 *= 3*3802 -f- 0*4343 x 3/2400, 
as before. 


EXERCISES V 

1 Expand 4 f cx ascending powers of x up to, and including 
the term in x^. If the first three terms of the expansion are p ^ qx ^ rx\ 
where p. q, r are supposed given, express a. b, c in terms of />, q, r. Hence 
find a, b, c so that 4 cx^ ^ 2 -j- 3.:v f- 4.^* | . . . 

[Land. Inter. Econ.'\ 

» J W " ,, ~ , I- V. prove th.vt / (0 ^ / (- !). j 


3 - Prove that, if be the coefficient of {x -j- 1)" in the expansion of 

gx + 2x zy in a series of positive powers of {x + 1), then c„ — o 

if n be odd, while 


S (_ I- tt 


o, I. 2. . . .). 


\Camb. Sch] 

4. Tf -v be very small, show that - c (1 | ,r) very nearly. 

5. Show that the coefficient of x” in the infinite series 

I 4 - ~y- -f + ... -h * -f . ..xsc<^br^ln\ 


(). Find the value correct to three decimal places of «'■») when 

^ ~ [Madras, B.A.] 

7. Calculate the value of when x ^ o,x ^ i..r = 2, and ^ 3; 
and sketch the graph of <;-* for all values of x, positive and negative. 
[Take e = 2718.] ^lond. Inter. Econ.] 
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8. Show that 7^3 4 - -^ 5 -h x . 2.3^4T5:^ 

9. Show that c-i = 2 -f- + -L + . . . B.A.] 

10. Sum to infinity -i. 4. JL 4. ^ j_ A 4 

11. Prove that i + ~ , 4 - 4 + . . . - 2tf. [Loitd. B.A.] 

12. Sum to infinity ^ v + 4 ^ 4 4 

■ i! 2I 3!^4!^ ** 

13. Sum to infinity i + -f * 

14. Given that cosA.*' = j (c* 4 e *) and sin/iA' - i {e^ — e-*) prove 
that cosA 2;r = cosA 4 sinA ‘x. 

Show that c*+* =14^4- 2^* 4 - JA 4 • • • and obtain the coefficient 

[Loftd. Jnfn. Bcon.] 

15. Show that the dilTercnce of the coelficieiits of x" and x'‘~^ in the 
expansion of c*/(i ^ x) is ijn\ 

16. Find the coefficient of x* in the expansion of i/((i | x) e^]. 

17. Calculate a and b, given 3-5 - ae^, 12-6 ^ 

{Land. Inter. Econ.] 

18. By equating the coefficients of x” in the expansions of 

{e^ - I)" - 4 x^li ! 4 x^li ! 4 . . 

prove that m" - n (n — i)" -f ” - 2)" n I 

19. Find the coefficient of x'^ in the expansion of 

log (i 4 ax) 4 log (i 4 6^) 4 log (i 4 cx). 

Deduce that if <1464^ = 0. when 2 (6c 4 ca ! 06)* - a* 4 6* 4 cV 

, [Land. B.Sc.] 

20. If a = - Jog (i - ^), 6 - - log (I - c = log (i 4 i‘o)- show 

that log 2 — 7a -- 26 4 3c, log 5 — i6a — 46 4 7c. Hence with the 
logarithmic series calculate logjo to four significant figures. [M.T.] 

21. Prove that, if x be positive, e > x^l^. 

22. Prove that 2 log,m - log, (m 4 1) - log, (m — i) 

^ {2»i* — I 3 (2?n* — i)* ^ 5 (2w- - i)'^ ‘ 

23. Prove that log,(« + i) - log.(« - i) = j (i + 4 + ^ + , . 
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24. Given log/2 ^ 0-69315. 


1 I 4 - / 

10gr_- 


1-60944, use the series 


^+3+5 


to calculate log,?, and log,„7 to five places of decimals. 


[Lond, Inter. Econ.] 


25. Write down the expansion of log,^i -f- j in ascending powers of 
i/(2« + i), and state the range of values of n for which the expansion is valid. 

Prove that, if n is positive, the value of log, ^ i I - ) lies between 
[in 4 - i)/2« (« 4 ' 0 and 2/(2rt + i). [M.T.] 

26. When X is small, expand log (f + ix h in ascending pow'ers 

of X up to the term containing x^. [Madras, B. 5 c,] 


27. Prove that if 




< ^ < -f I, 

2 (,v .t. + 


+ 2’= I ■ \ ■ 3 ''' 5 3 

By putting 1/7 calculate log,i-28 to four figures. 




\J.ond. Inter. Econ.] 


28. Expand log,( I 4 ^ 4 - 3^'*) in ascending powers of x, and state for 
what values of x the expansion is valid. Find tlie value of the function 
when X correct to three places of decimals. [Madras, D.A.] 


29. Using the identity log 3 - 4 5 - •'^8 rL calculate log, 5 correct 

to four places of decimals. 

30. Use the series for c' in ascending powers of x to calculate the loth 
root of e correct to six places of decimals. Show that, if log,^ — 2/(2 4 - P)< 
whore p is small, x is given approximately by the equation x — e {i ~ ^p). 

i Lo 7 td. Inter. Econ.] 

31. Prove that 

g~^ X L' I — r I ^ ~ ... to -r:. [Madras, 8. Sc.} 

4 

32. Assuming the logarithmic scries and the conditions for its conver- 
gency. obtain the expansion for log.r in ascending powers of {x - i)l{x + ^)> 
giving the range of values of x for which it is valid. Prove that for this range 
of values of x, the sum of the infinite series, whose rth tePm is 



i.s [{X* 4 - I) log,^ - 4 - i ]/4 - »)*• 


33. (iiven log,To 2-30258509 . . . , calculate log.Toi correct to seven 

decimal places. [Madras, B.A.] 

34. Prove that Iog,(i + x)i <* ' '> + log,(i - a-)* “ •') 

X* X* X* . 
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35. If m and n be the roots of -{■ px q ~ o. show that 
log,(r - px -f qx^) (m + n) ;r - I (w* + fi‘) x’ f- i {m» -}- «*) r’ ■ 


36. If rt — r - J,i' ! ].v“ i . . . , prove that 



/ 1 -4~ r I \ 

37. Expand log, f , 1 V*/ ^ series of ascending powers of x. 


38. Assuming the expansion of l<)g,(i + x) prove that 


log* ; 


\p + ^ 


IP t IP -J\ 

\p -j-q/ ^ ^\p i-ql 


1 

I ' 


It being given that log, 2 - 0-69313, obtain tlie values of Jog,3 and log,#;; 
correct to four places of decimals. |/.o»f/. Inter. Fron.] 


39. Show that, when x is positive and less than unity, — log,(l — x) 

xf*+i 

exceeds ,r -}• 1- . . . d- x’^jn by lass than ^ ~ (i - .r)-h 

40. What is the least number of terms of the series 


necessary to give an approximation to e correct to .seven decimal places ? 
Give reasons, [Madras, /?./!.] 

4f, hixpand 'h '^) 'og (i b r) ^yj^p^e | .r | < t, in ascending powers 
of X as far as the term containing x*. If x is small enough for a® and higher 
powers to be neglected, show that to this approximation 

(i ! r)’' ’’ r -!- v — .V log,(f — .r). \I.ond. H.Sc.] 

42. If log, be expanded in ascending powers of x — J, prove 

3lr 

that the first term in the expansion will be J {x - i)*.’ 

43. Show that log ^ * T -f • • • [Madras, B.Sc.] 

^ e 1.2 2.3 3.4 4.5 

44. Sum to infinity - i ' + d • • • 

^ 2.3 1-5 t >-7 

45. Sum to infinity ^ d -*-7 d- 7-'^ d- • • • 

^ ^ 2.3.4 4.5 6.7..^ 

46. A sum of money £P is invested at r per cent, per annum compound 

interest. Find an expression for the amount after n years if interest is added 
quarterly; in how many years will the principal double itself if the rate is 
3J per cent, per annum. [Land. Inter. Econ.] 
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47 It is given that y is the positive value of {i + x x^f . By means 
of the expansions of log,(i x) and prove that when ^ is small, 

y = {i - \x . . .)e ' ^ 

/ \ X x^ 

48. Show that (1 -h -^) (I + ;r) - I = - , - 3T4 “ 4 .5 ‘ ‘ 

49. Prove that the cocllicicnt of a" in the expansion of {log, (i + ^)}* is 

2 r , J 1 1- H - 1 - . . . -I- --- n ■ [Madras, B.Sc.] 

„ I - n • • I J 


50. Show, by equaling the coerficients of ;r" in the expansions of 2 log,(i - x) 
and log,(i — 2-r -p .r*'), that 


2" — w . 2’‘"* + 


t {n - 3) -_4) (« r ^ 2"-'‘ 


-P . . . =* 2. 


5., Show that i (<-’ I- b’ I- ” i ("‘ 1 - f-* + 1 (f + + 2 

if a. Hi. I-, ^o. [Madras. B. Sc.] 

5., l>rove that, wh.n » is large, (. I- ')" + ^ 

53. Prove, by taking the logarithms of both the sides, that 

^ ii ,v and V are proper fractions and x > y. 

Y 1 - ,r 'V T -- y' 

54. Find the value when ,v tends to the limit i, of the expression 

l^g ^ . ,) _ log {x^ - I). [Madras, B,Sc.] 

_ T - log (I + \ . 

55. Show that hm. t / - *• 

.V >0 

3(). Find the limit as .r o of 

{log (I + J*) - (1 + .r)* + >)/*’• (M<Kir«s, B.Sc.] ' 

57. If n > I, show that 


1 . T I , ^L-^-p-i 

■<7+1 + + 3 (« + ')’ ” 2"’ 3» 


[Madras, B A ] 


58. Evaluate liin. 

.T - > (I 


rt" — X" 

log,„a - logjf^r* 


fCamb. Sch ] 


59. Prove that the limiting value of {a> - J)lh, as A tends to o, is log.« 
By putting (i -P x) for a, deduce the expansion of log. (i + x) in powers of a . 
stating between what values of * it holds true. Assuming this expansion, 
and being given that log,io = 2-30258. ''>«<” 4 decimal places. 

[Land. Inter. Econ.j 
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60, Draw carefully the graph of y == log,o(i + for values of ;»r between 
o and 5. Hence find an approximate value for the positive root of the equation 
“ log. (I + 2A‘») ^ - 3, (log,„^ ^ .4343). 

By using the series for log. (i + z) or by any other method, obtain from 
the approximate value found Irom the graph a closer approximation to the 
root of the equation. j 


61. Show that £ {— i) 


(- i)-V-L 


62. Find the sum of the infinite series whose nth term is (n + i)x^ln 
» being numerically less than unity. [lond. Inter. Econ] 


63. Prove that -f- ^ 
3 ! 5 




Tf s, » ««■» + express (c* + in terms of s,,. .., etc. 

[Lond, Inter. Econ.] 

64. Prove that, if n is larg(‘, 

\ 3 «/ 


65. If p is small, so that is negligible, prove that an approximation 
to a solution of the equation ,v*+» =:7 [3 

X a - ^ap log.rt -F (2 |- log.rt) log.t/. [Camb. Sch.] 

60 . Show that, if i > a' > 0 the remainder after two terms in the 

expansion of log, {1/(1 - x)} is less than a*/! (t - x) and greater than 

[Lond.B.Sc.] 

67. If a, b, c, d arc four real quantities whose sum is zero, show that 

-f- fcs -f -I - _ rt* I 6* + c» + a» -|- 6* + c* q. d^ 

.5 3 * % * 

If is zero, show further that 

u\±b^ a» -f. fes -I- gB ^ g* + ft* -1- c« a» -p 6* + c» 

7 5 ’ 2 ~ 2 ' 3 ’ 

[Cf/m6. Srh.\ 

68. Taking the identity {< - m) {i - bx) ^ i ~ px ■\- qx‘. where 

P - g P 6. 7 ab. expand the logarithms of both sides of this identity in 
powers of a as far as x*. and hence write down the values of a’ f 6> and 

«' + b\ in terms of p. r,„„ j 

60. From the identity 2 log - x) ^ log (1 • zx + .t>), prove that 

« ("~d )(«- S)^-. , 
t.2 1.2.3 i- ... - 2. 

[Camb. Sch.] 

70 . Find the coefficient of a’ in the expansion of log ( i + 6 a -f i ia* -f 6 a®). 

CN. 5 r.] 



CHAPTER VI 

FUNCTIONS FROM FMPIRICAL DATA 

I N this chaj)ter we first elaborate some properties of a linear 
graph'. Then we consider functions which by suitable trans- 
formations of the variables may be reduced to linear functions. 
These methods are then applied to determine functions which fit 
certain empirical results. 

6T. The Equation of a Straight Line 
It is known that the equation 

ax \-hy ^ c (i) 

represents a straight line. The letters a, b, c represeiU constants, 
X and y are the variables, each variable occurring to the first degree' 
only. We may regard x as the independent variable and y as the 
dependent variable, or vice versa. 

If a = 0, the equation reduces to y ~ cjb. This represents 
a straight line which is parallel to the At-axis and distant c/6 from it. 
If cjb > 0 the line is above the x-axis, while if cjb < o the line is 
below it. If in addition c ~ o, then the line becomes y o, i.e. 
the x-axis. 

Again, if 6 = o, (i) becomes x cja. This represents a line 

parallel to the y-axis and distant cja from it, the line being to the 

right or left of the y-axis according as cja is positive or negative. 
If in addition c -• o, the line becomes x ■— o, i.e. the y-axis. 

Now suppose that a, b are different from zero. Then if c ^ o, 
the equation is satisfied by the coordinates (o, o), i.e. the line passes 
through the origin. 

Suppose then that c=j=o and let the line cut the x-axis in A, 
the y-axis in B {Fig. lo). Suppose further, that the line makes an 
angle </f with the positive direction of the x-axis, where o < ^ < tt. 

To find the coordinates oiA,B, put y — o, x — o in succession 
in (i). Then when y ~ o, x — cja and when x o, y — cjb. 

Thus A is the point [cja, o), B the point (o, cjb). 

If cja > 0 , A lies to the right of the origin 0, while cja < o, 
A is to the left as in Fig. lo. Similarly B is above or below 0 
according as cjb > o or < o. In Fig. lo, cjb > o. OA and OB 
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m 


are called the intercepts on the ;t-axis and jy-axis respectively, and 
may be positive or negative. 

If tjj == 0 , the line will not meet the ;<;-axis at a finite distance 
unless it coincides with it entirely. It will be ob.served that ^ = o 
corresponds to a — o. 

If ij) — ^rr then the line will not meet the y axis at a finite 
point or else coincides with it entirely. This value of 0 corresponds 
to h 0. 

Next, suppose that o < (jj < {tt. Then ijj is an acute angle 
and tan o. If Jtt < </r < tt, 0 is an obtuse angle and tan ^ 
is negative. The quantity tan i/j is defined to be the gradient of 


the line. 

As 0 ranges from o to 
77, tan ifi ranges from o to 
I 00 and from oo to o, 
so that the gradient may 
have any value between 
i 00 and oo. The 
gradient is always finite 
except in the case in which 
the line is parallel to tlie 
y-axis. 

Whether ^ is acute or 
obtuse, it is easily seen that 


tan 



OB 

OA 




-X 


cjl) a I 

rui. 10. 

Thus if the equation of the 

line is given in the form ax A-^y = c its gradient is — alb. 
Now if ^ 4=0 the equation may be written in the form 


.V 



b 


Thus if m denote the gradient, k the intercept on the y-axis, 
y = mx A- 


(ii) 


Note . — In the discussion given above it has been assumed that 
the scales of representation for x and y are equal. If this condition 
is not satisfied the angle the line makes with the x-axis will depend 
•^n the scales of representation and will not be the angle ijt 
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considered above. The scales of representation used do not affect 
the equation of the line, in particular also the gradient and the 
intercepts on the axes. The distances from the origin to the points 
where the line cuts the axes will always represent the intercepts 
when interpreted in accordance with the scales used. A similar 
remark applies to the gradient. 

It will be observed that the equation of any straight line contains 
essentially only two arbitrary constants— the third apparent 
constant in (i) being eliminated by division to obtain the two 
constants m, k in (ii). By giving m and k all possible values we 
would obtain all the lines in the plane considered. It follows that 
a straight line will be completely determined by two conditions. 
Thus, e.g, we may determine its equation if we know (a) two points 
on it, or (6) one point on it and the gradient. 

Consider (<?) and let the two points be {x^, y^), {x^, >'2). 

From (ii) it is easily seen that the equation of the line may be 
written in the form 


y - Vj 
>'2 - Vi 


X — Xi 
X„ - X. 


.(iii) 


Now consider (b): in this case m and (;ri, yj) arc given and the 
equation of the line c^an then be written in the form 


y-yi = w(% -xi) (iv) 

It should be observed that no matter what the scales of repre- 
sentation are, the above results are true provided [x^, yj and 
(^2- >^2) actual coordinates of two points on the line and are 

thus independent of the scales of representation. 


6 T 1 . Determination of the Constants in the Equation of a Straight 
Line, from the Graph of the Line 

There are several ways in which this may be done. 

(a) The intercept in the y-axis can be measured giving k directly- 
The length has to be interpreted in accordance with the scale used 
to represent y. Thus, e.g. suppose that the actual length measured 
from the origin to the point where the line cuts the y-axis is i-6 inches 
and that the scale of representation for y is i in. represents 2 units. 
Then the intercept is 1-6x2 = 3-2 units. Thus k — 3-2. 

In determining the gradient we are concerned only with the 
tangent of an angle and not with the angle itself. Thus it is best 
to measure m by taking the coordinates of two points on the line, 
at a convenient distance apart and then calculating m by means 
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of the relation m — (y.^ — — ^1). If the angle itself should 

be wanted, it is best to calculate m first and then determine ^ from 
trigonometrical tables. 

(h) The intercept on the x-dxis, i.e. kjm can be measured 
directly. Thus, e.g. if the length measured from the origin to the 
point where the line cuts the A:-axis is 3-5 in. and the scale of 
representation for .r is 1 in. represents 1-5 units, then the intercept 
is — 3-5 X I ’5 — 5-25. Hence - A’/w - 5*25. Then m can 

be determined as in (a) and so k may be calculated. 

(c) ni and k can both be calculated by taking two points 
(.Vj, yj) {x^, Vo) using the relations 

m - (^2 V])'(-'’2 ''•’ 1 )' ''i 3’2)/(^2 '^i)* 

In the majority of 


cases it will be found 


A 

Q 

that (c) is the most 


// 


convenient method." 


// 

1) 

Now in order to obtain 



V 

accurate results the 




factor (x^ — Xj) in the 

P 


0 

denominators should be 



K 

taken as large as is 

y 



convenient, i.e. the two 

/ 



points (*,. yPi, [x,. v,) / 




should be chosen as far /e\ 




apart as possible. ^ 5 

0 M t 

r* 


Fig. II. 


6 T 2 . The Gradient at a Point of a Non-linear Graph 

Let P be any point on a curve, PT the tangent to the curve at P. 
Then the gradient of the tangent PT is defined to be the gradient 
of the curve at P. 

(a) Suppose, first, that the equation which represents the curve 
is known, and let it be expressed in the form y ~/ (x). The 
gradient at any point is then most conveniently determined by 
the method of the calculus. 

Let (x, y) be the coordinates of a point P on the curve whose 
equation is y —/(x). PT is the tangent at P meeting the Af-axis 
in T, ^ a point on the curve near P, its coordinates being 
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(x 4- Sjv, ^ 4. Zy), (Fig. II.) Suppose that the chord PQ meets 
Ox in S. that M and N arc the feet of the perpendiculars from 
P and Q to Ox respectively, that PT meets QN in U and that R 
is the foot of the perpendicular from P to QN. Then PR = 8;^, 
RQ = hy. 

RQ 8y 

Write ^NTP 4.. / RPQ 6. Then tan 0 

Now suppose that Q approaches P along the curve QP. Then 

as bx -->■ 0, QPS approaches nearer and nearer to UPT, 

bx dx 


0 (/i, tan 0 > tan «/». 


dy 

Hence in the limit, /- — tan 0 . 
dx 


Thus the gradient at P is Denoting the differential coefft' 

cient of y ^ by f'{x) it follows that the gradient of the curve 
at a point (a;o, yo) it is /'(xq). Further the equation of the 
tangent at this point is 

y Vo /'(•'’o) -^o)- 


(b) Suppose next that the curve is given but that its equation 
is not known. Then we may determine the gradient approximately 
at any point P by drawing the tangent to the curve at P and then 
by taking two points on the tangent calculate the gradient. 


Examples — (i) A a-rtuin Junction oj x is equnl to ax'^ joe values of x less 
than I, and to bx — i for values of x greater than i. Find the values 

of the constants a and h in order that there may be no discontinuity or abrupt 
change of slope in the graph of the function at x — i. 

With these values of a and b.find the values of x for which the function is zero. 

[Camb. Sch.] 

The function and its differential coefficient arc to be continuous at x ^ i. 
Differentiating we see that the gradient of the graph is zax or b -zax 
according to the equation taken. If they are to be the same at .t 1, 


^a - b (i) 

In order that the curves may be continuous at x \ , 

a b a — I. i.e. za = b — \ (h) 


From (i) and (ii) b ^ z, a f Thus y - i-v*. i ; 

y 2x -- J;r* - i,x > I. 

Hence the function vanishes when x = o and when a,x - .r* — 2 - o, 
i.e. X = 2 ± sjz. Since 2 - y/z <i the value x 2 - y/z must be 
excluded. Thus function vanishes when x ^ o and when x : 2 |- 
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(2) The population of If eland {in units of 10.000) is given by the following data : 


1831 

1841 

1851 i 

1861 

> < 1 

1 1S71 1 1881 1 1891 

1901 

1911 

777 

718 

h 55 

1 1 

j 541 j 517 j -470 

446 

439 


Plot these figures against the 
dates, taking i in. to represent 
20 years along the x-axis and 1 
million along the y-axis. Draw 
a smooth graph, which represents 
approximately the above data, 
and from its gradient make an 
estimate of the annual rate of 
decrease about 1870, as far as* 
possible free from the effect of 
(cmporary fluctuations . 

[l.ond. Inter. Peon.] 

Plotting the points it is 
found that they all lie on a 
stnooth wave except for the 
value corresponding to 1881 
which is apparently a temporary 
fluctuation. (Fig. 12.) Thus 
in drawing the wave this point 
is omitted. The value 1870 
corresponds to 39 on the time- 
axis. AB is the tangent at 
this point, the coordinates of 
A and B being (o, 7) and (80, 
Thus the gradient is 
{y ^5 “ 7)/8 o— 0-042 approx. 

Since the population is 
measured in millions and the 
time in years, the numerical 
value 042 represents the rate 
of decrease in millions per 
annum. The result may also 
he expicssed as a decrease of 
■12,000 per annum. 



Fig. 12. 


^'2. Functions from Empirical Data 

Suppose that we have two variables, x and y, which are 
connected by a relation which can be represented in the symbolic 
t>tm / (x, y) =:= 0. Then it may be possible from theoretical 

■J'. A., Tl. 
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Writing ijy =: v, ijx -- u, the equation takes the linear form 

1 6 

t; — - M 4- - . 

a a 

We first construct a table of values of u and v from the given values of 
X and 



0 0-2 0-4 0-6 0 8 1 0 


VALUES OF U 
Fig. 13- 

The plotted points arc found to lie very approximately along a straight 
line AB which is drawn as evenly as possible between the points. A, B are 
the points (o, -433) and (i, 2-504). The intercept OA on the v-axis is -433 
and the gradient of ^ B is (2-564 — •433)/(* — o) “ Thus i/n = 2*131, 

bja — *433. These equations give 

a — 0-469, b — 0*203 approx. (See Fig. 13.) 


(2) Tit’o quantities x 
values obtained 

nyid y 

ave 

measured 

experimentally and the following 

* 

8 1 

I 1 

10 i 

12 

! 1 

i M 

16 

18 

1 

j 20 

! 


60 ^ 

82 

’ 108 ' 

138 

1 172 

220 

i 
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It is expected that they are connected by a law of the form y a hx^. Test 

if this is so and find the probable values of a and b. ‘ 

Which 'values of y have probably been misread, and what should he their 
correct values ? [A^ 5^;.] 

The suggested law is y ^ a f bx^. Write x- ^ X so that the equation 
takes the form y ^ a -\ bX, which is a linear relation. Thus if we plot 
y against X the graph obtained should be a straight line. 



A table of values is first constructed from the givcil numerical values. 


.t '8 

TO 

12 

14 

16 

18 j 20 

A- j 0., 

TOO 

144 

ig6 

256 

324 400 

172 j 220 

:v 1 3. 

60 

82 

108 

138 


Suitable scales are as follows: for;r, i in. -= 50 units; fory, i in. — 25 units. 
All points except the first and last values lie very approximately along a 
straight line. (Fig. 14 ) The intercept on they-axis is 10 units. Thus a = 10. 

To find the gradient of the line consider the two points A, B. whose 
coordinates are (o, 10) and (400, 210) respectively. Thus the gradient is 
h — {210 — io)/(400 o) — 0-5. 
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ll follows that the probable law is y = lo + (i) 

The values which have been misread are the first and the last. The correct 
values may be found by using (i). Thus when a' = 8, y = 42 (instead of 
32) ■ and when x — 20, y ^ 210 (instead of 220). 

(3) Corresponding values of x and y, given in the following table of experi- 
mental results, 


A' 

0 

' 

22 ' 28 

3 b j 44 

y 

0-56 

0-255 

0-l(X> 1 0-145 ' 

0-105 0-005 

1 




11 — 








/■ 

0 

0 







ry/ 








z 


— 



..... 



z 






z 





A 









0 







^ 1 

3 ^ 

Z 


























o' — 










10 20 50 40 ^ 

Fig. 15. 


are known to be connected approximately by the relation y — i/(a -|- bx). Find 
by drawing a suitable graph, the best values you can for a and h. 

[Lond. Inter. Econi\ 

If ty = i/y, then iv ^ a bx. This is a linear equation and so is 
represented by a straight line if w is plotted against x. 


X 


1 " 

22 


36 

44 

y 

0-56 

0-255 

0-160 

0-145 ! 

0-105 

0095 

w 

1-786 

3-922 

6-25 

6-897 

9-524 

10-53 


It is found on plotting w against x that the points approximate to a straight 
line except for the value x — 28. (Fig. 15.) This deviation may be regarded 
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as due to experimental error. Then a is the intercept on the w-axis, and b 
the gradient of the line. Drawing a line a.s evenly as possible between the 
points we find a ^ 2, fe = 0-2 approx. 

(4) The safe load w tons per foot run of a certain type of beam varies unth 
the length I feet of the span according to the following table : — 


I 

8 

12 

1 

,6 

20 

24 

w 

1 760 

3-57 

1 

^•'14 

I 015 


Show that these figures are consistent with an approximate equation of the type 

i ^ al* I- 6. 
w 

and determine the best values of the constants a and b. [Lond. B.Sc. Eng.] 



Write y = ilw, x — then we have the following tabic: — 


1 

8 



1 20 

24 

XV 

7-69 

3'57 

232 

1 *-44 

I-OI 5 

X 

• 1 

64 

1 144 

1 256 

1 400 

570 

y 

O' 130 

1 0-2805 

1 1 

1 0 - 43 * 

Q -6945 

0-997 
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The suggested equation takes the form y == ax b. Plotting y against 
X it is seen that the points lie approx, on a straight line. (Fig. 16.) Draw a 
straight line as evenly as possible between the points: b is the intercept on 
the ^-axis and is -034 approx. The gradient of the line is a and is found 

to be ‘00165 approx. Thus ^ » ‘00165/* -\- ‘034. 

6*3. One Constant as an Index 

An important relation which occurs frequently is 
y ~ djc" 

where a and n are the unknown constants. Taking logarithms of 
both sides of the equation, 

log,a>’ -- log,„a + n logju*. 



If we write u — log,j.v, v = log,jy the equation takes the form 
V ~nu '{•h 

where h — logiofl. The equation is linear in the variables u, v. 

Examples. — (i) Show, by drawing a suitable linear graph, that the values 
tabulated below are consistent with a relation of the form y = ax^, and assuming 
that such a relation holds good estimate the values of a and n: 


1 

X 

4^3 

870 

I7.'54 

■•2730 

y 

I2‘0 

^9-5 

0 

00 

165-0 


y 


ax**. 


Thi« log,oy 


[Lo 7 id. Inter, Econ.] 

logio« -b « 
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Write Y — logjoy. logjoV. Then we have the folhnving table 

of values: — 


X 

483 1 

870 

^751 

1 2750 

y 

.2-0 1 

20-5 

1 830 

' 1650 

X 

2-684 

2-910 

1 

! .3*139 

Y 

1*079 

i 

1-470 

i 1*919 

i 

2-217 


The points lie almost exactly along a straight line. (Fig, 17.) Reading 
I t om the graph the intercept on the A'-axis is 2 and the gradient of the line 
is 3*07 approx. Thus 

n - I •54, - logioa/n - 2, i.e. log,ort - 3-08 - • 4 -g 2 . 

Thus ft — 0 00083 approx, and the equation is 
3' 000083.V' 

{2) The following table given corresponding values of the pressure and specific 
volume of dry saturated steam. Show that they are very approximately related 
by an equation of the form pv'* = c, and estimate the values of the constants 
n and c. 


I I : I I 

^ I 10 j 20 50 I too 150 I 200 

V ' 38-4 j 20-0 I 8-51 , 4-44 I 3-03 I 2-31 . 

Since pv'^ ^ c, log,„/> ^ logjot- - n logio^. 

Write logiQV = x, logi^/j - y and the equation takes the linear form 
y - logioC ~nx. 


P 

10 

1 

20 ; 

. 5 « 

1 

100 ; 


200 

V 


20 'O 1 

8 * 5 ' 

4*11 

3-03 

2*31 

X 

1 -5843 

1-3010 

0-9299 

0-6474 j 

0-4814 

0-3636 

— 1 

y 

i-o 

I'JOIO 

1 1-6990 

2-0 

2-1761 

2-3010 


Convenient scale.s would be as follows: for x and y, i in. — 0-25 units. It 
is found that the plotted points approximate closely to a straight line. (Fig. 
18.) The two points (1*584, i) (o, 2*7) are found to lie on the line drawn. 

Hence the equation of the line is y — 1*5^4^ + 2*7 — 1*073^ + 2*7. 

Thus n 1*073, c — 501 approx. 
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(3) The following table gives the velocity of reaction between hydrogen and 
chlorine at different temperatures T : — 


T 

300 

o-i 

0-2 

1 1 

0-35 1 0-44 i 

1 ' 1 

0-38 

076 

1 

0-88 

1 

y 

00105 j 

0'o 672 j 

0*333 j 0 O87 j 

i*«3 

b-3 

i8-iS 



Do these values fit a curve of 
the form y --- ax”j{x - 1) ? and 
tf so what values of a and of n do 
you find the most suitable P 

[Camb. Srh.] 

The suggested relation is 
y {1 — x) — - ax*\ 
i.c. logioy + log,o(r ~ x) 

- Iog,o(- a) 4 - n log,(^-. 

Write logjov + logj^w ~ v, 
logjoA ^ M where j ~x — w and 
the equation takes the linear 
form V — logjQ( - a) -f nu. 

We first construct a table of 
values of v and u from the given 
values of x and y. 


loStcT 

1 ’ 97 S 8 

- 1-1726 

- *4776 

-- -1630 

-2625 

•7993 

1*2596 

logieV 

- -0458 

- -0969 

- -1871 

-- -2518 

- -37^8 

- -6198 

— *9208 

V 

— 2-0246 

- 1*2695 

- -6647 

^ -4148 

- *1143 

*>795 

•3388 

u 

- I 

— -6990 ! 

i 

” *4559 


- -2366 

— •1192 

- *0555 


Convenient scales would bo as follows: for u, i in. represents 0*2 unit, foi 
V, I in. represents 0*3 unit. It is found that the plotted points approximate 
closely to a straight line. (Fig. 19.) The two points P , Q , whose coordinates 
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are (— o-i86, o), (—1-034, — 2-i) respectively lie on the line drawn. The 
equation of the line is 

V — O U + 0-l86 . r . r r 

; k 7. ~ 2-476 m 0-4006. 

— 2-1 — O — 1034 +OI80 ^ 

Hence n = 2-470, log,o{— a) — 0-4606 giving a — — 2-888, 


■ 2-47OM -|' 0-4606. 


6*4. Exponential Graphs 


If the equation can be written in the form y = ae^^, 


then on taking logarithms 
of both sides of the 
equation, 

logio^' -- logioa -h^^logio^. 

Writing x logio«‘= u, 
lo&o >- = f. logio« = ‘4 
the equation takes the 
form 

V “ A -}- bu, 

whicli is linear in u and v. 
Similar, if the given equa- 
tion has the form 
y — ctr‘' 

where c and n are con- 
stants, then 

logi„,V=- log,„c+;clog,„«. 
Substituting 

V - logjojy, C - logjoC, 
N lognjW, the equation 
becomes 

V = C 4 - Nx, 



I-Tc. 19. 


which is linear in the variables .r, v. 


Examples. — (i) The coefficient oj friction {(a) between two lubricated surfaces 
moving with a certain definite relative velocity is measured at different temperatures 
(r C.), with the following results: - 


1 

1 Oo 

! 70 

1 i 

t)o 

1 ! 

I TOO no 

i 

0-0096 

0-0077 

0-0063 1 

0-0045 

0-00^9 0-00^0 

i "I 


Show that the numbers are related by an approximate equation of the type 
fi — and determine the best values of k and X. 


[Lond. B.Sc. Eng.] 


values of 
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The equation /x == is equivalent to 

logio/x logio^ - Xt logio^’. 

Writing logjo/i — y. log,oA — a, A logjo*? — b the equatibu takes the 
linear form 

y = a ~ bt. 

From tlic given values the following tabic of values is obtained. 



60 

70 

80 

90 

i 

1 100 

1 10 


0-0096 

0-0077 

000C3 

0-0045 

1 0-0039 

00030 

~T'! 

- 2-0177 

- 21135 

— 2-2007 

- 2-3468 

j - 2-4089 

— 2*5229 


60 80 VALULS OF t K)0 ViO 



The points arc plotted as indicated in Fig. 20. Hccause of the values in- 
volved it is not convenient to mark the origin and tlie axis of t and y in the 
figure. A line AB is drawn as evenly as possible among the plotted points. 
In the figure A is taken to be the point (60, — 2’02), B the point (io8’5, — 2*5)« 
Thus the equation of the lino AB is 

y 4-* 2-5 _ t — 108-5 

— 2-02 4- F5 ” 60 — 108-5' i 

which reduces to y ^ — 0-009897/ — 1-427. 

Thus a « log.oA -- - 1*427 = ^'573 Hence 
A = 0-0374 approx. 

Again, - A log,gP -= - 0-009897. A = 0-009897/0-4343. 

i.e. A 0-0228 approx. 
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( 2 ) The'table below gives simultaneous values of two quantities x and y. Show 
that y ~ a^^ "F is approximately true, and find the value of a and of b. 


I 2 j 

i 1 

■^‘5 ' j 3 

. 3-5 

i_i i 

4-5 

h. 

1-24 I-5h 


..4. j 

1 3-02 


[N.Sc.] 

The equation y = ^ is equivalent to logj^y «= (;r -f 6) log,oa. 

Writing Y log,o)/, the equation takes the form 
^ Y ^ b logiort + ^ log.oa, 

an equation which is linear in x and Y. 

We first construct a table of values and then plot Y against x thus: — 



0 1 2 3 4. 5 

VALUES OF X 

Fio. > 1 . 
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Convenient scales would be as follows: for x. 1 in. == i unit; for y, 1 in, 
!= o- 1 of a unit. It is found that the points lie almost exactly along a straight line. 

The intercept on the x-axis is 2 . Thus b logjofl + 2 logj^a — o, giving 
6 ~ 2. (Fig. 21.) 

To calculate the gradient of the graph take the two points A , B where A 
is (2, o) and B (5. 0-575). Then the gradient is (0*575 — o)/(5 — 2 ) — 0*192 
approx. Thus log,„a = 0*192 giving a == 1*56 approx. , 

(3) The temperature T of a chemical substance undergoing a slow change 
of state was found to vary with the time t as follows : — - 


Temp, in degs. 
Time in mins. 


1 1 1 1 

F. 14-3 1 16*7 I 19*8 

21*9 

24-2 

26*3 

! 27*9 

30*6 

1 0 1 I 1 3 ! 

5 1 

8 I 

12 j 

r 1 

25 


It was thought that the temperature was connected unth the time by a formula 
of the type T — 15 log,o(a -f- ht). Explain how you would test if such a formula 
fitted the data and by drawing a suitable ghiph find the values of a and b that 
you consider to be most suitable. fCamb. Sch.] 

The suggested relation may be written in the form y ~ a | bt where 
T 

10*^. This equation is linear, so that if the equation is approximately 
true a linear graph should be obtained when y is plotted against t. 


t 

0 1 I 

3 

3 

8 

12 

16 

■^5 

T 

14*3 16*7 

19*8 

21*9 

24*2 

26*3 

27*9 

306 

T 

'5 1 

i 

0-9533 1 I-II 3 i 

i i 

1*320 j 

1*460 

1 **bi 3 ! 

’ 1 

>753 j 

1*860 

2*040 

y 

8*981 12*972 j 

20*893 j 

28*840 

41*020 j 

56*624 

72-444 

109*65 


Suitable scale of representation would be as follows: for/, i in. = 3 min.; 
for y, I in. t= 10 units. It is found that the points approximate closely to 
a straight line so that the suggested relation is verified. (Fig. 22.) 

The two points (o, 8*98) (12, 56*62) lie on the line drawn. Taking these 
values a - 8*98, b (56*62 - 8*98)/ 12 = 3*97. 


6-5. An Important Property of ae^ 

Let y ” Consider a set of values of x which are in arith- 
metic progression. Let the values be A, A -f A 2/i, A -j- 3^^, . . . 
so that the distance between successive ordinates is d. The corre- 
sponding values of y are 

dgkX + hd^ 4 - 2 ^^, . 
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Thus each ordinate may be obtained from the preceding one 
by multiplying it by the factor i.e. the ordinates from a geometric 
])rogression whose common ratio is 


Examples. — (1) Two variables x, y are connected by the relation y = ae~^* 
where a and b are positive constants. Prove that, if successive values ofx increase 
in arithmetical progression, then corresponding values of. y will decrease in 
geometrical progression. If d is the common difference for the values of x, 
and r the common ratio for the values oj y, express d in terms of r. 

Find, for the relation 
y — if r - the value 

oj d. [Lond. Inter. Econ.] 

Let A. A f d, A 4- 2d be three 
values of x in aritlimelic progress- 
ion and let /i,, /^a be the corre- 
sponding values of y. Then 

„ ,,,-b{\\-d)^ 

Id) 


/i. - ae 


Fi 

Fz -■ 

F'l _ g-id Fz _ ^ 

Fi ’ Fz 

SO that the values decrease in 
G.P,, the common ratio being 
t'"**'* < T, since bd > o. 

In the particular case 
y — jo<!~®'2 ^, a = 10, b ~ 0-2, 

Hence - ■2diogioe = — logj52, 
d = -30103 / ^ X -4343 - 3-47 
appiox. 

(2) Corresponding values of x 
and y are found to be as follows : 


2-064 



Fig. 22. 


1-4 

2037 


I -991 


1-8 


1-956 


The variables are thought to be connected by an equation of the form y = ae^^. 
Verify that this is the case and determine the values of a and k. 

This question may be considered from two points of view. Taking 
logarithms the given relation may be expres.sed in the form 
v == logjoa -f ku 

where u - x logio«. v — logjoy. This equation being linear in u and v 
should give a straight line graph if the given relation is satisfied. The values 
of a and k can then be obtained from the graph as in § 6-4. 
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On the other hand, it will be seen that the given values of x are in 
arithmetic progression. Hence if the given relation is true the values of y 
must be in geometric progression with common ratio 


Now 


2*064 


: 0*9822, 


2*037 _ 


: o* 986 (>, 


1*991 


0 - 9775 , 


1*956 


= 0*9824. 




*09 approx. 


2*102 ' 2*064 ^ 2037 j.QQi 

Hence the ordinates form very nearly, a geometric progression with common 
0*982. Thus 

0*982, o-2ft Iog,o« — log 0*982, 

•00780 

' 2 'x '*^^3 

To find a, take x =s i, y — 2*102. 1 'hcn 

^^- 0*09 _ -2- 102, i.c. a — 2*102 X 
l(ip,„a log 2*102 + 09 X *4343 *3617; 

a = 2*3 ap})rox. 

Hence the relation is y 2*3^ 


6 6. Equations involving Three Constants 

Since the general equation of a straight line contains only two 
arbitrary constants it is clear that the straiglit line graph method 
can be used to determine only two unknown constants. In order 
to apply the method to the determination of three constants it 
would be necessary to devise some other method for determining 
one of the constants. We givf below three important cases which 
can be treated by simple methods: 

(i) y = -i c, (ii) y — + c, (iii) y ~ ax^ bx + c, 

where a, b, c are the unknown constants. 

Before considering these in turn we prove properties of (i) 
and (ii). 

(а) Let two variables x and y he related by a law of the form 
y — a:d* c. Then if x^, x^, x^ are three values of x in geometric 
progression, y^, y^, y^ the correspondmg values of y, then 

c = (.yiVs -yi)V(yi ■- 2^2 +3*3) • 

Since x^, x^, x^ are in geometric progression, x^x.^ ^ x^. Then 

(>*1 - (^3 -■ «) = = (>'2 “ f)'*. 

This relation reduces to 

c = (.vi>'3 - yi)^liyi - *^2 +^'3)' 

(б) Let two variabks x and y satisfy the equation y «« *4- c. 

Then ifXi, x^, x^ are three values of x in arithmetic progression, Vi, y^^ y^ 
the corresponding values of y, then 

(■ -- ( V, y, - y 2 *)/(y, - 2 y, + y,). 
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Since Xi, x^, x^ are in arithmetic progression, Xi x^ = 2X2. Thus 
{yi ~ c) (y» ■ C) = X a^, = 

= = (jVj - cf. 

Thus c (>>,^3 - - 2y, +yj). 


67 . The Equation y ax^ + c 

The constant c is first determined by the method of § 6 * 6 . In 
order to determine the values yg. ys corresponding to Xi, X2, x.^ 
in geometric progression y is plotted against x and a smooth curve 
drawn so as to approximate 
to the plotted points as far 
as possible. Then take three 
points Xi, X2, x^ in geometri- 
cal progression and read the 
corresponding values of y 
from the graph. Substitu- 
tion in the formula 

ya -ya*)/(yi - ^ya Tya) 
determines c. In order to 
obtain accurate results it is 
important to arrange that 
the denominator 

(yi-2ya+ya) 
be not too small. The given 
equation may now be writ- 
ten in the form logio(y — c) 

= logioa + b log,#*, 
i.e. v = /I -f 

where u = logj^Af, v = logio(y - c). 



VALUES OF a: 
Fig. 23. 


Thus when v is plotted 
against u a straight line graph should be obtained, and from this 
the constants a and b may be determined. 

Example. — Two variables x and y are supposed to be connected by an equation of 
the form y =* ax^ q. c. Verify that this result is approximately true and find values 
for a, n and c when corresponding values of x and y are giben by the following table : — 


X 

0-5 

I 


4 

8 

12 

y 1 

160 

120 

94 

75 

62 

56 


We first plot y against x and obtain the curve in Fig. 23. 

T. A., u. 
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To find the value of c we take the three values of x in geometric progression. 
Convenient values are x — o'5, y/O — 2-45 and 12. The corresponding 
values of y are 160, 88-4, 56. the second value of being read from the graph. 


Thus 


c 


160 X 56 — 8 8-4* 
160 — 2 X 88-4 I 56 


** 45 ^ 

39 -i 


— 29-2 approx. 


To find a and n we use 

logio {y- ^ logio« F n log,o», 

and write u = logi,^^, v = logio(>' - c). We have then the following table of 
values 


0-5 

1 ^ ' 

2 i 
1 

4 

8 

12 

130-8 

90-8 

64-8 

45-8 

32-8 

26-8 

^ -0-301 

0 

0-301 

0-602 

0-903 

1079 

2-12 

1 

1-96 

I 1-81 

1-66 

1-52 

^•43 


s 

i 

■ 

■ 

■ 

■ 

■ 

B 

1 


a 

i 

■ 

1 

■ 

■ 

i 

1 

■ 

B 

i 

B 

B 

■ 

llj 

■ 

■ 

B 

■ 

s 

S 

■ 


■ 

1 

B 

■ 

1 

1 

■ 

n 

■ 

1 

B 

fl 

fl 

B 


- 0*4 0 0-4 0-8 1-2 


VALUES OF y 
Fig. 24. 


Plotting V against u we see 
that the points approximate 
closely to a straight line. We 
take the two points (o, 1*97) 
(0-9, I ’52) which lie on the line 
drawn. The intercept on the 
v-axis is 197 and the gradient 
of the line is 

( 1-97 - i' 52 )/(- 0 - 9 ) = - 0-5. 

(Fig- 24-) 

Hence m = — 0-5, 
log,oa r- 1-97, a - 93 approx. 
Thus the relation is 

y = 93'’^“®* + 29-2 


6’8. The Equation y =- -f c 

Using the result of § 6-6 the constant c is tirst determined.. For 
this we require the values of y corresponding to three values of x 
which are in arithmetic progression. We first plot y against x 
and draw a smooth curve which approximates as closely as possible 
to the plotted points. This graph will be required in general, for 
the determination of the values of y corresponding to the values 
of X chosen. 

Having determined c, tlie equation may then be written in 
the form 

V = logio<2 -f 
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where v ~ logiQ(;y — c), u — x logjo^. From the linear graph 
obtained by plotting v against u we obtain the values of a and h. 

Example.— r«;o variables t and y whose tabulated values, given below, 
are determined experimentally, are known to be connected by a relation of 
the form y =* ae^^ -f c. 


t 

i 0 i 

' 1 

1 

2 

3 

5 

7 

1 

1 

I '5 

20 

y 

i 

5^*2 

48-8 

46-0 

43-5 

397 

3b-5 

33-0 

287 , 

26-0 


Find the best values you can for a, b, c. 

First plot y against t. It is then found that the points lie on a smooth 
wave. Since the values of y corresponding to t ~ o, 10, 20 lie on the 
smooth curve and the corresponding values of y arc given, nothing is 
gained by reading from the graph other values of y corresponding to values 
of t which are in arithmetic progression. Thus 

c s= (52*2 X 26 — 33*)/(52*2 — 66 4- 26) — 22 approx. 

Again logip^y - c) ^ logjja 4 bt logjjf. 

Write logjg(y — 22) = v, t x -4343 — u ; the equation takes the form: 
v = logioa 4- 

Next we construct a table of values of u and v. 



0 

I 

2 

3 

is' 

7 

i 

15 

1 20 

y — 22 

30-2 

26-8 

240 


17-7 

*4-5 

1 i-o 

6-7 

i 

U 1 

0 

! i 

0-434 

0-860 

1-303 

2-172 

3-040 

4-343 

6-51 

8-67 

V j 

1*480 j 

1-428 

1-380 1 

1-33^ 

1-248 

1-161 

I 04 1 

0-826 

0-6o2 



The plotted points are found to approximate very closely to a straight line. 
From the graph we find that the points (o, 1-48), (8-67, o*6) lie on the line. 
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{Fig. 2$a.) Thus the intercept on the o-axis is i -48 and the gradient of the line is 
(1-48 — o-6)/(- 8-67) = — 01 approx. 

Hence logjoa = i'48. a — 30 approx. Thus the relation is 
y = 30tf~ -f 22. 


6*9. The Equation y = ax^ -{■ bx c 

This curve, which is a parabola, may be reduced to a linear 
graph from which the constants a and b may be determined. Let 
(h, k) be a particular point on the curve. Then 
k = ah^ -^hh c. 

y-k=^a - a*) -f ft [x - h) = (x - h) [a (;r + /») 4- ft}. 
Writing (y — k)l{x — h) — v, x -\-h = u, the equation takes 
the form v = au -\-b 

which is linear in u and v. Thus when v is plotted against u a 
straight line graph is obtained from which a and b can be found. 
The value of c may be found by taking an average value determined 
by considering all the given values of x and y. (See Ex.) 


Example. — Two quantities 0 and t are measured and corresponding values 
are given in the following table : — 


t 10 

20 

30 

1 

, 40 

5 ® 

60 

0 j 4-5 

7-1 

105 

1 . 5-5 1 

20-5 

27.1 



0 10 20 30 40 50 60 


VALUES OF i 

Fig. 256. 


The quantities are thought to he 
connected by a relation of the form 
6 = a bt ct*. Find whether 
this is the case and if so determine 
values of a, b, c. 

\Vc first plot d against t to 
find whether the given points lie 
on a smooth curve. When this 
is done (Fig. 256) it is found that 
all the points except that corre- 
sponding to t = 40, lie on a good 
curve. We take (10, 4-5) as the 
special point. Then substituting 
in the equation we have 
4*5 5s a 4- 10b -f looc. 

Substituting from 
8 » a 4- fef -f we obtain 


^ _ 4.5 « b (< - 10) 4- <; (I* — 100) «= (r — 10) {6 4- 4- toe}. 
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Writing v ^ (0 — 4 ’ 5 )/(t — 10) tlio equation takes the form 
V — ct -j- b IOC. 

Thus if v be plotted against i we should obtain a straight line. We first 
construct a table of values. 


t j 10 

20 

30 

40 

50 

60 

9 - 4-3 i 0 

2.0 

60 

1 IM) 

i6*o 

2 2*() 

/ — 10 1 0 

Ij! i 

20 

’ .10 

40 

.50 

; I j 

. ! 1 

1 0*260 i 

I 

0300 

: 0367 1 

i 

0*400 1 
1 

0*542 


Plotting V against t we find that the points approximate to a straight line', 
Fig. 26. As may be anticipated from the first graph, the point corresponding 
to / = 40 is further from the straight line than the other points. We 
find that the points (o, 0*16), 

(60, 0'452) lie on the line drawn. 

Thus the intercept on the v-axis 
is o-i6 and the gradient of the 
line is (•452 — •t6)/6o = •0040 
approx, Hence 

c = *0049, and b -f 049 — *16 
giving b — ‘HI. 

To find an average value of 
a we write down the 6 given 
values and add. 

Then 6 a ^ £9 - b Zt ~ c 
- 85'2 — -HI X 210 

— -0049 X 9000; 

a - 3-1 approx., giving 
= 3.1 -iiH 4 - -0049/*. 

EXERCISES VI 

1. A series of values of the variables x and y arc given. Explain how you 
would test whether the variables are related by an equation of one of the 
following forms: (i)y + ay \Jx = bx; (ii)y = alogbx] (iii)y — fa + 61 og.r. 

2. Two quantities x and y are connected by the equation 

X — axy — by == o, 

where a and b are constants. Show that the graph of yjx and y is a straight 
line. Below are given corresponding values of x and y. Show, by plotting, 
that they are connected by an equation of the form given above, and determine 
the constants a and b. 


X 

0*2 

0-5 

I 

2 

5 

y 

0*5 

1 

1*5 

1 

2 j 

2-5 



VALUES OF t 

Fig. 26. 
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3. Corresponding values of the observed quantities x and y are given in 
the following table: — 


X I 

2 

3 

4 

5 

6 

y (} 

7.2 


1 2 

1 

14-8 

17-4 


These quantities are connected by the relation xy — ax^ b. Find the best 
values you can of a and b by plotting xy against x^. 

[Lond. Inter. Econ.] 

4. The following table gives corresponding pairs of observed values of 
two related variables x (in degrees) and y : — 



38’ 

' 

85^ 

117“ 

201° 

293° 

y 

12‘2 

8-0 

4-9 

I '9 

97 


It is believed that x and y are related by a law of the form y = a |- 6 cos;r. 
Verify that the tabulated values confirm this, by drawing a suitable linear 
graph, and estimate the values of a and b. [Lond. Inter. Econ!\ 

5. Two quantities x andy are connected by the equation y — ax* + hx*, 
where a and b are constants. Show that the values of x and y given in the 
table below satisfy an equation of the above form, and determine the constants 
a and 6. 


X I 

2 j 

3 

1 4 

y 1-65 

9*2 

27-0 

1 59*2 


6. It is believed that two variable quantities w and I are connected by a 
relation of the form w — b a}!, where a, b are numerical constants. 

In an experiment to verify this, the following values of w and / were 
obtained : — 


/ 

39-8 

3i'5 

20-3 

j 21-0 

15-8 

j ... 

8-4 

7 V 1 

12-5 

12-0 1 

lyi 

133 

. I4-I 

14-5 

163 


Use a graphical method to determine whether the suggested relation is correct; 
if so obtain suitable numerical values for a and b. 


[Lond. Inter. Econ ] 
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7. Corresponding values of two variables ;r and y are observed as follows: 


X 

I 

1-3 

2 

3 

4 

6 

y 

37 

3-4 

2-8 

^•5 

2-4 

2‘I 


If the variables are known to be connected by a relation of the form 
y* 1= a -f bjx, explain how to use the above data to obtain a straight line 
graph. Plot the graph and from it obtain the best values you can for a and b. 

[Lond. Inter. Econ.] 

8, Assuming that the following experimental values of x and y may be 
approximately represented by a formula of the type y ax -j- 610*, find 
values for the constants a and b and show in a table the values of y corre- 
sponding to the given values of x as given by the formula with the ascertained 
values of the constants. 


X 1 

. 

2 1 

3 

4 

y 

O' 30 

0'64 

132 

5-20 


[Lond. B.Sc. Eng.] 

9. Two quantities of y and x are connected by the relation y — ax”^ 
wher^ a and n are unknown. By a graphical method, find the most probable 
values of a and n from the experimental figures given below. 


y 

2*51 

501 

100 

12-5 

i 6-9 ' 

200 

X 

1 

1000 

2500 

1 

5000 

7500 

10,000 

12,500 


10. A force of P lb. per ton is required to pull a canal boat at a speed of 
V miles per hour, and corresponding values of P and V are given in the 
following table. Show by plotting log P and log V that there is a relation 
of the form P = a F" and find approximately the values of a and n. 


- - 


P 

CCl 

j 2 *08 ; 

2-62 

3*20 

V 

2*5 

3 

3*5 

4 


[Camb. ScA.] 

ii. A number of simultaneous values of two quantities x and y are given; 
explain how it may be found whether they satisfy either of the forms 
(i) y = ax", (ii) y — ax/(i -f bx). 
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The safe distributed load for different lengths of girder are given in 
the table: 


Length feet (/) . . . . 

1 30 

39 

48 

1 60 

Load cwts. per foot run (w) 

i 

27*4 1 

1 

1 

r6 

f 10-6 j 

(r6 


Show that approximately, and find the best values of a and n. 

[N.Sc] 


12. The limes taken, y seconds, to run a distance x yards are given in the 
following table : — 


y secs. 19*4 


X yds. I 200 / 300 


■dj 48-4 

( 

i 1 

1 185-4 

1 ^53-8 

! 549‘3 

1 «5'-5 

1 

j "49 

5 1 440 1 

^ 8S0 j 

1320 1 

1 

1 1 mile 

1 2 miles 1 

1 3 unites j 

4 iniie.s 


By plotting log y against log x, show that x and y are connected approximately 
by a relation of the form y = ax'\ and find the best values y can for a and ti. 

[Lond. Inter. Econ:\ 


13. The following table gives the pressure P and the volume V as deter- 
mined experimentally at various instants during the expansion of steam in 
a cylinder. Show the equation of the expansion is of the form P F" = C, 
and find approximately the values of n and C 


P lb. per sq. in. 200 

j 100 

50 

1 30 

20 

10 

V cub. ft. . . 100 1 

! ^' 7 ° j 

2-89 

4'3o j 

5-88 j 

10-00 


14. If a scries of corresponding values of two connected physical quantities, 
X and y, are measured, what test can be applied to determine which of the 
following equations best represents the connection ? 

(i) y = + b, (ii) y = ax**, (iii) y = an^, 

a and n being constants. Assuming equation (iii) applies to the following, 
find the probable values of a and n. 


X 

I 

3 

5 

7 

10 

y 

5 

14-8 

47-9 

141 

708 


[N.Sc.] 
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15. Show that the points of which the coordinates are given below lie 
very nearly on a curve represented by the equation y = ab», and find the 
probable values for the constants a and 6. 



16. Two variables x and y are related by a law of the form y «* a -f bx^. 
If Xy, x^, Xt are three values of x in geometric progression and y,, y„ y, are the 
corresponding values of y. prove that a = (yjy, — y,*)/ (y^ — 2y, -j- y,). 

The following pairs of values of x and y are known to be related by a law 
of the above form: 


X 

I 

4 

lO 

1 

17 

II 

8 


Find the values of a, b, and n. [Lond. Inter, Econ] 

17, Two variables x and y are thought to be connected by an equation 
of the form y = a;r" + 6. Corresponding values are given in the following 
table: — 


^ 1 

I 

2 

j 

4 

6 

10 16 

y 

15-0 

44*9 

1 _ _J 

3^^4 

1004 ^364 


Find the best values you can for a, n and b. 

18. Values of p and v are given in the following table. Show graphically 
that the approximate law connecting p and v is /> — ae^* -f c and find values 
for a; b and c. 



1 

I 

2 

1 1 

1 1 

! « 

II 

P 

1271 

I2'46 

11*05 

1 ”'34 

1 

10-99 




CHAPTER Vll 

FURTHER THEOREMS ON CONVERGENCE 

I N this chapter we first prove some further tests for ordinary 
convergence and uniform convergence of series and then pass 
to the consideration of infinite products. 

7T. Cauchy’s Condensation Test 

Let Sxin denote a sieries of positive terms such that is a 
steadily decreasing function of n, i.e. < m„. Then if k denote 
any positive integer greater than unity, the series and 
are both convergent or both divergent. 

The terms of Eu„ may be grouped as follows: 

Wj -f • • • + + Wfc+2 -l“ • • • + 

+ + • • ■ I- «n} + • • • 

+ [U T + » . 4- . . . + H 

fc fl k +l k J 

where r = n — i, s n — 2, 

= Vi -F ^'2 -h ^'3 + • • • + ’ n + • • • 

where v^ is the sum of the terms in the «th group. 

Since — A”" ^ + {k^ — it follows that v„ contains 
terms. Also, since steadily decreases as n increases 
it follows ftiat each term of < %n-i and > w^n. Hence 

i.e. (i - ^) < "» <(*-*) 

Hence if Eu^~ Evn converges^ so does EkHt^^n, and con- 
versely if Ek"Uj^n converges so also does Ev^, i.e. Also 

if Evn diverges so also docs E and conversely. 

7T1, The Series Eijn (log ny 

It follows from the theorem of § y i that Eijn (log «)** converges 
if p > 1 and diverges if p <,i. For let k be any positive integer 
greater than unity : then the series 

I 

^tr^ogn)^ 
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diverge or converge together. The second series is — ~ ^ • 

(log k)^ 

This converges if p > 1 and diverges if ^ < i. (Chap. L, § 1-41.) 
7 ‘ 2 . The Maclaurin Integral Test 

00 

Let 2 J ti^ denote a series whose terms are all positive and 
n = I 

such that steadily decreases as n increases. Write / (n) = 
so that / {n) is a function of n which is defined for integral values 
of n. We now replace the integral variable n by the continuous 
variable x and consider the function / (x). It is assumed that the 
function so represented is defined for all Values of x greater than 
or equal to unity, and further, that / (x) is a monotonic decreasing 
function of x. Thus, e.g. 

f {ft 1) ^ / {x) ^ f {n), i.e. Un-\ f{x) ^ w„, 
where n — i < < w. 

From the definition of an integral it follows that 


fn 

r" !'• 

1 u^-idx ^ 

f{x)dx>\ 

J n — 1 

' n — 1 h 


f” 

i.e. > 

f{x)dx>u, 


M— I 


Thus fq ^ j ^ ^^2- 

f / W > Ki. 


f"* 

«n-) > f{x)dx>1l„. 

J n — I 

» 

Adding, and writing 5„ = 2 : it follows that 

r = I 


i.e. 




dx > > 0. 
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Write F (n) — 



dx>o for all values of n. 


Then 


F(n)-F (n - i) = - s„-, 



= Mn-f f(x)dx<o. 

J n - 1 

since for n — i <x < n. 

Hence F (n) < F (« - i), i.e. F (n) is a monotonic decreasing 
sequence which is bounded below. Thus lim. F {n) exists. 

« -> 00 

(Chap. I., § 1-23.) 

Further, if / denote the limit, it follows from > F (w) > 0 that 


> / > 0. 

There are now two possibilities. Either tends to a limit as 
« -> 00 or 5^ “> 00 as M 00. In the former case the series 
converges to some number s. Thus 

[•CO 

> s — / (x) dx > 0, 

*' I 

{ 00 I* 00 

/ (aj) dx > .s > j / (x) dx, 

and the integral must always be finite. 

Conversely, if the integral exists it follows that lim. s„ must 

n-v 00 

exist, i.e. the series must converge. If / be the value of the integral 
then the sum s lies l>etween / and iq -f L 

On the other hand, if lim. = 00, the integral must also 

n -> 00 

be infinite andxonversely. In this case we can assert, however, that 


I r 

lim. \sn-\ f(x)dx 
w -> 00 I J I 

is always finite and lies between o and iq. 

Combining the results we have the following theorem. The 

series E converges or diverges with the integral I / (x) dx ; 

n = I I 

if convergent the sum of the series differs from the integral by less than 

if divergent lim. exists and lies betieeen 

n 00 I •'I / 

o and Wj. 
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Examples. — (i) Consider the series S iln^. 

« — 1 


Here f {x) -r 


I r I *' 1 ( 1 - 

If p i, 

rn r i« 

1 j [x) dx X ^ '-logw. 

If p • 1. 

lim. 

' '-P P-' 

If p < 1, 

lim. — I f = 00, 

«-vooi /’T ' 

If ^ - 1 , 

lim. log « — GO. 


n -► oo 

Hence the integral exists if p > i and tends to infinity if p < i . Hence 

also the series converges if p > i and diverges if /> < i. {cf. Chap. I., § 1*41.) 

In the former case wc infer that 

'■JO 

i < i: iln- < C. 4- I. 
p - I n ^ i /> - I 

The case p — 1 gives an important result. In this case 

F {n) -- I -I' J -f J f . . . + ^ - log n, so that 

n 

lim, (i + i J + . . . -I i - log n) 

n -> 00 " 

exists and lies between 0 and i. This number is called Euler's 
constant and is frequently denoted by y. Its value is 0*577 • • ■ 
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if p > I, (Iog«)^~' -> o while if p < i, (iogw)*" 


00. Thus the 


integral 


‘ dx 
x{\o^x)~» 


exists and is equal to (log — i) if p > i 


while the integral is infinite if p < i. 

] I ^ Iog.v J iQg 2 } L .11 


log n 
log 2 


=- log (log n) - log (log 2) = log {log «/log 2}. 

As n -v GO this expression tends to infinity. Hence the series converges 
if /> > I , and diverges if p < 1. [cf. § 7-11.] 


(3) Prove that if k > o, then Z i/(A + «)* < (^ + O/^** 
n — o 

Consider the function / (at) == i/(^ + xY- Then 

f” dx r 1 ]” _ I _ 1 


Thus if 4 — E \l{k + n)’, 7^ > ^ — t > ©• 
n -^o ^ ^ 

I , I (A + i) 


In applying the Madam in integral test it is necessary to make 
use of the property that a function / (x) is monotonic decreasing. 
If the function is differentiable a simple method which may fre- 
quently be used to decide this point is the consideration of the sign 
of the differential coefficient. Thus if f*(x) denote the differentia! 
coefficient of / (x) then f'(x) < o for ^ > a is sufficient to ensure 
that / {x) is monotonic decreasing for x > a. 

Thus, e.g. in Ex. 3, / (x) ~ i/(^ + x)^, f\x) = — 2l(k i-x)^ <0 
for k > 0, X > 0. 


7 - 3 . Rummer’s Test 

Let 2 " u„, E (in~^ denote two series of positive terms, the latter 
series Edn-^ being divergent, and write Vn = u^djun+i — dn+y 
If there exists a number p such that for all p, v^'^k > 0 then 
the series E «„ converges. If there exists a number q such that for 
all n ^q, < / < o, then the series E diverges. 
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(i) Wfj^n/^n+i ^ni I p . Then 

*^3J+2^i)+2 ^^/)f3^i)+3 ^^p+3 


Wp-l ^ 

Adding - n^d^ > A’ -f- Up,^ + ■ • • f »»;). 

Since n^dy > o, A > o it follows that 

+ ^^r2 I • • • 4- < npdpjk. 

Since Updp is independent of v, and all the terms arc positive, 
it follows that . 

lim. {Up^^ + w„.,. - I • • . + Uy) 

V X) 

exists and is less than or equal to Updjk. 

Hence the series Eu^ converges, for the addition of a finite 
number of terms will not affect convergence. 

(ii) Updjun^^ — ^n+i < ^ It follows that 

. - (j- 

Thus Hqd'Q Hq j j ^ 

i.e. Uy > u^d/y~^. 

Since u^d^ is a constant and Edy-^ diverges it follows that 
Euy diverges. 

A particular case occurs when lim. exists. If th& limit 

n > 00 

be X then the series E converges if X > o and diverges if X <o, 

7-41. Ratio Tests 

From the results of § 7-3 may be deduced a number of special 
tests which are of frequent use in the discussion of the convergence 
of series. We assume in the statements given below that lim. 

* n -> 00 

exists. If this condition is not satisfied the statements are readily 
modified accordingly. 
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D’Alembert’s TEST.—Write i so that = Wn/«n+i ~ i- 

u 

Then converges if lim. — ^ > i, and diverges if 


lim. — 

ti -> 00 ^ ^ « 4 I 


I. (cf. Chap. L, § I ‘381.) 


7*42. Raabe’s Test • 

Write — n .so that ?»„ — nu„lu„^i - n - i. Then the 
series £ u„ converges if lim. n(^ - i)>i, and diverges if 

lim, ni-— - 1 1 < I. This test should be applied when 
n 00 '^n+l ^ 

D’Alembert’s test fails. 


Example .— that the series 

a £. J a{a -HJ) , 1 ^ 3-5 « + 1) (< 1 + 2) , 

‘ ' *■ 6 2.4 I) 2.4.0 b(b +T) {b +“2) * 

is convergent tf a > o, b > o and 6 > a + T 

Let w„ denote the wth term of the scries. Then for n > i 

... 1 •.T5 • ■ (2W - 3) . g (g h 1) (g + 2) . . (a + n - 2) 

2) 6 (6 + i) (6 + 2) ... (6 4- w 


“* 2,4.6 ... (2n 
Hence - 
u, 

lini . — 


2 )‘ 


2 n (« — I + b) 


{zn ■ 


lim. 


) (n - I -f g)' 
4 * {& “ i)/« 


00 ^ (I - i/2n) (I + («-!)/«} ■ 

Thus D’Alembert's test fails. 

A„,in “!L _ . (.»(■ - i a + I) + (a - i )/» 

* » (J - i7«) {I + (« - i)/»} 

Hence lim. I n(— i)) — ft — « + J. 

«.»oo4 ''“..1 >> 

Thus the series will converge if 6--a4'il>i. ie* b > a + ^. 


7 * 43 . dc Morgan’s and Betrand’s Test * 

If the limits used in §§ 7-41, 7*42 are both unity it is necessary 
to use a more delicate test, i,e. we take to be the wth term of 
a series which diverges more slowly than Ilijn, Thus, e.g, if we 
take log n, = u^n log w/w„.,.i — (w -f i) log (w + i). 

We can deduce the following test. If be expressed in 
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the form 1 -\~ ijn WnjnXogn then the series will converge or 
diverge according as lim. is greater than or less than unity. 
w 00 

This test may be expressed in a slightly different form which is 
sometimes useful. Taking logarithms: 


log 


«n 



+ 


n log n 



I w 

_ _j_ " ^ higher powers of 

n w log n 


T 

n 


n n log n 

where lim. - lim. w^, the limit being assumed to exist. 

n ->00 n > w 

Hence if log («n/Wn n) expressed in the form i/w + pjn log n the 
series will converge or diverge according as lim. p„ is greater than 

n ■-> <fj 

or less than unity. 

Alternatively we may express the conditions for convergence 
in the following forms: 

(a) -i|]^ 

(b) lim. I (« log -— - I ) logw > I. 

« 00 L ' ^^'n+l ' -1 


00 

Examples.— (i) Investigate the convergence of the series E for positive 

n — I 


values of X, where a„ == {i*- 3 ** 5 *- ■ -{^n ~~ . . . ( 2 n)*}- 


Write u„ 


a^x’'. 


Uj, _ ( 2M + 2) * 

„+i ■ ■ {2n + i)» 


x' 


Hence lim. - — 
n -> 00 ”»+* ^ 

Thus the series converges if 2r < 1 and diverges if x>i 

■ «n _ ( 2 « + 2 )* _ ( 2 n + I + l)“ 
When X (2n + i)* (2n + i)» 

Wn+l 2 « + I ( 2 n -f 1)*' 

lim. - tU'- I 

n -> 00 ' Wntl // 


Hence 


and Raabe's test fails. 


T. A., II. 


14 
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Again 


1> 

r‘ . * (j 

I- ' V’ 


ini 

' ^ 4««\ 



I 

-f * a - • • 


I 

in 

4«’ 

K 4»* 1 

in 


n il . * n + i (2M + i)» 


^ I 1- 


• “n I * * / . V \ 

i.e. -- = 1 + - - - - (i + A^) 

Wn+i ^ 4 « 

where A„ involves i/n as a factor and tends to zero as n -> oo. Thus 

^ I * I- * - / — (i 4 AJ log 
M«+i n « log n \ 4n ' nj j 

In the notation of p. 20<), 

n 4 

Now lim. = d (Chap. V., § 5.3). Hence lini. w„ = o and the 

n -> 00 w (X, 

series diverges when x ^ r. 

00 

(2) Discuss the convergence of the series S n^'x^fnl, for positive 

n — I 

values of x. 

Let iin denote the «th term of the series. Then 

_ n";^” (n -j- 1)! _ I T 

««Vr n\ ■(n"+'i)"+hv"+i iy‘^' 

I'hus lim. . 

« -> 00 

Hence the series converges for x < ije and diverges when x > ije. 


When X ~ ije, 


log 


««+i 


= + O 


(‘ + i) 

» log (i -f i) = I - M (^ - i + higher powers of ^ ^ 


„,0gJl^_-. = _J + 0(>). 

n log - I ^log nj = — 00. 


Hence lim. 

« 00 

Thus the series diverges when x = ije. 


7*44. The Rule of Gauss 

Let^ I^Un(x) denote a series of positive terms. Then if 
Wn/Wn+i can he expressed in the form i -f /i/n + 0 (i/n**) where 
/> > I then the series converges if /* > i and diverges if /* < i. 
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Suppose first that ft + i. Then lim. \n( — i) j — /i, 

since P > i. From Raabe’s test it follows that the series con- 
verges a fjL > i and diverges if /x < i. 

Next suppose that -- 1 so that 


Then | w ^ 

Now log n 
(Chap. V., §5-3-) 


- 1 -f ^ \-o ( ^ y 

log„.= (log«)0(^^). 

^ 0 (n^), where S is any positive number. 
Since p — i > o it follows that 
lim. {(log n) 0 (i/«*'"^)} — o. 

n -> 00 


Hence from § 7 *43 (a) the series diverges when ^ i. 


Example .— for what values of p the series whose nth term is 

converges. 

13.7.11 . . . (4« |- 3)1 
If M„ denotes the nth term, then 

-.■:r 


4« 

I + + o 




Hence the series converges if p > 2 and diverges if p < 2. 


7-45. * Note on the Ratio Tests 

It should be observed that d’Alembert’s test, § 7‘4i, does not imply 
convergence if all we know is that i for all values of n. 

Thus consider, e.g. the harmonic scries £ ijn. Then 

^^n/Wn+l = (W -f- l)/« = ^ ^ ^ 

for all n. But the series diverges. 

Again, the convergence of a series of positive terms does not imply 
the existence of the limit as « -> 00 . For since the terms 

of the series are all positive the series is absolutely convergent. Thus 
the order of the terms may be changed without affecting the con- 
vergent property. (Chap. I., § I-34-) This rearrangement of the 
terms will in general, however, affect the value of uju„ 
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Consider, e. 9 . the series i 4 - - + 4 + -f -f • • • For this 
^ 2 2* 2® 2* ' 

series m„/w« 4 .i = 2 so that lim. ( ujun + i ) == 2. 

n -> 00 

Now rearrange the terms as follows: 


^ ^ .>4 9 ? • 


In this case tinh^nn = i or 8 according as n is odd or even. 
Thus lim. (w„/Wn+i) (ioes not exist. 

W -> 00 


7 5 . Series whose Terms are Positive and Negative 

In Chapter I., § 1-5, the case in which the terms are alternately 
positive and negative has been considered. It has been shown that 
if > 0 and so that S (— is a series whose 

terms are alternately jwsitive and negative, then the series will 
converge provided lim. = o. It is clear that the same 
n ^ 00 

result holds if there exists a term of the series beyond which the 
properties are true. 

A convenient form of expressing the test is as follows. If 
can be expressed in the form 


-I + 0 


n 


& ' 


T 


then the series £ (~ i)”"^ is convergent if > 0 and oscillatory 
if /i < o. 

We first prove that if = i -f where p > 0, as 

n-^ 00, then lim. ~ o. 

« 00 

Since p„ p we can find a number m such that 


for all n >m, p^> ip. 


Hence -- 

«™4 


> 


(i+A), 

V 2W/ V 2(m + i)/ 


> I + . 

U„ ^ 


Multiplying the corresponding sides of the inequalities, we get 

> (i + ^ ( 1 4 ... f I 4 

«„ ^ 2 m/ \ ^ 2 w4- 2 / V 2 n — 2/ 
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ip {!n+m + \ ^ 

Since the series Z* i/w diverges to -f- 00 it follows that 
lim. (- H ^ -f- ) r. . 00. 


T T "trt 

Hence — >- 00 as « -> 00. Since is a fixed number, this 

can only be the case if 0 as « -> 00. 

We can now show that if fi > o the series converges. For n 

sufficiently great and hence «„ > Further 

it follows from the argument just given that lim. — 0. 

' n -> X 

Hence the series converges. 

Next suppose that /a < 0. We can show in this case that 
lim. is not zero, so that the series must oscillate. 

n > CO 

If IX <0 it is clear that for n sufficiently great, w„ < 
and so cannot tend to zero. 

Finally suppose that /a = o. Then 


& 



where | A„ | < ^, k being a positive constant, i.e is independent 
of n. 


Let w be a fixed value of n. Then arguing as before we see 
that if n > m, 


1 fj I 1 /i 4- 1 

1 mPj \ (m-\- i)^J \ ^ (m+ 2)*'/ ' * * 

'■ «r " {' + {' + (STir-l {' ■ ■ • 






Now if a be any positive number less than unity, 
I + rt - (i - a*)/(i - a) < 1/(1 - a). 
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Thus if m is sufficiently great ' 

« — I n — t 

II (!+/<’>*’)< I* {i-klr^)-K 

r ~ m Y = m 

Again, if h is another positive number less than unity 
(i — «) (i — h) I ~ (a -j- 6 ) -\-,ab > i — (a -f b). 

« - I « - I 

It follows that 11 (i - kjr^) > i E klr^. Hence 

f — m f — m 

M — 1 n ~ I ' 

n {i _ _ 2 ’ provided 

r = w r m 

n — i 

E kjr^ < I. 
r ^ m 

Since Eijr^ is a convergent series we can find a number m 

GO 

such that E ilr^Kij'zk. Hence by a suitable choice of m 
Y — nt 

n — I 

II {i — klr^}~'^ < 1 / 2 . Thus with this value of m, 

Y — m 

< I 

Un “ 

Since is always positive, and u^,^ is fixed it follows that 

ujun is finite. Thus cannot tend to zero as n > 00 . 

It follows that if i 1 series E (— i)^‘ b/„ 

must oscillate. 

7‘51. The Hypcrgeometric Series 

The series 

a.^ a(a-f I))9(i3 T t) 

I -h X-f-' , - X 

l.y I. 2 .y(y f- 1 ) 

‘ a (a -M) (a T 2 ) ^3 (jS H- l) (jS -f 2)^3 
I-2.3y (y 4- I) (y 4- 2) 
is known as the hypergeometric series. 

If a or jS are negative integers the series termir^tes so that there 
are only a .finite number of terms. If y is a i^egative integer all 
terms would be infinite beyond a certain point. We assume then 
that a, p, y are not negative integers so that the series contains 
an infinite number of terms. Then we have the following properties : 
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(i) .the series converges absolutely if | | < i and diverges if 

1*1 > i; 

(ii) when x — the series converges if, and only if, y > a ! 

(iii) when x ^ — i,- the series converges if, and only if, 

y -I I > a + p. 

Let f/„ denote the wth term of the series. Tlien is 
a (^+1) (a -f 2)^. .(ad- n - i) ^ L i) ±2 ) . . . (^J- n 

M 3. ^ 

(a -1- n - i) {p 1 n - \) X 



Hence lim. 


Tims the series converges a])solutely if | a; | < r and diverges 
it I I > I. 

.... ,p, n {n T y - i) 

11 X = 1 . Then — -=:^ , , , - ^ ,• 

Unn (« " I {n + p-i) 


For n sufficiently great, it is clear that this ratio is always 
positive, so that beyond a certain point in the series all the terms 
will have the same sign. 



From the rule of Gauss it follows that the series will converge 
if, and only if, y -f- 1 — a - > i, i.e. y > a -\- p. 
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(iii) X — — J. In this case — — i as n oo so that 

beyond a certain ix)int the terms are alternately positive and 
negative. Then 



- a 


»n+l 

n 

\n^! 

The series will converge if 



y -f I « P > 

i.e. 

y -h I > a t- ^ 

and will oscillate if y -j- i < a 


(§7*5.) 


7*61. Abel’s Lemma 

Let {w,.} denote a sequence of positive numbers such that Uy > 1 1 

for all values of r. Suppose, further, that a^ a^, . . . is a sequence of 
real numbers such that 

P 

k < E a, < K, 

r ^ i 

u'here ^ “ i, 2, 3, . . . I'hen 

n 

ku^ < E aj.u,. < A'//j. 

r ^ i 

P 

Writing Sp “ E a,.. Then 

t - I 

n n 

E a,.u,. ■- -- E (sv — s^-i) Ur, Sq = 0, 

f I r - - ^ 

“ “b (^'*2 ~ •’’i) “b (^.3 — ^2) ^^3 b" • • • 

'b (^n ^n-l) 

= Si (Ui ''2) -b S2 {u^ ih) T . . . 

-i- (f/„-i - Un) -b s„w„. 

Now Uf -- Uryx > 0, for all values of r. Hence the greatest 
n 

value of E arUr will be obtained by replacing by K, for 

r ^ I 

each r. Similarly the least value will be obtained by replacing* 
by its least value k. It follows that 

it 

kUi < E UrUf < KUi, 

r — 1 
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Writing H equal to the greater of | ^ | and | A" | it follows that 
n P 

Z* < Huy, where Z < H, p = i, 2, . n. 

r = I K I 

7 - 62 . Abel’s Test 

This is a comparison test for a series whtc/t need not converge 
absolutely. Let Za„ be a convergent series, a monotonic 
sequence such that \Vn\ <k, a fixed positive constant, for all n. 
Then E a^v^ converges. 

Since {t^n} is a bounded monotonic sequence, lim. exists 

n -> CO 

(Chap. I., § 1*23). Let the limit be denoted by v. Then if {v„} is 
monotonic increasing, write — v — Vn, wliilc if {v„} is monotonic 
decreasing write = v^ — v. In each case is a sequence 
of terms such that ?(„ > for all n. Further, lim. = 0. 

n • > 00 

Now E a^Vn E a^ (v - u„) or = Z^r„ (w^ v) according 
as {i^n} is monotonic increasing or decreasing. Also 
Z a„v — vEa^, 

which is convergent since Ea^ is convergent. Thus in both cases 
it is sufficient to consider the convergence of the series Z a„w„. 

To prove that this series is convergent it is sufficient to show 
that there exists an integer v (c) such that the partial sum 

V + p 

E a^Un < c, 

n — v + I 

where p is any positive integer. (Chap. I.. § 1-32.) 

Let H denote the greatest of the sums 

V I- m 

E , m I, 2, 3, . . . p. 

« — V + I 

Then from Abel’s lemma, 

V P 

E af^UJ^ <C tiuv^i iluy 

n — V ■( I 

Now let € be any positive number. Then there exists an integer 
■ depending on € such that 
vT p 

S a„ < t/M,. 

n — V I 

for every positive integer p. 
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v-\'p 

Hence H < c/Wi, i.e. Hu^ < €. Thus E < c, 

n ^ V \ 

for every positive integer p and the result follows. 


77. Dirichlet’s Test 

If the series E converges or oscillates between finite limits, and 
{«„} is a monotonic decreasing sequence which .tends to zero as n tends 
to infinity, then the series Ea^Un converges. 

Since E Un always lies between finite limits there exists a 
constant H such that 

V \ p 

E a, <H, 

ri V y ^ 

for all jx)sitive integral values of v and p. 

v + p 

From Abel’s lemma it follows that E 0^11^ < 

n V 4 I 

Since lim.* = 0, there exists a positive integer v depend- 

M -> 00 

ing on the arbitrary positive number e such that 

V \-p 

E «„//,, < €, 

n — V I 

for every positive integer p. Thus the series E a„ic„' converges. 

00 

Examples.— (i) Consider the series £ {— 1)”"^ The sum oscillates 

w ^ I 

between i and o. Hence if u„ denote any monotonic sequence of numbers 

(X) 

which tend to zero as a limit the series 2 ^ (- converge.s. (Com- 

n — I 

pare § 7-5.) 


{2) Consider the series 2 ' u„ cos n 0 , 
decreasing sequence such that lim. «„ 

w -> 00 


provided 


I'-f /> 

2 cos n 0 , 


w — V -f I 


2 sin n 9 . where is a monotonic 
" o. Then both series will converge 

M f/> 

2 sin n 0 
n - V + I 


are finite values for all values of p. 


Consider the first sum and denote it by p. Then 


v-^-p 

2 2 sin J 0 cos M 0 

« = V 1 


2 p sin ^0 
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v-{- p 

- Z {sin (n + - sin (« - i)6/} 

« — V + 1 

{sin {v + l)d - sin {v -}- 
+ {sin („ + - sin {i> }- 3)^} |. . . . 


j {sin {v p I i)6> - sin {v p - 

- sin {i> + p t- i)0 - sin (k + 

- 2 cos {v + i (/) I i))^.sin ip&. 

0 

Hence p =: cos {v + J (/> |- \)}0.iiin cosec },d. 

V j- P 

Similarly, Z sin nQ — sin {v J {p -f i))d.sin ipO. cosec ^0. 
n ^ j/ -j- I 

Now these sums are bounded provided cosec is bounded, i.e. $ is not o 
or a multiple of 2it. Since the sine and cosine cannot exceed unity, d being 
real, it follows that 


V + P 


u-\-p 

Z cos n d 

, 

Z sin«^ 

n -- i' + I 


n — y !• I 


cannot exceed | coscc |. Hence if 0 > o or zm-ir, ni being an integer, the 
series Zu^cosnS, Zu„ sin nd are both convergent. 

When 6 - o or intrr the first series becomes Z u„, so that convergence 
will depend on the form of The second series becomes o -|- o + o t . • • 
wliich converges to zero. 

In particular, it follows that the .series Z ^ cosnd, Z ^ sin nd are both 

n n 

convergent for all values of d, with the exception that the first scries diverges 
when d ^ o or a multiple of 2n. 

(3) Prove that the series z\osnd. z\iiind are never absolutely 
convergent except in one special case. 

Consider the first series. In order to discuss absolute convergence it is 
necessary to take the series Z ^ | cosnd j. 

Now I cos nd I > cos^nd ^ J (i + co.s 2nd). 

Let s- denote the sum to p terms of the series Z ^ I cos nd\. Then 

^ * (r | co9 2w61) 

« - I 

Pi t i 

h Z ^\'Z cos 2 n d. 

- T ” H — T 
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I 

Now the series £ cos 2nd converges for all values of 6. except 


6 ~ o of a multiple of n. Hence with these exceptions 

I < K, 


P I 

£ - cos inB 


for all values of p, where K is a fixed positive constant. Thus 

P I 

s, > i 2; ' - A-. 


But as p > 00 , £ 


00 . Hence ->■ 00 as /> -v co. 


If 0 =:: o or a multiple of it the series £^ \ cos nd \ becomes £^^ which 

is divergent. Thus £ ^ | cos n 6 \ diverges for all values of 6, i.e. £ * cos ti 6 
is never absolutely convergent. 

The seiies 27 -j .sin nd \ may lie discussed in a similar way. But when 

d ~ 0 or a multiple of it, the scries 27 | sin | becomes 0 -f 0 + o -f • • • 

which converges to the sum zero. Hence the sine series is never absolutely 
convergent except in the trivial case in which d — o or a multiple of n. 


7 - 8 . Uniform Convergence 

In Chapter IV., the fundamental ideas on uniform convergence 
have been introduced. We now consider further tests for uniform 
convergence which are more delicate than the M-test considered in 
Chap. IV., § 4-33. This test requires the series to be absolutely 
convergent, a property which need not be satisfied in the case of 
the tests considered in §§ 7-81, 7*82. 

We first introduce the notion of a function tending to a limit 
uniformly. Let fn{x) be a function of the variable x and suppose 
that for each value of x in the range a <,x <,b, fj^x) -> / [x) as 
M -> 00. Then Jn{x) tends to / (ac) uniformly in the interval 
a <x \i corresponding to the arbitrary positive c, there exists 
a number «o, depending on e but independent of x such that 

l/nW -/(*) I <«. « >«0- 

The point to be observed is that the fixed number Hq is to be 
the same for all values of x in the interval. 
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7-81. Abel’s Test for Uniform Convergence 

00 

Let S Unix) be a series xvhich converges uniformly in the 

n — i 

interval a <,x Kb. Suppose also that for each x in (a, b), u^ix) is 
a positive monotonic decreasing function of n and that uf^x) <k, 
for all X in {a, b) , where k is fixed number. Then the series Sa^ix) uj,x) 
converges uniformly in (a, b). 

Since T^a^{x) converges uniformly there exists an integer v 
independent of x such that 


v\p 

r 

n V 


lor every positive integer p. 


ajx) 


€lk, 


From Abel’s lemma it follows that 


v-\-p 


a„{x) u„(x) 




U^{x) . cjk < €. 


Since V is independent of x, it follows that T a^ix) u^ix) con- 
\’erges uniformly in [a, b). 

Note I, — In this test 2 a^ix) need not converge absolutely. If it 
did the result would follow immediately from the M-test. 

Note 2. — The most important cases occur when either a^ix) 
or Un{x) is independent of x. 


Examples. — (i) Consider the series 

£ (-^ i)-x»lnr>{i p > o. o < x < i. 

n — I 
00 

The series £ (— !)"/«»' converges absolutely for /> > i. In this 

M — I 

case we can deduce uniform convergence from the M-test. 

For it 0 < < I, o < < i, so that x*^l[\ + x^) < i. Hence 

1 (— i)’»4r"/M»'(i + I < i/w", and the result follows. 

For o<p< 1, the series £{ - i )"/>!*’ is only conditionally convergent. 
But £ (•- !)"/«»’ converges uniformly respect to x since its terms are indepen- 
dent of X. Thus the given series will be uniformly convergent if (i) for each x 
in o < ;r < I, ;r"/(i -f x**) is a positive monotonic decreasing function 
of n: (ii) xl(i x) <k, where ^ is a fixed number. 

The condition (ii) is obviously satisfied, for we can take ^ = i. Further. 
A"/! I 4- ^") is never negative in (o, i). 

It remains to show that the function is a monotonic decreasing function 
of n. Now 

Af" _ X”{l - x) ^ ^ n -- r ^ I 

Hm** T- Ar"+' “■ (i + x^) (i -H Ar’'+‘) ^ 

since each factor is positive. Thus the function steadily decreases as n increases. 
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(2) Prove that if Su„ converges, then f{x) — Zu^^n-* is a continuous 
function of x, for positive values of x. 

Since is independent of x the series Zu^ converges uniformly with 
respect to x. 

Nextconsider the function n~*, where at > o. It is positive and decreases 
as n increases. Hence Zu^n~* converges uniformly for x > o. 

Thus the sum function / (;r) is continuous for ;r > o. (Chap. IV., § 4-4.) 

7*82. Dirichlet’s Test for Uniform Convergence 

Lei (i) Ean(x) be a series which oscillates finitely', (ii) for each x 
in (a, b), Unix) be a positive monotonic decreasing function of «; 
(iii) Unix) tend to zero uniformly for a <,x <,b, asn tends to infinity. 
Then the series E a^ix) u^ix) converges uniformly in (a, b). 

Since E a^fx) oscillates finitely there exists a fixed number ^ 
such that 

V^p 

E a„{x) 

n — V I 

for every positive integral value of v and p. 

Since w„(.r) 0 uniformly, wc can find a number v independent 

of x such that Uv{x) < ejk. 

From Abel’s lemma it follows that 

V +p 

E 

n — V ' I 

the same v serving for all values of x in the interval. Thus the 
series Ean(x) u^ix) converges uniformly in (a, b). 

Example. — Prove that the series Zn-^sinnO has the following properties '. 

(i) converges uniformly for all real d if p > i ’, 

(ii) is not mtiformly convergent in any interval containing d — o if p i. 

(iii) is uniformly convergent for all d such that 

O < 8 < 0 < 2.7r — 8, if p > 0. 

Dirichlet’s test (§ 77, Ex. 2), shows that the series converges if p > o. 

(i) p > I. 1 n"** sin I < n■’^ all real 0 . Since Zn'*’ converges, 
uniform convergence follows from the Af-test. 

(ii) p < I. If the series converges uniformly then corresponding to • 
there exists a number v, independent of 0 , such that 

v-V'q 

Z n->sinM0 < e, 

w = V 4 - I 

for every positive integer of q. This inequality is to be true for all 0 . 
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Write 6 =“ so that nd — nvj^v. Using the inequality 
sill <f> ^ 2 ^(lt, o ^ ^ -^TT, 

it follows that 

sin nB > nfzv provided nB < i.e. n <, zv. 

Writing q = v, we have 

V I q 2v 2v 

2’ M-Psinn^ > 21 n~»^^l2v> £ ijzv, since p < i. 

« 1; + I w i» -f 1 n — i» 4 I 

= I. 

Since c is arbitrary this contradicts the original inequality. 

As V tends to infinity the valuQ B — -nlpf tends to zero. Hence the series 
is not uniformly convergent in any interval which contains B ~ o. 


(iii) To obtain this result wc use Dirichlct's test for uniform convergence. 

V f P 

21 sin nB = sin {w + l{p 4- i)} 0 .sin ^pB. coaec ^B. (§ 77, Ex, 2.) 

If V 4- I 


Jdeilce 


i+P 

n = V I 


sin nB 


coscc 


Further, if p > o, n ^ is positive, a monotonic decreasing function of 
n which tends to zero uniformly for all values of 6 (for n'*J’ is independent of B). 
Hence r«"’’.sin nB converges uniformly in the interval 


0 < 8 < ;r < 27 r — 8. 


7 * 9 . Infinite Products 

Let a^, a^, a^, . . . a,^, . . , denote a sequence of real numbers, 
all of which are different from zero, and consider the product 

n 

P„ = n a,. 

r ^ j 

If Pn ^ P different from zero, as « -> 00, then the 

infinite product 

00 

.. .to CO — n 
n — 1 

is said to converge to the value P. That is 

n 

P = lim. P„ = lim. H 

M->-oo n->-oo r— I 

If P~> CO or to — 00 or to 0 the infinite product is said to 
diverge. If P^ oscillates as m -> 00 the infinite product is said 
to oscillate. 

To say that an infinite product diverges to zero is a matter of 
convention. It is introduced in order to obtain a close parallelism 
between infinite series and infinite products. Thus, suppose > 0 
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for all values of n and that converges to P. Then adopting the 
convention of divergence to zero it is easily seen that the infinite 
product II and the infinite series E log behave in the same way, 
i.e. they both converge, both diverge or both oscillate. 

n 

For log = E log a^- Hence if -> P different from 

y = I 00 

zero, log P„ “> log P which is finite, i.e. E log is finite. 

r = I 

Again, if the infinite product diverges, i.e. tends to d: oo or o, 
log Pn ± 00 , since log o — — oo> 

Weierstrass’ Inequalities. — T he following inequalities (i) 
and (ii) are of importance in connection with the theory of infinite 
products. Let denote the sum of the n numbers iq, u.^, . . . u„, 
each of which is positive and less than unity. Then • 

(•) I < n (I _ < I/(I +s„), . 

r - i 

(ii) I + s„ < 11 (i + u,) < 1/(1 - s„), 

f — I 

where in (ii) s^ < i. 

Now (i — /q) (i -- Wg) - I — (iq -1- i- /q?/jj > I - (Wj -f iq), 
and since (i - iq) > o, 

(l - «i) (I - Hj) (i - u,) > {i - (k, + U^)) (I - II,) 

> I - («1 + «2 + Ih)- 

n n 

Proceeding in this way we obtain H (i — Uj.) > i - E ?q. 

r I f - I 

In the same way it may be proved that 

II (i -f uf) >1-1- l: u,. 
r = I r : i 

Again i — /q ^ ■ (i — /q^)/(i + u,) < i/{i d- /q), o < iq < i. 

n I n n 

Hence H (i - uf) < i / H (i -j- Wr) < i/(i -f ^ 

r ^ \ I r I r — I 

Finally i -f — (i — «r*)/(i ' o < iq < i- 

n j n n 

Hence H (i -f iq) < i / H (i — ?q) < i/(i — E Ur), 

r — i /r=i r ~ i 

n 


provided i - E iq > o. 
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In discussing infinite products it is convenient to write each factor 
in the form i -f Uf. Further, we may assume without loss of 
generality that | «^ | <1. For it is clear that if an infinite product 
is to converge there can only be a finite number of factors which 
are numerically greater than two. Further, a finite number of 
factors can be suppressed without affecting convergence. 

The most important cases occur when the us all have the same 
sign. Thus it is convenient to distinguish two forms 11 (i — 

11 (i + u„) where 0 < u„ < i lor all values of n. 

7 - 91 . Relations between and 11 (i ± «„) 

If {«n} denote a sequence of numbers such that 0 Un < I 
then the convergence of the series ^Un is necessary and sufficient 
for the convergence of the infinite products IT (1 -f «n), 
n (/ - «n). 

(i) The condition is sufficient. Suppose that H converges. 
T hen there exists a number m such that H «n < ^ • Since the 

« — m 

omission of a finite number of terms will not affect convergence we 
may suppose without loss of generality that the sum s of the series 
Etin is less than unity. 

Write - (I + Hi) (.1 -I- ».) ... (1 f f^n), 

Qn (I - «l) (I - •••(!- Wj. 

Then if .s„ denote the sum of the first n terms of 11^, 

1 \ < 1/(1 - .s j < 1/(1 s), since s,, < s c. i, 

(>„ > I - > I “ (§ 7'9-) 

Since ™ (i -|- > Tn it follows that is a 

monotonic increasing function of n which is bounded above by 
t/(i - s). Hence lim. exists and is positive. . Thus the 

M ->■ 00 

infinite product ll (i -f w„) converges. 

Again - (r - (?„ < Hence is a monotonic 

decreasing function of n which is bounded below by i — s. Thus 
lim. exists and is positive, i.e. the infinite product 11 (i 
>i 00 

converges to positive value. 

Thus the convergence of 2* Wn ts sufficient to ensure the conver- 
gence of the two infinite products. 


T. A., II. 


15 
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. (ii) The condition is necessary. In order to prove this we 
assume that 27 diverges and deduce that under this condition 
the two infinite products must diverge. 

Now > I -h (§ 7-9.) Since 

s„ ^ 00 as n-y CO, 00 as m -> 00, 

i.e. the infinite product diverges to 00. 

Again < 1/(1 + s„). (§ 7-9.) Hence -> o as n 

i.e. the infinite product diverges to zero. 

J 

Examples. (1) Prove that 

(i) (i + i) (‘ f i) (I + t) . . . Qo; (ii) (i - J) (i - J) {t o. 

Since U.iln diverges these results follow immediately from the preceding 
theorem. In these cases it is easy to see the actual form of P,» and Q^. 

p. - (I + 1) (> + })(■ + })••(> + -j ,) 

= I’a'j ■ • = i (» + 2) -► «> as »->■ CO. 

0. = ! ■ I • 3 ■ ■ „ " 7 - </(» + I) -<■ 0 as CO, 


(2) Prove that infinile product ( i — 71) ( ' ~ j«) ( ' ~ 4>) ’ ' ' j 

to the value J. 

Since Pi/m* converges it follows that II (i - i/n*) converges to a 
positive value. 

Let Qn-i denote the product of the first (n — i) factors. Then 

e.-, (.-i) 

* = (I - J) (I I- i)(« - i)(i + - + n) 

n + : 


n — I n -f 


i- 


Hence 


lim. - I 

n " > 00 


7 92 . The Order of the Factors 

It is easy to see from first principles that if o < < i the 

values of the infinite products 

p = II (i + u„), Q= n (I - uj 

n I « » I 

are independent of the order of the factors. 
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Since Pn is monotonic increasing, there exists a number v 
depending on the arbitrary positive number c such that 

P > > P — e all « > y. 

Let Fm product of the first m factors in any rearrange- 
ment. Then there exists a number N such that Pn contains all 
the factors of P„. Hence \i m > N 

P > Fm > Pn > P -- (■ 

Thus P\ ~> P as w -> 00. 

Similarly for the infinite product Q. 

7-93. Absolute Convergence 

Let {w„} denote a sequence of real numbers such that 
I “ < I- ih^n the infinite product 

P^^-. n (i-i-uj . 

n — I 

is said to converge absolutely if the infinite product 

00 

H (i -f converges, 
n = I 

00 

Now we know that H (i aj will converge if and only 
n == I 

if P a^, i.e. \ converges. Hence a necessary and sufficient 

condition that H (i -f should converge absolutely is thai 
Eun converge absolutely. 

7*94. The General Principle of Convergence 

In the case of infinite products this principle may be stated as 
follows: Let c he an arbitrary positive number. Then there exists 
a positive integer Wq such that for all n > Uq and for every positive 
integer p 



Using this principle it is ea.sily seen that absolute convergence 
implies convergence. 

Using the notation of § 7*93 it follows that if the infinite 
product n (i -f converges, then there exists a number n^ such 
that for all n>n^ 

« < (I + (I + «„^2) ... (1+ ««+p) - i< e, - I. 2, 3, . . . 
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Now I (I + (l + «,+») I / 

/ SUrU, + SiWt, +.../, 

on expanding the factors, 

< I S I + I ^ / -f- • • • 

I ~h I tfr I % I I h ■ • • 

T TJ a at H • • • 

-- (l F ^n+l) I' ^^nh2) I" ' ‘ F ^fii-p) ” ^ 

< €. 

Thus n (i l-uj converges* 

7‘95. Rearrangement of the Factors 

// //le infinite product P ™ II (i + u„) converges absolutely and 
if the factors are rearranged in any way, the resulting infinite product 
is absolutely convergent and converges to the value P. 

Consider the infinite product () = n (i h v„), which is obtained 
by a rearrangement of the factors of P, so that Uf -- Vg, for some 
integral value of r and s. Since P converges absolutely so docs 
EUn> But Ev^ is a rearrangement of E u„. Thus Ev^ converges 
absolutely and hence Q is absolutely convergent. 

It is now necessary to show that P - Q. Write 

Pn -- (l T ^r). 

r - \ y ~ 1 

Then corresponding to any positive integral value n there exists 
an integer N such that all the factors of are included in ^n- 
Hence Q^jP^ (i + «/>) (i + ««) • • • (i -f- 
where p, q, . . . t are all greater than «. 

Now let n -> oo, so that N -> oo. Then from the general 
principle of convergence applied to P it follows that 

I (I + « J (I + n ,) . . . (I + «.) - I I 0, i.e. -> I. 

But (;n -> Q, Pn ”> P SO that P = 

It is easy to see by an example that a rearrangement of the order 
of the factors of an infinite product which does not converge abso- 
lutely may alter the value of the infinite product. Write 
P ^ (I ~ i) (I + J) (r - J) (I + 1) (I - i) . . . . 

where Q is obtained frojn P by taking two negative signs followed 
by one positive positive sign in the factors. 
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Then P — 2« — i 

/> =, .1 4 J 0 » - I 2n -i- 2 

M •If-'' ■ ■ ■ 2» -- r 2n ZM + I 

2« + 2 

^ = A r A as « -► 00. 

2n + I 

Hence P = J. 

Again -= Pjn .A, where 

Now from § 7-9. i - /i„ < A„ < 1/(1 + /li„) where 


_ I I I _ I 

2« + 2 ' 2 « I- 4 ^ 4« ~ + I 2r’ 

Now — = n 4- I, n 4-2,. . , , 2«. 
2« + 2 2r 4W T , . . , 4 ^ 

n 


Hence 


2n 4- ; 


E - > -, 
' - « + I 2 r 4 « 


i.e. i > > i. 

It follows that J < Q^njPin < i- 

Writing Pj„ =-- we see that i <, (Ij, ■ 8/5. 

Hence lim. cannot be equal to P which is J. 

n -> 00 

Thus the rearrangement of the factors has altered the value of 
the infinite product. 


7 * 96 . Infinite Products with Positive or Negative 

Theorem. — If E is convergent then the infinite product 
+ w„) converges if E converges, diverges to oo if E u„ 
diverges to oo, diverges to 0 if E u„ diverges to — oo and oscillates 
if E w„ oscillates. 

The w's may have positive or negative values, but we may 
suppose without loss of generality that | «„ | < i. 

It has been proved in Chapter V., §5*51 that 

0 cr ~ log (i 4 - a;) < \x^, 0 <x <1, and 

O <X — log (l 4- Af) < 4- Af), — I < Af < 0. 
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Now log P„ = log (!+«,)+ log (I +«,) + ... + log (l + «„) 

, = ^ log (I + «,). 

r 1 

Hence the infinite product P and the infinite series Z log (i + 
both converge, both diverge or both oscillate. 

Tx*t A be the least value of the numbers 

I. T -f Wj, I -j- 7 / 2 . . • . I T • • • 

Then applying the above inequalities 

0 < «n + -f- • • . + «fi+p 

“ H {(I f- (I + «n+l) ..•(!+ «n+p)} 

< i {i^n *+■ -f . . . + W*n+i»)/^- 

Since Zu^^ converges, there exists an integer Hq, such that 

n p 

for all n > Hq, Z ig* < 2 Ac, where c is an arbitrary positive 

r -- n 

number. Thus 

n+p f n+p 

o < i: u, - log n (i + «,) 

r — n I r~ n 

and the theorem is proved. 



Examples. — (i) Prove that the infinite product II | ,-5 

absolutely convergent for all real values of x. 

The infinite product will converge absolutely if the series 


00 

E 

n — I 




converges absolutely. 


Now 


(' + «V 




Comparison with the series En-* shows that the series 

r 

converges absolutely provided x is finite. Thus the infinite product converges 
absolutely for all finite values of x. 
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The Gamma-function r(^) has been defined by Weierstrass by 
means of this infinite product. Thus if y denote Euler’s constant, i.e. 


Y = lim. - log n\ 

i by the equation 


then the Gamma-function is defined by the equation 

j y.v 00 

It will be observed that if;r = o or a negative integer one factor of the 
product becomes zero, i.e. for such a value of x, T (;r) is infinite. 


(2) Prove that unless x is a negative integer 

„‘T'co iJTi) (jr+"^) . . . 

The limit can be written as the infinite product 


is finite. 


TM .« » -I - (■ + (1 - 

Thus the infinite product will be absolutely convergent provided 

Z ^ ^ («*>)} i^t’solutely convergent. 

Comparison with the series En'^ shows that this is the case. 

When ;r is a negative integer the expression does not exist because one of 
the factors in the denominator vanishes. 

Note . — The limit considered above may be expressed in terms of the 
Gamma-function. 

n*.n ! 


Write F (;r) = lim, 


1IF{X): 


lim. 

M -► CO 


{x 1) {x^- 2) . . .{X -f «)’ 


Then 


— lim. 
w 00 


Urn. [{(I + *)«-) {(I + ■ *) ... 

— ^ 00 ^ 



232 


Further Theorems on Convergence 


- r Urn. {(I +Ar), ■) {(I + 


X 1 lim. 

i . . . -f -“log J 

^ M CO 

provided the limits exist. 


Now the first limit is the infinite product 

JI ( I H — ]e ” which 
n ■» 1 ' ^ ' 

converges absolutely for all finite values of x. 


The second limit is e^^, where y is Euler's constant. 

ao 1 

x\ • 

Hence = 11 (1 


n == I ^ 


00 / ■ 


Since i/r W = + » K” 

xlF{x) = i/r(;r), i.e. T (^) = 

F {x)lx. 


«*.« ! 

x (x + 2) . . . {X + «)* 


(3) Discuss the convergence of the infinite product 



The infinite product may be written in the form 



The series £ ---i ^ £ \ which is absolutely convergent. Thus 

the infinite product converges absolutely for all finite values of x. It may be 
proved by trigonometry that the product converges to {sin x) lx. 

Again the infinite product may be written in the form 

When written in this form the corresponding series is 

This series is not absolutely convergent for 

1 + I + i + H- 5 + • • • 

is divergent, as ia seen by comparison with £ i/w. 

Thus the infinite product when written in the second form it no longer 
absolutely convergent and Its value may be altered by a rearrangement of 
the order of the factors. 
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The infinite product can. however, be made absolutely convergent again 
by introducing factors. Thus 

The general term of the product now has one of the forms 


IT 


nfr/ 


- 1 + 0 




(See Ex. i.) 


Since r (i/w») is absolutely convergent, the infinite product is absolutely 
convergent, so the value of the function cannot now be altered by a rearrange- 
ment of the order of the factors. 


EXERCISES VII 

1. Prove that if > o and converges, then Sujn also 

converges. 

2. If {m„} is a monotonic decreasing function which tends to zero and 
Su„ converges, prove that I^n{u^ ~ Un^,l) also converges. 


3. Prove that if is a positive monotonic decreasing function of n the 
condition -► 0 as « -> 00 is necessary for the convergence of Eu^. 

4. Prove that if u„ > o, > o and Eu„* and are convergent, 

so also is EUnV„. 

5. Discuss the convergence of the series whose nth terms are 

(i) {2 -p n)/(2 4- «*). (ii) (iii) (logw)-»‘, (iv) n 

6. Test the convergence of the series E a^, where is given by the 
following expressions : 

(i) (i -f n•)-^ (ii) (i + n)/(i -f n*), (iii) i/{n (logw)*’}. 

[M.T.] 


7. Discuss the convergence of the series whose nth terms are 


(i) 


7SV(« + i)’ 


where a is real. 

[M.r.] 


8. Determine whether the following series is convergent or divergent: 
2 . 4 . 6 . 8 


I 4 - i« ^ I + 2* ^ I + 3* ^ 1 + 4« 


4 " ... 


[Madras, B.Sc.] 


9. Discuss the convergence of the series * 

1 , X , X* , 

-T- + —7- 4 * -7- 4- . . . to 00. 
Vi ^ Vi 


[Madras, B.Sc,] 
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00 

10. Test for convergence the series 2 ’ 

n — 

number. 



where x is any real 


[Madras, B.A.] 


Prove that the series 


II II .13 II .13.15 , 

H f- ‘ -i ^ o ' . . . IS con- 

14.16 14.16.1S 


(1 -f u) (1 +J) , I 

1.2:3 


vergcnt. 

12. In two series of positive terms, if the ratio of corresponding terms 
tends to a limit other than zero, show that the series will both be con- 
vergent, or both be divergent. Discuss the convcrgcncy of 

a) (2 + 6) ^ 

2.34 

/« 1 /,\ /m _l. i,\ 

ad inf. 

[Madras, B.Sc.] 

13. Discuss the convergence of the series 

a f I (a T +!),(«+ 0 { 2(1 -f ») (3« tJ) 4 , 

' 6 + I (0'+ I) {2b + 1) (6 I- 1) {2b -f 1) (36 + 1) • 

where a and b are positive. 


(« -I a) {n T b) 

i)(« f 2) ■ 


14. Discuss the convergence of the series whose wth term is 
{a{a + i) (a -I- 2) ... (a -f- w)}/w ! 

where a is real and (i) m — n, (ii) m is the greatest integer whose square is 
less than n. 


1 5. Prove that the scries whose iitli term is 

a (a T ■ (a \- n — l) . P {P f- l) . . . {P -f H ^ Q 

y (y T 1) • ■ • (y l w - 1) .8 (S 1- i) . . . (8 -f w — i) 
converges if y [- 8 - a - p > i. 

16. Discuss the convergence of the .series whose wth term is 

{- I)" (log w)V«. 

17. Show that, if m,,, Kj, form a diminishing sequence of 

positive numbers, and tends to zero as w tends to infinity, the series 

00 

2 {— i)"u„ is convergent. 

n — o 

State carefully, giving a proof, the corresponding result when tends 
to a positive limit u. 

^ It i i 

Discuss the series 2 (- i)" {(w* -} 2)* ” (w“ + i)*}- 

n = o [Lond. D.Sc.] 

18. Show that for a certain range of real values of x the two series 



(I - ^) -f- 1(1 " + M* - + • • • • 

represent the same function, and determine that range. [Lond. B.Sc.] 
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19. Prove that if o < < f , the series 

1 + (2jr cos 0 — x^) H {'2X cos 6 — ;r*)* -f (zx cos 9 — | . . , 

can be arranged in powers of x, without altering its valua. 


P 

E 

f 2 


I ^ log 

r log V ' 2 log 2 


[Camh. 5cA.] 


21. Prove that 




< 4 IT. 


n 

22. If ^ («) — E i/(2r — i) prove that 

Y - I 

^ («) ^ i log n f- log 2 + i y. 
where y denotes Euler’s constant. 

23. By comparison with the corresponding integral prove that the series 


00 

E tin {n 4- i) converges and that its sum lies between log 2 aiul J 4- log 2. 

» — I 

Verify this result by finding the precise sum of the series. 

24. Prove that if Eu^ is a convergent series, then EunX"l{i + a®") 
converges uniformly in 0 <, x < i. 

25. Show that tends to zero uniformly for all positive values of x, 


as « > on. 


26. Prove that if « is a positive integer 

I — 2r*" > 2MA" (r — x), o < X < I, 

Deduce that E ^ converges uniformly for o <, x < i. 

(log«)* (I - A'*) 

27. Prove that 

lim. (l + 4 )(l-l)(l+ 4 )(l- 4 )...(l± 

M 00 

28. Prove that if | a | < i , 

(I + (I + (I + ^‘) (I + at*) 1/(1 - A). 

29. Prove that if | a | < i, the infinite prorluct II |i - |. 

is absolutely convergent. 

^ sinAT A A A 

30. Show that — = cos .cos ^ .cos . . . to 00. 

j A 2 2 ’ 2 * 


31. Prove that IT 4 ” converges absolutely for any value of 

A, provided c is not a negative integer. 



CHAPTER VIll 
COMPLEX NUMBERS 


A COMPLEX number has been defined to be an expression of the 
form X -f fy where x and y are real and i = V — i. Thus 
a complex number is the sum or difference of a real and 
purely imaginary number. It has been shown in Vol. L, Chapter 
II., § 2*9 that the necessary and sufficient condition that two 
complex numbers be equal is that the real and purely imaginary 
parts are separately equal. The process of equating correspond- 
ing parts is called equating real and imaginary parts. 


8T. Fundamental Laws 

We now consider the elementary operations of algebra as 
applied to complex numbers. 

Let -f iyi, = X2 f- iy^, where x^, X2, yi, yt are real, 

be two complex numbers. Then the fundamental laws are as follows : 

Zi -|- Z2^- x^ X2 -f- i (Vi ^ y^, (addition). 

~ ^2 I f (yi ^2). (subtraction). ’ 

Z2 Xj X2 - yiyz 4- i (xiyz 4- (multiplication). 


h__ XiXi 4 - 4,42 ^ - x.j\ ~jc^yj 


- ■' 
42 


’ 4- 42 


(divisiofi). 


These laws are consistent with the ordinary laws of algebraic 
manipulation. Thus in the case of multiplication: 

hh = (*i + »>i) + %) = *1 (*a + *>a) -f' (h + ^yt) ' 

= *1*, + = V, - + i (*,y, + 


Again, in the case of division: 

b .■Lyii = (^1 + »>i) fa - »>t) 

^8 *8 + iyi (*a + %) (*a - iyi) 

= Vi_+ yiVi 

*8* - «V 

i e = ^1^8 + y> yi + 8 (x,yt - ;tiya) 

' ■ *« '^a'+ya* V+ya* 

It will be seen that we operate with complex numbers in precisely 
the same way as we do with real numbers. The quantity i is treated 
236 
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as if it were an ordinary number and every time its square occurs we 
replace it by the real number — i. 

Thus, e.g. if we require the cube of the complex number (x -f- iy) 
we obtain in the usual way 

[x f iy)^ x^ -f 3^2. ty -}- ^x.i'^y^ 4- t’y 

- — 3^y^ — iy^ 

== - ^xy^ 4- i {^x^y ~ y^). 

The new number so obtained in another complex number. 

8T1. Conjugate Numbers 

Two complex numbers which have the form x ~\- iy, x — iy 
are said to be conjugate. Their real part is the same, but the purely 
imaginary parts differ in sign. It is easily seen that (i) the sum and 
product of two conjugate numbers is real, and (ii) conversely if the sum 
and product of two complex numbers are both real then the numbers 
must he conjugate. 

(i) Let the conjugate numbers be x -{-iy, x — iy. Then 

(x + iy) -I- (* iy) = 2x, 

(x 4- iy) {x — iy) — x^ — i^y^ = a;* 4- y^- 
Both 2 x and^^4“y are real. 

(ii) Let the two numbers be x^ 4- iy^, x^ 4- iy^. Then 

(*i + *>i) + (*2 + *>2) =*,+*, + » {y, + y,) 
iy^ “ 1 “ *^2) " ^1^2 yiy% * (^1^2 ^2.^1)* 

Since both the sum and product are real, we have 

yi -f yz ^ 0. and Xiy^ = o; y^ ^ - y^. 

Substitution in the second equation gives y^ ( — x^ 4- Xg) = o. 
Hence either yi = o or Xy=^ x^. 

In the former case the numbers are real, so that this case is 
excluded. Hence the numbers are conjugate. 

It follows from the definition of conjugate numbers that if two 
complex numbers and are equal, their conjugates are also equal. 
Thus if 7^ denote the conjugates of Zj and z^ respectively, then 
= Z 2 implies z^ = z^. For if Zj = 4- ty„ z^ x^ 4 - iy^ and 

Zi = Z 2 then 

Xi = Xg, =x 

so that x^ — ryi — x^ — iy^. 

This simple result will be found to be of great help in determining 
the real and imaginary parts of a function of a complex variable. 
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In order to convert an expression of the form (x^ -f fyi )/(^2 + 
into the form u + iv where u and v are real we make use of the 
fact that the product of two conjugate numbers is real. For if 
we multiply the numerator and denominator by X 2 — iy^, which 
is the conjugate of x^ -h iy 2 , we obtain in the denominator the 
real quantity X 2 ^ 

Examplt.-- Express 2/(4 + 31) in the form u iv. 

Multiplying numerator and denominator by 4 — 3*. 

_ L _ ^ (1- 30 _ L~ ^ ■ 

4 + 3 * 4 * - 3 *f* U> I 9 “ 25 ~ 25 * 

8*12. Alternative Form for a Complex Number 

Consider the complex number z — x iy and let r, 9 be two 
real quantities defined by 

X ^ r cos 9, y — r sin 9. 

Then z ~ r (cos 9 -\- i sin 9). 

Squaring and adding the corresponding sides of the equations 
for X and y, 

y^ = (cos^9 -f sin^^) = r*, i.e. r — ± '^(x^ -f y*). 

Again by division, tan 9 = yjx; 9 = tan"\y/Af. 

In order to make r unique it is taken to be the positive square 
root of 4 - y* 

It is now necessary to choose 9 so that cos 9 — x/r, sin 9 = yjr. 
If wc restrict 9 so that — tt < 0 < tt, there is one and only one 
angle defined by these equations. This angle is called the principal 
value. Since cos (0 -f 2n7r) = cos 9, sin -f 2n7T) — sin 9, where 
n is a positive or negative integer it is clear that there are an infinite 
number of angles satisfying the equations 

cos 9 xl\/(x^ -f y), sin 9 ~ yly/{x^ +y)- 

The principal value is the simplest value and the other values only 
differ from it by multiples of 2 tt. 

The real number r is defined to be the modulus ; and the number 
9 the amplitude -of z. Thus 

y I 2 I = -f y*) 9 — amp. z 

In general, when speaking about the amplitude of a complex 
number, the principal value will be intended unless otherwise 
stated. 

Thus, e.g. I 12 + 5» I = \/(i2* 4- 5*) = i3- 
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If e denote the principal value of the amplitude 
cos d = 12/13. sin d = 5/13. 

If a denote the acute angle sin-* 5/13, then amp. (12 -f 51) = a. 

If we do not restrict the angle to be the principal value then 
amp. (12 -h 5t) =:= a + 2n7r. 


813. Properties of the Modulus of a Complex Number 

(i) Let 2: be a complex number, z its conjugate. Then 
zz = (x iy) (x - iy) ^ x^ h .V* - | 2 |* = | i |2. 

Hence a complex number and its conjugate have the same modulus, 
the value of the modulus being the square root of their product. 


(ii) If z ~ then | 2 | - o and conversely. This follows 
immediately from the fact that x iy 0 implies x = 0, y = 0. 

(iii) If Zi and are two complex numbers, then 

I hh I -- \h \ X \h \ 

I ^2 U2 1 

Write Zi == r^ (cos 6 ^ + i sin 6 ^), z^ r^ (cos 6 , -f i sin 0 ^). 
Then z^z^ -= r^r^ {(cos ( 9 i cos - sin $1 sin 9 ^) 

d i (cos sin 9 .^ d- cos 9 ^ sin 
-- r^r^ {cos (6>i + 9 ^) i sin (l 9 , -f 9 ^)}. 

\h\=rv \h\= h, I .V 2 1 =- ^1^2- 
Hence | V2 1 = I I X | |. 

Now consider the quotient hih- 

'1 = '■> ‘ + * S'" ^1) (cos 9 , - i sin 6 ,) 

Zj r, ' cos 9 , + i sin 9 , r, ' (cos 9 , + i sin 9 ,) (cos 9 ,~ U\n 9 ,) 

_ r, (cos 0 , cos 6 , -f - sin 9 , sin 9 ,) + » (sin ff, cos 9 , — sin Sjcos S,) 
^2 COS® ^2 h sin® ^2 


■ • I' I cos'( 0 i - 9,) + i sin (». - 0 j) | . 


Hence 


^>1 '■j h.r 

These results can obviously be extended to the product or 
quotient of any number of complex numbers. 
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(iv) If Zi and he two complex numbers then 

I ^1 + ^2 I ^ I ^1 I + I ^2 I' I “ “^2 I ^ I ^1 I ~ I ^2 !• 

Write 2:1 = + iy^, z^~x^-\r 

Then z^ + Zj ==* % + ^2 + * (^i + yi) 

I ■!'i + I = {(*1 + + (yi + 

= {(*1* +3'i’‘) + W +>’!*) + 2 (Va +>’i>'a)}^- 

Again 

{|*-,l+h.|}‘-U,P + 2|V.I+hal‘ 

- K’ +yi*) + (V + V) 

+ 2 (V W + 

= (*l’‘ + Vl*) + W + >'2') 

f 2 + y,yi)^ + 

■ • (V + ^-I*) + W )’2“) + 2 {x^x, + .V,y,) ; 

.'. I 2i I + I 2a I > I 2i + 2i I- 

Again Zj - Zj ^ -f* i (^'i - y^). 

1 2i - 2j I = {(*1 - *j)» + (yi - yt^i 

= {(*1’ + .Vl*) + W + .V2’) - 2 (*I*j +>'l>’2))i 
( 1 2 , 1 - 1 2, [}’“ + .Vi*) + (V +>’2’) 

- 2 (V (V H,Va*)- 

-(V+>'l»)+(V+>’2 ‘) 

- 2 {(*,*, +>', 3 ',)“ + {Xiyi - Xtyt)^}h 

< (V 3 i’) + (*2* + .V) - 2 {x^x, + y,yi), 
i.e. I * 1 1 — I 2 j I < I Zj — 2j I- 

The first result is very important and extends directly to any 
number of complex numbers. Thus 

I Zj + Z2 + Z3 -f •' • • + ' I 

< I I + I ^2 I + I ^3 I + ' • • + I I + . • • 

8 T 4 . Properties of the Amplitude 

(i) The amplitude of the product of two complex numbers is equal 
to the sum of their amplitudes or differs from the sum by 27 r. 

From § 8*13 (iii), ZjZj = r^r^ {cos {^1 + ^2) + » sin ( 6 ^ -f ^a)}. 
Hence if amp. = 6 ^, amp. Zj = 6 ^, 

amp. (ZjZa) = + ^2 or 0 ^ ± 2n. 



Complex Numbers 


241 


It is assumed in writing down this equation that the principal 
values are considered in each case. The fact that -f ^2 need 
not give the principal value of the argument for is easily seen, 
riius if and 6 ^ are both greater than then + ^2 is greater 
than n, so that it will be necessary to subtract. 27 r in order to obtain 
an angle between - - v and n for the new amplitude. 

In particular, if 

= ^2 = - I + i V3, amp. Zi = amp. z^ = frr. 

But z^z^ = - 2 — 2 i V 3, amp. (z^z^) = Jtt In + frr — 2 n. 

(ii) The ampliUide of the quotient of tim complex numbers is equal 
to the difference of their amplitudes or differ from this by zn. 

From § 8-13 (iii), =- | cos 0 ^) + i sin (^1 — B^) i . 

^2 ^2 ' . 1 

Hence amp. (zjzz) = Bi — ^2 or 0 i $2 ± z-n. 

Thus if — I -f" i V 3, Z2 — i, y 

hjl±iy^ 3 ^^vh-i- 

^2 — i 

Amp. — fTT, amp. 23 = ~ 
amp. (zjz^) = ;>r. 

Also — ®7r — §7r - (— Jtt) 2 n, 

8*2. The Argand Diagram 

Let OX and ,07 be two axes at 
right angles in a plane (Fig. 27), P the 
point whose cartesian coordinates are 
(x, y) and whose polar coordinates are 
(r/S). Then 

x — r cos y = sin r = T-y**)- 

Now let z = x -\-iy be a complex 
number. P may be called the point z, 
or the point corresponding to z, 

OP = r 1 2 - 1 , S ~ amp. z. 

When z is real, y = 0 and the point 
will lie on the X-axis. Thus the line hx.-y) 

X'OX is usually called the real axis. Fig. 27. 

T. A., 11. 
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Again, if z is purely imaginary, i.e. x = o, the point z will lie 
on the Y-axis, so that this line is usually called the imaginary axis. 

It should be observed that 6 need not be the principal value of 
amp. z. For in the usual convention for polar coordinates 0 is to 
be the angle o 6 <2tt which satisfies 

X = r cos 6 , y ■-= r sin B, where r > o. 

In the convention for principal values of the amplitude, 6 is 
to lie between — n and tt. 

In the figure, since $ is an acute angle, B is the principal value 

of amp. z. If J denote the conjugate of z, then z = x — iy. Thus 

the point P corresponding to i is the mirror image of P in the X-axis. 

It will be observed that 
if B is the principal value of 
amp. z. then the principal value 
of amp. z is — B. 

8*21. Sum and Difference of 

two Complex Numbers 

Let P, Zi~ Xi-\- iyi and 
Q, Zi — X2 -{■ iy2 represent two 
complex numbers Zi, z^ in the 
Argand diagram. Let M, N 
(Fig. 28) be the feet of the per- 
pendiculars from P and Q to 
the X-axis. Then OM ~ 
ON ~ Xg. Now complete the 
parallelogran^ whose adjacent 
sides are OP, OQ obtaining 
OPRQ and let K be the foot 
of the perpendicular from R to the real axis. 

If i? is the point (^3, ^3) then R represents the complex number 
‘3 = ^3-f(V3- Also OK^x^, KR=y2, OK = OM i- MK. 

Again, MK is the projection of PR on the real axis, Xz 
the projection of OQ on the real axis. Since PR is equal and 
parallel to OQ and the sense of the lines is the same, it follows that 
M K — X2. Hence 

^3 = + ^2, and similarly ^3 = ^1+ 

Thus Zz is the point 

Xi -f X2 4 - i (vi -f Vj) = {x^ 4 - *>i) -f (^2 -f iyi) = 4 - Zi> 


Y 
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It follows that complex numbers behave in a manner similar to 
vectors. Thus the sum of two complex numbers is found in exactly 
the same way as we find the resultant of two vectors, i.e. by com- 
j)leting the parallelogram, whose adjacent sides represent the two 
vectors. The resultant is then represented by the diagonal of the 
parallelogram drawn from the point of intersection of the two given 
vectors. Thus in Fig. 28, OR is the diagonal of the parallelogram, 
whose adjacent sides are OP and OQ. 

Next consider the difference of the two complex numbers z^, z.^. 
Then if OQ correspond to a, we obtain the line corresponding to 
z^ by producing QO beyond 0 to a point Q' such that QO — OQ'. 
Then z^ and — ^2 


added by the parallelo- 
gram law, i.e. if OR' 
is the diagonal of the; 
parallelogram whose 
adjacent sides arc OP 
and OQ' then R' is the 
point z^ — z^. 

It will be observed 
that it is not necessary 
to draw the second 
parallelogram OPR'Q'. 
for it is clear that the 
second diagonal QP of 
OPRQ is equal and 
parallel to OR'. 



8*22. Product and Quotient of two Complex Numbers 

Let z^ -- (cos 0^ -f i sin 6^, - r^, (cos 0^ + ^ ^in 0^) be 

two complex numbers. 

Let P and Q represent the jx)ints z^ and z^ respectively 
(Fig. 29) so that OP - r„ OQ = r^, / XOP = 0„ Z XOQ = 0.,. 
Let OR be a line of length r^r^ and which makes angle 0^ -f- 0^ 
with OX. 

Then R is the point ^ir2 {cos (^i -j- 0^ f tsin (0i -f ^2)} so that 
R represents the point z^z^. In the figure it is clear that the 
l>rincipal value of amp. z^z^ is not 0^ -f ^3 but ~ ^tt. 

Again, draw a line OR' of length rjr^ making an angle 0^ — 0^ 
with the line OX. 
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Then /?' is the point - j cos - 6 ^ + i sin (^i - <^2) ! . 

R' represents the point ,In the figure it is clear that 6 ^ — 

is a negative angle and is the principal value of amp. {Z1IZ2). 

Since we can rej)resent geometrically the sum, difference, 
product and quotient of two complex numbers it is clear that by a 

series of geometrical processes 
we can represent any operation 
on a complex number, which 
consists of a combination of the 
four fundamental operations. 

8 * 23 . Geometrical Representa- 
tion of {z — Zi)l(z — Z2) 
Let A, B, P represent the 
points z^, Z2, z respectively (Fig. 
30). Then considering princi- 
pal values of the amplitudes, 
amj). {z - Zy) == (l>, 

where <l> is the angle between OX and AP. Similarly 
amp. {z — Z2) ^ - 0 where 6 is the angle between OX and BP. Hence 



amp. 


^ - 0 = /^APB = «/' (say). 


If we regard A , B as fixed points, •// as a fixed angle, z as a variable 
point, then the locus of z is the arc of a circle passing through A and B. 

Next, let P' be any 
point on the arc of the 
circle A PB on the side 
ol A B opposite to P 
and let P' be the point 
2' (Fig. 31). Then 
if amp. (z' — zf) — A, 
amp. {z' — z^ == /X, 



amp. V ^ h - - (tt - p), since f^AFB n ~ if. 

Z ^2 

It should be noted that A, /z are both negative angles and A 
is numerically greater than /x. Thus the .second arc of the circle 

is obtained by replacing if in amp. ^ - if by - tt | if. 

Z - — Zit 
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Finally, if we regard tp as a variable parameter the equations 


amp, 


z — z. 


u _ 


ip, amp. 


a Z - ^2 

define a system of circles passing through A, B. 

8-24. Coney die Points 

The following is an important the<nem on the representation 
of four points in a plane. The neccssayy and sufficient condition that 
the points representing the four numbers z^, z^, z^, z^ he coney die is that 
{{^1 - ^s) (^2 -- h)l(h ~ ^4) (h - -^3)} f>e real. 



- ^3)} 


If {(2, ^3) (23 

must be — tt, or tt. 

amp. {(Zi - Z3)/(Zi 
must differ from 
amp. {(Z2 - z^)i(z^ 
by TT or else the two ampli- 
tudes arc equal. It follows 
from § 8-23 that ‘the four 
points are concyclic. 

Conversely, if the points 
are concyclic, then 
amp. {(2, - z.j)l(z, - 2,)} 
must be equal to 
amp. {(23 - 2,)/(23 - 23)} 
or differ from it by n. Thus 

(^i -^.<1) (^2 

ih ■ h) (^2 “ 

■ •^3) (^2 “ 


(h ~ '^3)} amplitude 



Fig. 32. 


amp. 

(h 


o or :F 7 T, 

*4) (^2 - h) is real. 


Examples. — (i) If Zv ^n, are represented by the vertices of a parallelo- 
gram, taken in order, writing Zy -= z — a, — z — b, z^ ^ z a, z^ — z i- b, 
show that 

I 2 . 2 , 1 “ + I 2 . I* f I --3 - !• < I 2 . - 2 , I* - 4 { I a |> -t- I i. |>|. 

What is the geometrical theorem corresponding to this result? {l.ond. B.A.] 
In dealing with this question it is convenient to use the notation of vectors. 

Thus if 0 is the origin, P the point z, then the meaning of OP — z is clear. 

Lti A BCD be the parallelogram, with OA =» OB == z^, OC == z,. OD = z^, 

>. 

and let E be the point of intersection of the diagonals and OE -- z. (Fig. 32.) 
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Then OA ™ OE A- EA ^ OE — A E. 

— ► — ► — ► — ► — 

OB - OE h EB - OE - BE. 


Write AE - a, BE h. Then z ~ a, — z - h. 

Again OC = OE f EC = OE -f- AE, 

o 7 j = OE -I- ED ^OE+ BE. 

Thus ^ ^ I b. 

Now Zi — Zf - b -- a, z, — Zg — — b — a, 

z^ — z^ = a — b, z^ — Zi b -j* a. 

hi -^«l* + I f \h - f I Jla-bl‘^ I- 2fa Mp. 

If a — r (cos 0 f i sin 0 ), b = p (cos (f> | / sin ^), 

I u - I* ^ I r cos ^ - p cos * (r sin ^ - p sin (f> 1 “ 

- D cos* 0 -j- p* cos® <f> — irp cos 0 cos <j> f >•* sin* 6 

-f p* sin®^^ — 2rp sin d sin ^ 

f* -f" P* ~ “ 4 )- 

Similarly, ( a | 6 (* — r* |- p* + zrp cos {9 — ^). 

Hence 2 ( a f |* + 2 | n - 6 1 * - 4r* -f 4p* - 4 | u ]* + 4 h |*. 

The geometrical theorem is that the sum of the squares on the four sides 
of a parallelogram is equal to the sum of the squares on the diagonals. 

(2) If the point P on the Argand diagram represents the complex quantity z, 
show how to construct geometrically the point Q corresponding to 2*, If P lies 
on the circle, centre (i, o) passing through the origin, show that | 2* >■ 2 | = | 2 |. 
Show also that 

amp. (2 - 1) — amp. 2* - f amp. (2* - 2). 

\Lond. B.Sc.] 


If Q represents 2*, then OQ ~ OP^ and OQ makes an angle 2 0 with OA', 
where $ is the angle which OP makes with OA’. Since the centre of the circle 
is (i, o) and the radius is unity, any point on it may be represented in the form 

^ _ I — cos 6 E i sin 0 , — tt < 6 <i rr. 

Now 1 2 * “ H - h I - - h h I- 

since | 2 — i J — \/{cos ^9 -f sin*^) — i. 

Since 2 — i — cos 6 f i sin 0 , amp. (2 — i) 0 . 


amp. 


tair ‘ 


sin 0 ^ , 2 sin cos ifl 

I -f- cos ^ ^ oos® ^ 6 


*= tan"* (tan — \d. 

Hence amp. 2* = 0 . 

Again amp. (2* — 2) ■= amp. 2 + amp. (2 — i) ^ id 4 - $. 
Hence | amp. (2* — 2) = d. 
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(3) a, p, z are three complex numbers which are represented in the Argand 
diagram by A, B and P respectively. Prove that if k is a constant, A and B 

fixed points and | | ^ *»ust lie on a fixed circle whose centre 

lies on ABr 

Now|^— a| = A P, \ z — p \ ^ BP. Thus the given relation asserts that 
_ k. Let PT be the tangent to the 

circle A BP, meeting AB in T. fFig. 33(a)]. 

Then it is easily seen that the triangles 
APT. PBT are erjuiangular. Hence 
AP AT PT 

Bp P f ~ BT ~ 

A T PT* 

It follows that -= — — k*. Thus 

T is a fixed point. Again PT* — AT .BT Fio. 33(a). 

and since T is a fixed point it follows that PT 

is of fixed length. Hence P lies on a circle whose centre is T. 

(4) Prove that if the ratio {z — i)l{z — 1) is purely imaginary the point z 
lies on the circle whose centre is at the point i (i -p i) and whose radius is i/\/2. 

[Lond. 5 . 5 c.] 

If z = X A- iy then 

‘ :zA ^ ’L±AAy.-' 0 _ » (y - I)} {x- j_- iy) 

z - \ X — i f- iy {x - i)*”-|- y* 

Since the number is purely imaginary, the real part is zero. Hence 
x{x- 1) +y {y - I) = o, i.e. (x ~ *)• + (y ~ i)* ^ f 
This represents a circle whose centre is (J, J) and whose radius is 

(5) If the amplitude of the complex number {z — i)l{z i) is {tt. show that z 
lies on a fixed circle whose centre is at the point which represents i. [Lond. B.Sc.] 


Y 



Let P be thq point z, P^ the point z — 1 , P, the point r + i, so that 
5,P = PP, = 1 and PiPPf is parallel to OX. 

In Fig. 33 (6), it is clear that amp. {z ~ i) = 0, amp. (z -f- i) = Thus 
amp. {{z - i)/(r + 1)} = ^ f 
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Hence it A, B are the points (1,0), (— 1,0) then 

^ ^ = /.APP^ - ^ BPP^ ^ /_APB, 

Thus the angle subtended by ^ B at P is constant and equal to Jtt. Hence 
P lies on a circle through A B. 

The centre of the circle lies on the perpendicular bisector of A B, i.e. on 
the imaginary axis. Let Q be the point where the circle cuts this axis, C the 
centre of the circle. Then / CQli = CBQ — 

Hence /. BCQ = In, / OCB ^ so that OC == OB ='i. 

Thus C is the point which represents t in the Argand diagram. 


8 * 31 . The Exponential Form for z. 

The series for cos 6 and sin 0 (Chapter V., § 5 - 4 ) converge abso- 
lutely for all real values of 6. Thus 

00 00 

cos 6 — E (~ iY6^^l(2n) \, sin 0 == Z (- i)«02«+i/(2n + i) ! 


Assuming that i can be treated as an ordinary number we have 

^ 02n CO ^2n+l 

■S (— i)" 7;^-. + » ^ i)", j — r . ~ COS 6 + i sin 6. 

„ = o M'- n^-o '(2" + 1)! 

Now (— i)" -= so that the series may be written in the form 

“ ^ “ (f0)» 

(2n)!'' „ = o(2» + i)! 


OO 

Now if X is real, e® = E x'^jn 1 

n = o 


00 

We would expect for z complex that e* ™ E z^ln I. 

« ^ o 

Thus if we define e^ by this series the definition will agree with 
the results already known for the particular ca.se in which the 
imaginary -part of z is zero, i.e. z reduces to a real number. Using 
this result we see that 

iS 

COS 0 -f I sin 0 — e . 

The convergence of the series E z^Jn ! will be discussed in § 8-55 ■ 
It will be shown that the series converges absolutely for all 
values of z 

Using this form for cos ^ -f f sin 0 we can write z — re^O, and 
= r~^er^^. Also if 2 be the conjugate of z then i “ re~^^. 
Again, if ^ is a real positive constant and a is fixed, the equation 

2 — a = , — TT < 0 < TT 

will represent a circle in the Argand diagram. Fgr 
I 2 — a I = A I I = Ar I cos 0 -f- f sin 0 I = 
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Also \z — a\ is the distance from the point z to the point a. 
Hence the equation asserts that z always lies at a fixed distance k 
from the point a, i.e. the locus of z is a circle whose centre is the 
point a and whose radius is k. In particular, if a = o, ^ = i the 
equation z = represents the circle whose centre is the origin 
and whose radius is unity. This circle is usually referred to as 
the unit circle. 

8’32. Further Properties of Conjugate Numbers 

Let a, p be two complex numbers a, ^ their conjugates. Then 
we have the following results: 

(i) a + and a -f p are conjugates, i.e, a -j- ^ = a-\-p. 

(ii) and are conjugates i.e. ^ — a^. 

(iii) If 5 ; = a//3 then z = a/p. 


(i) Write 

a~re.^ — r (cos B ^ - i sin B), fi — — p (cos ^ i sin if>). 

Til on 

0. ^ re ~ r (cos B — i sin B), P == pe = p (cos </> - i sin <!>). 

a 4- p = y cos 0 + p cos ^ -f i (r sin B p sin <^) 

a -1- p r cos ^ + p cos <l> — i (r sin B p sin <p) 

“ r (cos B ~ i sin t?) + p (cos ^ - i sin ^) = a -| - P- 

In particular | a + p | — | a -f P | | a + p |. 

It is clear that this theorem will extend to any number of 
complex numbers. 


(ii) 


7 ; id -t4 

ap == re .pe ^ 


ap == rpe 




In particular if a ~ p, aa = aa, i.e. the conjugate is the 
number itself. The number aa is of course real. 

The results (i) and (ii) may be combined in various ways. 
Thus e.g. if a *= i, p ^az then a = i, P = oF so that 


I I I = 1 I -f 0^1- 
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lo id, i6 ^ i {6— <f>) 

(ill) z — ajp — re jpe e 

P 

'z e^i{0— <f>) re~^^lpe~i^ = ajli. 

P 

Examples. — (i) Pyove that if z and z be conjugate, points in the Argand 
diagram, then the equation zz — dz — az \ c — o, c being real and o the 
complex conjugate of a, represents a circle. Prove also that 
a(z — z) 1 a (? I -e) + f = o 

represents two straight lines, and find the angle between them. [Lond. li.Sc.] 

Write z — te^^, a pe^^. Then 5 ^ re ^ a ^ pe~^^. 

Thus zz — a” — + r — — rpc - rpe^^ f- c 

-^r^-rp t (^ “ ^)} t-c 

^ r^ — zrp cos {0 — /5) I c. 

The equation r* - irp cos (0 • p) + c - o represents a circle whose 
centre is (p, j3) and whose radius is V /)'•* — c, i.e. the centre is the point on 
the Argand diagram corresponding to a. 

The following is an alternative method. The eq\iation 
27 - tt” - a? 1 c - o 

may be written in the form (z — a) (I — d) — da - c. Now 2 — a — ^ — a, 
Hence {z ~ a) {z — a) ^ \ z - a\^. Thus the equation is | 2 - a |* = p* — e, 
from which the result fallows immediately. 

Now consider the equation a (“ - 2) f a (7 f 2) + ^ = o. 

a (2 — 2) a (2 + 2) 4- C — a 2 1 - a2 -f C -}- a 2 — aZ 

' (n^ -f" tti' -j- d* ^ — <12) 

{rpe~ ^ ^ + rpe^ -|- c) 

. 4 ' {pr^~ i {0 — P) _ pygt {0 — P)j 

^ [zrp cos (0 4 - j5) 4 - c — 2 ipr sin {0 — fi)}. 


Since the real and imaginary parts must be zero, 

2 rp cos (0 -h fi) -h c ^ o (i) 

2 rp sin (^ - P) - o (ii) 


p:quation (ii) is equivalent to 0 — p. i.e. a straight line through the 
origin and the point which represents a on the Argand diagram. 

In (i) write x = r cos 0, y ~ r sin 0. Thus the Cartesian equation of (i) is 

XC03 p — y sin p 4- c/2/» = o. 

. i.e. X Sin (Jrr ~ P) — y cos (iw — P) -j- cfip — o. 

This line makes an angle of iir - p with the ;r-axis. Thus the angle 
between the two lines is Jtt — ' 2 p. 
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{2) If A iB - [x i- iy)*e**”*, find A and B. [Madras, B.Sc.] 

A iB == [x iy)* 

= {x* 4- 2ixy — y^) (cos int 4- * sin 2nt) 

— (x* — y^) cos int — 2xy sin int 4- iixy cos int 
4- i (at* “ jy*) sin znt. 

Equating real and imaginary parts. 

A rr-: [x* — y*) COS ifit — 2 xy sin int, B = 2xy cos 2nt 4- [x^ — y*) sin 2«/ 

8*4. Dc Moivre’s Theorem 

For all real values of n, cosnd -\-isinnd is the value, or one 
of the values of (cos 6 i 

We give below a proof of the theorem for the case in which n 
is rational. The following cases are considered separately, (i) n a 
positive integer, (ii) n a negative integer, (iii) n a positive fraction, 
(iv) n a negative fraction. 

(i) We first prove that 

(cos -f ^ sin ^i) (cos 6 ^ + i sin ^ 2 ) • • • (cos d„ i sin $„) 

= cos (^1 + e'a 4 - . . . 4 - O + » sin (^1 -h ^2 'f- • • • ^n)- 

The proof is by induction. The case of n = 2 has been con- 
sidered in § 8 * 22 . Suppose the result is true for n — p, 

P 

i.e. II (cos Oj. i sin B^) 

r ~ I ^ 

“ cos (^^ -f- ^2 4" • • • “h ^p) 4" ^ sin (^j 4" ^2 4- • • • 4* B fj. 

For brevity write. 4- ^^2 4* • • • l- Then 

P\- 1 

U (cos dr -f i sin Or) 

f — I 

= (cos P ^i sin 0) (cos i sin 

- cos t/i cos — sin ^ sin dj,^^ 

4- i (sin ff cos 4- cos ^ sin 

- cos (^ + -h i sin (^ 4 - ^p+i) 

-- cos (^1 4" ^2 4* • • • + ^p+i) 4~ * ‘Sin (^j 4 - ^2 4- • ■ • + 

Hence if the result is true for n ~ p, it is true for n = ^ 4- 1- 

But the result has been proved for « ^ 2 so that it is true in general. 

In this result write 61 —$^ = ,,.— $^, then the equation 
asserts that 

(cos B -\-i sin B)*^ = cos nB 4- * sin 
and in this case Cos 4" * sin nB is the value of (cos B -\~i sin B)^, 
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(ii) n a negative integer. Write n = — m. Then 
cos nd -\-i sin nd = cos (— mO) -f i sin (— mS) 

~ cos md — i sin m9 
= (cos mB — i sin w^)/(cos* mB sin* niB) 

- I /(cos mB -f » sin mB) 

— i/(cos B i sin B)"* from case (i) 

(cos B |- i sin B)~'^ = (cos B -\~t sin 0)”. 

Hence as in the case of « a positive integer cos nB i ^innB 
is the vahie (cos B -\~ i sin B)^\ 

(iii) n = piq, a positive fraction in its lowest ierms where p 
and q are positive integers. In this case we show that 

(cos ^ B -{-i sin - B) 


is one of the values of (cos B -\-i sin B) \ For this it is sufficient to 
sliow that 

(cos -B f i sin ^ (cos 9 + i sin 6)‘\ 

\ 9 9 J 


From case (i) 

/ p . , p 
cos - ^ 1 sin - 

\‘ 9 9 


■ cos pB -f - 1 sin /> 0 


(cos B -f i sin B)^. 


(iv) n — ~ pIq, p and q as in case (iii). In this case it is 
sufficient to show that 

|cos ^ ^ + I sin ^ — ^ j- = (cos B -j- i sin 0)'^ 

Now -|cos ^ “• ^ b"^ ~f i sin ^ ^ | 

= cos ( pB) f i sin ( - pB), case (i), 

= (cos ^ -f- ^ sin B) ’’' case (ii). 

In this case, as in (iii), cosnB d-tsinw<? is only one of the 
values of cos + * sin 

The other values of (cos B i-i sin B)^ when n is fractional. 

In this case n — ±:plq so that it is sufficient to consider 

(cos 6 ~{-i sin 6)^1^, where p may now denote either a positive or 

negative integer. Let r denote an integer positive or negative. 
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COS (pe 4- 2r7T) 4- i sin (pd 2 riT) 

= Qmpe 4- i sinpd = (cos e 4- i sin 6y. 

Hence cos + , sin + is one of the 

values of (cos 0 sin 

Now consider the values of the angles where 

y — o, I, 2, . . . (q — i). As r ranges over these values 2r7r/j 
ranges from o* to 2 (q i) njq < 27 r. Thus the angles are all 
different and no two have at the same time equal cosines and 
equal sines. 

Hence the values of cos 4- j 4. f sin 4* are 

different for each value of r, i.c. we obtain q distinct values for this 
expression by taking the values r o, i, 2, . . . q — i. If we 
put r equal to any other integral value we repeat one of the values 
of the expression already found. 

Thus we obtain the following important result. The q different 
values of the expression (cos B + i sin 6)^1^ arc obtained by writing 
r ~ 0 , I, . . . . (/ T in the expression 

In particular the qth roots of cos 9 4- i sin 6 are given by 

6 4- 2rn . 9 2rTT 

cos — 4- j sin 

^ q 

where r = 0 1 , 2 , . . . q — i. 


8*41. The «th Roots of Unity 

It follows from § 8*4 that if z is a re^l or complex number and 
r (cos 9 4- f sin 9) then the «th roots of i.e. the n values 

1 

of . 2 : " are 

9 2r7T , . . 0 -L 2r7r\ 


^ ’\-2r7T . $ 2r7T\ 

\ n n / 
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where y = o, i, 2, . . . (n — i). If z is real, then we can write 
^ — 0 or TT and the n valued are . v 


/ 'zriT . . . zytt 

cos + t sin 
\ n 


«") 


(2r + l)»r , . {zr + l)n 


-f t sin 


n }' 


/ — 0, I, 2, — i). In particular, if 2 = 1, the «th roots 

are given by 


ZYn . . 2Y7T 

cos h*sin -• 

n n 


Hence the roots of the equation 2" = i are obtained by writing 
y = o, I, 2, . . . , (w — i) in 


zytt . . 2Ytt 

cos - 1 sin -» 

n n 


and thus the values are 


277- . . 27r An . An 

I, cos - -f - 1 Sin ~, COS— + ^ Sin 

n n n n 

2 in — i)n . . . 2 (n — i) 77 

cos - — — -f i sin -• 

n n 


It is easy to sec that all the roots are different. For suppose that 

2Sn . . . 2S7r 2tn , . . 2tn 

COS - 4- 1 sin — ~ cos - -f » sin — » 
n n n n 

where s, t lie between 0 and n - i and s^t. Then equating 
real and imaginary parts 

2Sn 2tn . 2S7r . 2tn 

COS - = COS — , Sin — ^ = Sin » 
n n n n 

and thus the angles zsnfn and ztnjn must be coterminal. Since 
both the angles lie between o and 277 this is only possible if s — t. 

If n is even and equal to 2p (say) the roots may be written in 
the form 


77 . . n 277 , . . 277 

I, cos - -h I sm . , cos ^ -\-t sm —,•••> 

P P P P 


(p — i)tt ... (p — 1)77 
COS—- -ftsin ^ ’ 

P P 


I • • {/i 4- 1)77 . . (p -\r 1)77 

cos 77 4- 1 sm 77 , cos - — h ^ sm — ^ 


P 


P 


(2p - l) 77 , . . (2p - l) 77 

cos ' ’ 1 - % sm — - ■ • 

p p 
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XT • ( 2 p — r) IT ytt 

Now cos 77- = — I, sin 7r = 0 , cos ^ - - = cos -* 

p p 

, . (zp -- r) It . rn 

and sin - ^ ^ ^ — = — sm ^ • 

P P 

Thus the 2 p roots may be grouped in pairs: 

7T . . n 2tt . . 2tt 

± I; COS ^ i * Sin cos , 4: ^ sin - 

P P P P 

^ (/) — l) TT . (/> — l) TT 

P P 

Next suppose that n is odd and equal to 2 p i (say). Then 
the 2/) 4" I rods are 

zr-n , . . ZYTT 

I, cos ^ , 4 - 1 sin ^ , , 

2/) I T 2/> f T 

where r- o, 1 , 2 , , 2p, Then as before it is easily seen that 

the 2p i roots arc 

2pTT 

2p 4-1 



Fig. 34. 

8-42. Geometrical Representation of the «th Roots of Unity ’ 

Take a circle ABA'B' of unit radius having its centre at the 
origin, then a point P on this circle represents the quantity 
COS d 4’ i sin 0 

where 9 is the /. AGP measured as usual, and the point A represents 
unity 

Now divide the circumference into n equal parts, starting from 
A, and let A^A^ . . .A^-i be the remaining points of section. Then 

/ AOAi = AOA^ « etc. 
n n 
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Hence the points A, Ai, . . . A^.^ represent the nth roots 
of unity. Thus e.^. in the figure the points ABA'B' represent 
the fourth roots of unity. 


8*43. The Factors of 2 " — i and 2 " f r 

Consider 2” — i = 0 and suppose first that n = 2p. Then 
corresponding to the roots 

cos ^ ± t sin y = I (/> — !),♦ 

P P 

of 2" — I = o we obtain the factors 


( rn 

. . rn 

. 2 — cos * 

- X sin — 

V P 

P 

( my 


= 1 2 — cos - 
V P ) 

1 4 - sin^ 

— I. Hence 

P- 


, ...... rir\ 

( 2 cos -- + ^ sm -- j 


rn 

P 


2^ — 22 cos (rnlp) I 


^ 2 p I ^ _ i) n _ 2Z cos [rnlp) 4 - l}. 

r — I 

Next suppose that n — 2 p 1. Then we obtain in a 
similar way 

P 

^ap+i - I = (2 i) IT [zi.~ 22 cos {2r7Tl(2p 4 - 1)} 4 - 1]. 


I 2 , 

2* — 22 COS — 4 1 

‘ n 


2r7r 

■ 22 cos — 1 

n 


These results may be represented in the following forms : 

Jn - I r 

If n is even, 2"'— i = (22 - i) FI J 2 

r = I L - 
\{n-i) f 

If n is odd, 2" — i = (2 — i) fl J 2^ — ; 

r = I I 

In a similar way the following results may be proved. 

- 1 

If n is even, 2” 4- 1 = n [22 — 22 cos {{zr 4- 1) nln} 4 - 1]. 

r ^ o 
Un - 3 ) 

If n is odd, 2'» 4- 1 = (2 4- 1) II [2* — 22 cos {(2y i) 7r/n} 4- tJ. 

r ^ o 

Examplc8.—(i) Find th$ square root of 2 + eV (— 7). ^how that 
I ~ V (- 3) is a sixth root 0/64. What are the other five sixth roots of 64? 
Write 2 -i- 6 tV 7 * >' (cos 0 + • sin d). Then 
r CO& 6 — 2, r sin $ »r (iy/q. 
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Hence f» = 2» -f ( 6 ^ 7 )* == 256. r - 16. cos 9 - 1/8, sin 9 = 3^7/8- 
Thus we may take 9 to be acute angle cos'* 1/8. 

The two square roots arc 

(cos -f- i sin J 0 ), {cos (in' f 9 } f i sin I {in - 1 - 6 )}, 

i.e. i (cos ^9 -\- i sin Jd). 

JJow cos2 -= i (1 I cos 9 ) - Ce- -- i I- 

Again, sin®J 0 — i (1 ~ cos — i* T sin ^9 — \ 

4 

Since is an acute angle, the positive square root must be chosen in 
each case. 

Thus the two square roots of 2 + Ciy/i— 7) are Jb 4 |- i i.e. 

± (3 + * V7)- 

Next consider the equation *• — O4 - 04 (cos o + * sin 0). The six 
sixth roots arc given by 

04^ [cos + * sin , i e- 2 [cos 1 i sin r - 0, I, 2, 3, 4. 5. 

The values r = o, f ^ 3 give 2 ^ b 2. 

Grouping the other four values in pairs we obtain 

2 (cos in b sin in}. 2 (cos ‘jn t » sin Jn} 
i.e. I ± i\/ 3 , - I ± iVi- 

(2) Prove that all the roots of 2;’ - i -- o may be expressed as powers of 
a -- cos yTT -| i sin ^n. 

Prove also that a + a* -b a* and a’ -f b a* are roots of the equation 
2* (- X 'b 2 — 0. \I^ond. L?.Sc.j 

Now at’ -- I -- cos irn | i sin irn. 


Thus AT — [( 


Hence x — cos " b * sin — , r ^ o, 1, 2, . . . , b. 
7 7 


cos - i- i sin 
7 7 


j - r ab r — I, 2, . . , , 6 . When r ~ o,x ■ 


Let ^ - a + a’ b a*, y - a* | a'^ + a«. * 

The quadratic equation which has y for its roots is 
- (j 3 1 y) + f^Y - o- 
Now ^ + y — a -b a* ( a’ + b b a*- 
.\gain at’ — I — (at — i) (at* 4- b + 'V* I' ^ P 0* so that a is 

a root of Ar« 4- AT® + AT* + A® P x^ + X I- I = o- 

Hence a* 4 - a® + I a® b a* 4 - « — ~ 

Again, jSy a® (i 4 - a + a®) (l + 4 - a‘) 

a® (l 4- a -b a* + a® b a* b a* 4 - a") + 2a’ 

0 

= 2a’, since a is a root of 27 x' + 1 o. 


Hence the quadratic equation is 4- ^ + 2 — o. 


T. A.. II, 


17 



258 


Complex Numbers 


(3) Find the three roots of the equation S {i — z)^, expressing the roots 
in the simplest form. [N. Sc.] 

The equation may be written in the form 

^ 8 ^ 2®{coso 1 isino). 

Hence the three values of zj{i — z) are 

/ Stt , . . 27r\ / An 

2, 2 (^cos ^ + t sin ^ j, 2 ^cos ^ r t sin 
i.c. 2. 


I 4 . f\/ 3 - 

The corrcsptmding values of z are 

F i »■ v/ 3 r > “ * 
i ^3 ' - i Vi ’ 

i e- i 1 4 - i /V 3 . I - I iVi- 
(I - zT I- (I - 




— o, where n is 
[Madras, B.A.] 


Hence 


3 " 3 “ 


(4) Solve the equation (i f 2)“" 

- a positive integer. 

Write (i 4-2)" - u, (i — 2)" - v and the equation becomes 
iF — uv v* -- o. 

Now - uv I- v'^ - («•' 1 4 - v). Hence the roots of the original 

equation will be the roots of w® 1 - o, excluding those which are also 

roots of u -f- y — o. Now the roots are | y* — o arc given by 

( I ! zV'* 

- - -- cos (2r I 1) TT 1 - i sin (zr 4 - i) <tnd 

I I 2 (2r 

_ COS 

I — 2 

where r o, i, 2, 3 3M - 1. 

TliC roots of M 1' y o arc given by 

— I — cos (zr I- i) TT 1 - i sin (2r i) n. 

' I 4- ^ (2>' -L i) 7T . . {zr 4- 1) 

I - z n n 

r — o, I, 2, 3, . . . — i). 

Hence th(; roots of the required equation are 

1 I 2 (zr -f i)7r , . . (2r 4- 1) TT 

I - 2 3 » 3 « 

where r has any of the values o to 3*1 - i, except those for which zr 4* 1 is 
a multiple of 3. Writing (zr 4 0 '’rlpt — the values of z are 
(cos A^ — 1 4* » sin Xf)l(i 4- cos A^ 4- i sin A,). 

{5) Show that all the roots of the equation (i f (i _ are 

given by 4 ; i {mKzn 4 - i)}» where r has the values o, i, 2, . . . , w. By 
putting n — 2, or otherwise, show that 

[Land. B.Sc.] 


tan" -.tan^ ~ 
5 5 
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Now {(j + x)l{i — = I. Hence the 2 m -f i values of 

(1 -f- x)l{i - x) are given by 


2 fjr . * sm 2r7T 

cos H , — y = o, 1, 2, . . 

2n -f- I 2n + I 


Write 2riTl{2n f i) ^ t. Thpn 


• I- ^ ^ ^ 

■ — cos / -f- » sin t. 


. (i + a) — ( I — -y) _ cos / + 7 sin / — I 
(i +‘ ;r) + (i “ jr) cos t -f- * sin t -|- i 
. _ li sin \t cos \t ~ 2 sin* {t _ * tan ~ tan* \t 

21 sin cos y 2 cos* J/ t tan J/ -h 1 
i tan i/ ( I -|- i tan AO . . , , 

t tan + I * 

Thus the roots are o. i tan {mKin 4- i)}, r = i, 2, . . . 2>». 

Now if 5 denote a positive integer, o < s < m — i, 

tan {( 2 » - s) rr/( 2 n + i)} = tan {w — (5 -f i) 7 r/( 2 « | i)} 

= - tan {(s + j)nJ{2n + i)}. 

Hence the zn roots corresponding to r i, 2, . . . , 2n may be grouped in 
pairs of the form J: i tan mUzn f i), i.c. the 2wrootsare 
4 : i tan {rnj{zn t- i)}, r ■= o, i, 2, . . . 

If n — 2, then the roots of the equation (i 4 - x)^ = (i — ;r)* are 
o, 4 : tan ± tan l-n. 

The last equation may be written in the form x {x* — io;r* f 5) = o. The 
roots of — 10^* f 5 — o are £ tan Jtt, 4: tan g^r, 

Putting x^ - y it is clear that the roots of y* — loy -}- 5 = o are 
Ian* ^TT, tan* lir. 

The product of the two roots is 5. Hence 
tan* ^TT.tan* frr — 5. 


( 6 ) If n is a positive integer prove that 

r I 4- sin 5 4 - i cos 01 ** (nn .N , . . (nn .\ 

1 1 4- sm 0 - t cos \ 2 / ^ \ 2 } . 

Write 0 ^ In — <f>. Then 
/ 4 4- sin 6 4 - 1 cos " _ / i -P co s ^ P i s in 

1 1 4- sin 0 — 1 cos \ I 4 - cos ^ * sin 

f 2 cos® p 2 i sin |^.cos 
™ \ 2 cos* i(f> — 2* sin i^.cos j^/ 

/cos \(f> P i si n " 

~ \cos u — i sin Hi 
f (cos 4 - *' sin U}* Y 
\ cos* 4 - sin* / 

= {cos 4- * sin i<^}*" cos 4- * sin n<^ 
— cos {JnTT — n$) ‘p i sin {\n-n — nS). 
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(7) Prove that cos yd = 64 cos ’0 - 112 cos ®0 56 - 7 cos 9 . Hence 

show that X — 2 cos is a root of the equation 

A® — A* — 2A -f I — O 

and find the other roots. 

P'rom de Moivrc's theorem 
(cos yO i sin yd) - (cos d + i 0)’ 
cos’0 + 7 cos^d.i sin 9 + 21 cos^d.iHin^d 35 cos^d.i^ sin* 9 
-f 35 cos* d.t* sin* 9 + 21 coi* 9 a^ sin* 9 1 7 cos sin* 0 + P sin’ 
Equating real parts, 

cos yd = cos’ 9 21 cos* ^.sin* 0 1- 35 cos* l?.sin* 0 - 7 cos 0.sin» 9 . 

In this equation write sin* 9 =■■ {i - cos* 6 ) and we have the required form, 
In cos 70 64 cos ’0 - 112 cos *0 + 56 cos *0 - 7 cos 9 , write a = 2 cos 0 . 

Then 2 cos 70 — a’ - 7A* }• 14A* — yx. 

In this equation write cos 70 — - 1. Then 

0 -- }jiT. TT, ^rr, \^ir, • • • satisfy cos y 9 ^ — I. 

It follows that 2 cos \it, 2 cos . . . arc roots of 
— 2 a’ — 7A* I 14A* — yx, 

Now one root is a 2 cos tt ~ — 2. Hence a + 2 must be a factor ol 
a’ ~ 7A* 4- 14A* — yx 4- 2. 

It is easily verified that 

_ 7A* 4- 14.V’ - 7A ( 2 -- (a 4 - 2) (a« - 2A* - 3A* 4 - O.v* 4 - 2A'* - 4A 4 - I), 

Again, cos ijn — cos cos ijTr = cos y tt, cos 77T = cos 

Further, if wc take more values of 0 the new angles will be coterminal 
with one of those already considered. Thus, o.g. 0 4- '2n which 

is coterminal with ijn. It follows that we can obtain no further values for 
cos 0 . Thus the only distinct roots of 

A* 2A* — 3A* + OA* 4- 2A* ~ 4A 4- I ^ O 

are a — 2 cos ],tt, 2 cos 2 cos f w. It follows that the equation must 
have repeated roots, and it is easily verified that 

X* — 2A* — 3A* 4 - 6 a* 4 - 2A* — 4A + I -= (a* — A* — 2A + l)*. 

Hence the roots of a* — a* — 2a 4- i “ o a — 2 cos ]tt, 2 cos and 

2 cos ^ 7 T. 

8*5. Series with Complex Terms 

We first consider a sequence whose terms are complex. Write 
Sn ~ + (yn- Then the sequence s„ is said to be convergent 

or tend to a limit as « ^ 00 if and separately converge. 

Thus if Xn->x and ->y then -> x -}- iy. 

The general principle for the convergence of complex sequences 
may be stated as follows. Let c be an arbitrary positive real 
number. Then the necessary and sufficient condition that the sequence 
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converge is that there exist a positive integer Hq such that for all 
n > Wq and for every positive integer p, 

I ■^n+p ““ I f* 

The result may be proved by considering the properties of 
r(‘al numbers. 

(i) The condition is necessary. Since converges, and y„ 
are also convergent. Hence there exists a number tIq such that 
for all n 

I ''^ 7 J f V ~ \ ■--- I Vn+ p ~ V/i I 

Now I S„, „ - s„ := I -- f i {y„,, „ - y^) 

i^nv„-X„y f {y„^^ -y„)i (a) 

' ■ (I X„, „ — X„ I -f- I -- y„ |}’ 

Hence | - s„ | < | - x„ \ -|- | y„ , „ - y„ | 

< U -{- U, i.e. < €, n > n^y 

(ii) The condition is sufficient- From (a), 

I I --- I Xn+p • .V„ |, 

I ‘''n i-p I ^ I ,'^'71+ p ■■ V71 !♦ 

Since the condition is satisfied, there exists such that for 
« we have < e. 

Hence | | < e. | - y„ | < c. 

Thus x„ and y„ both converge, i.e. .s'„ converges. 

We now apply these results to complex series. 

71 

Write (f„ = n„ + iV„, s, = 2’ K I iV.) ■ ;i:„ 4 - *>„ 

r — i 

n n 

where ^ Ii u,., y„ - U v,. 

r =- I y -- I 

Then the series 2J a^ is said to converge if both 

« 71 

Xn = 2’ u^, y„ -= 2' 

r — I r -- i 

tend to a limit as n-> co. 

If Xn->x, the series is said to converge to x ffi- iy. 

Again if either x^ or y„ diverges the series 2J a^ is said to diverge 
and in general the series diverges if | x^^ 4- iy^ \ diverges. 
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8*51. Absolute Convergence of a Complex Series 

If Z\a^ \ ^ E\u^ ^ivn\ converges the series is said to 
be absolutely convergent. It follows that since | | <\ a„\, 

I < I I ^he series 2* u„, are absolutely convergent series 
of real terms. 

Thus 2 ] tin, rnay have the order of their terms deranged 

without affecting the sum of the scries and the same property is 
true for if ^ | I converges. 

We now consider a ratio test for absolute convergence. Since 
I I is a positive real number it is clear that we can apply any 
suitable test from among those considered in connection with real 
numbers. Probably the most important test is the extension of 
Gauss’ rule. Suppose that the ratio ajun+x is expressed in the form 


= I + + O 


/ I \ ( IX - X iv 

\n^)' \p > I 


In order to test for ab.solute convergence, consider 





' i + v + " (;>) 






Hence the series converges absolutely if A > i. Thus if 


^n+l 


. - I + '* + 0 

n 



P > 1 


the series converges absolutely, provided the real part of /x is greater 
than unity. 


Example . — Consider the hyper geometric series 
* + l.2y{yyi) 

[Chap. VII., § 7-51.] 

where a, p, y, z are supposed to be complex. 


No™.?-. = " - 'I ,, 


lim. 
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Hence the series converges absolutely il | | . : Now suppose | c j i. 




Hence if | i | i tlie series will converge absolutely if the real part of 
y - a — is positive. 


8'52. Comparison Test for Absolute Convergence* 

U an absolutely convergent series of complex terms and 

A„ IS a complex sequence such that | A„ | . k for all n, where k 
denotes a fixed positive number, then the series ^a;X is absolutelv 
convergent. 

Since S a^ is absolutely convergent, tliere exists a number 
corresponding to the arbitrary positive c such that 
« I - /> 

^ I < n ' r n^, 

f -- n I I 

for every positive integer p. 

« +/) n\ p „ ^ 

Now i; |aA|= 

r^n + l r - « H- , r . ,H- , ' 

which is <; c, n > n^. 

Hence the series H converges absolutely. 

8*53. Power Series 

■ Let S a„z" denote a power scries where z, a„ may be real or 


complex and write lim. | a„ | " = i//. The series will converge 
absolutely if 


lim. <i 

W > 'ly i 

and cannot converge if lim. | a„z’‘ | " > i, f,,,- in this case it 

n > 00 

is clear that cannot tend to zero as n 00. 

• For a further discussion on convergence of series of complex terms, and 
for the treatment of infinite products and uniform convergence when the 
numbers are complex, the reader may refer to Bromwich, Infinite Series 
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JL 


It follows that converges absolutely if | ^1 < / and 

cannot converge if | -s: | > /. 

For a complex scries, / is called the radius of convergence. We 
can see the reason for this by considering the interpretation in the 
Argand diagram. Taking OX and OY as the real and imaginary 
axes as before, draw a circle whose centre is 0 and whose radius 
is /. (Fig. 35). Then if P is any point inside the circle, we have 
I .jj I — OP cl, while if Q is any point outside the circle, 

1 Z2 I - OQ > 1 . Hence the power series converges absolutely if 

2 is a point inside the circle and docs not converge if z lies outside 
the circle. At points on the bountlary of the circle \ z \ = I and 

at such points the series may or may 
Y not converge. Thus the circle is called 

the circle of convergence. 



We now show that if lim. 

« > 00 


^n+1 


exists, then this limit is I, the 
radius of convergence of the power 
scries. The result follows immediately 
from the following theorem on limits. 
l.et denote a sequence of positive 
terms snch that lint. {bn^ilb„} exists. 


,, Then lim. {b,y also exists and the 

iY ,.->00 

hiv limits are equal. 

Write lim. {bn+ilbn} />• Then corresponding to c there 

h 00 

exists a positive integer v such that for n > v, 


p(i — €) < b,,yb„ < p (i f €). 


Thus p [i c) b^yhi, c g (i f)> 
p (i — c) < "-■ P I 


p (r - c) < , < p (i Y c). 

Multiplying the inequalities together, 

pn-v (I _ <; < pn-, (j 4. ,)n-. 


i.e. 





bn 

P” 


b. 


(l*+ 
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n ’ ‘ 

Taking the nth root, (i - «) < (i _|_ 

Now if a is any fixed positive number, lim. a" =1. Hence 

n cx) 

there exists a number Vj > v such that 


^ ~ < (*') < I + f. « > I’,. 

Thus (t - ()■' < < (I .|. 

1 

i.e, - « (2 - «) <*^- - I< e(2 + e). 

Hence lim. ( 6 „ 7 p) := i, i.e. lim. b} p. 

M - > 00 00 

This proves the theorem. Now write 

1 ^Ti |» ~ I j» P = l//. 

Tlicn lim. | a„ / | = 1/ lim. | | 

« -> 00 n ^ rX) 

We now prove the following theorem. 

If the power series U converges for z z^, it is absolutely 
convergent for | -^ | < | |. 

VViite f (z) “ Z -- \ a^z-\-... I* -} ^„(^), where 

+ . . . to 00 . 

a « n / 2 \ »>+2 

+ y + • . . 

Since the series converges for 2 = z^, there exists a positive 
constant k such that z{ < k, for all r. 
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Hence 

I Rn(z) I < 



4 - 


\Z^I 


\Zi/ 


-f .. 


<k 

— k 

-- k 


1 2 |n+2 "I 

+ ,-l + 1 

■"/{- 


Since k (1 ~ - 

] is finite and 

2: 

1 \ Zi 

/ 

h 


< I it follows that 


lim. I Rn{z) I — 0. It follows that the series must converge 

n -► 00 

absolutely. 


8 - 54 . Theorem on Identical Equality between Power Series 

The case for real series has been considered in Chapter I., § i*8. 

Let E Eh^z^^ he two power series such that each converges 
to the same value for all values of z such that | -? | < /, / > o. Then 
value of n. 

Using the notation of §^-53: 

= h, 4 - Ihz -f ^ ^ ^ ^ ^ (i) 

for \z \ < I, where /?„(^) -> o, -> o as n-^ 00, for each 

value of ;r. 

Now let 1 2 : 1 -> 0. Then it is clear that for 1 2: | sufficiently 
small 

I ^0 ~ ^0 I < ^ 

€ is arbitrary. It follows that Uq b^. 

Again, since the equality (i) holds for 1 2: | > o, we can divide 
throughout by z. Thus 

ai + azz + a^z^ + . . . = 4 - ^ 

Proceeding as before it follows that a^ = Continuing the 
process, a„ = for every n. 
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8'55. Special Scries 

(a) The Binomial Series. — If n is real and z complex the series 


nin — 

i+nz+ 


r) 


+ . . . + 


n (n — i) . . . (n — r f i) 




■j’y 


converges absolutely if | .? | < i. Further, if n > 0 , the series 
converges absolutely at all points on the circle of convergence, while 
for 0 > n > — I the series converges at all points of the circle except 
at z I, but the convergence is not absolute. 

The radius I of the circle of convergence of the power series is 


lim. 


= lirn. 


r 

- r + I 


Thus the series converges absolutely if | | < i and is not 
convergent for | -? | > i. 

At points on the circle of convergence | 2 | — i and for such 
points we may write z = cos $ i sin 6. Thus the scries ])ccomes 
U a^ (cos rO i sin r 6) and will be convergent provided £ a^ cos r9 
and UafSinrS are convergent. 

From Chapter I., § 1*52 it follows that Sa^. converges if w -f- 1 > 0, 
and 2\ converges for n > 0 . Thus is absolutely 

convergent for w > 0. Hence (cos f i sin is abso- 
lutely convergent for n > o. 

Next consider - i < n < 0. In this case as the terms arc 
alternately positive and negative the series may be written in 
the form 


(— !)*■ I I (cos r9 i sin r9) 

= E\a^\ {cos r (9 n) f i sin r (9 -f tt)}. 


Now 
lim. I Ur 


r 

r~~n 


I, i.e. 


Also 


Hence | I {cos r (9 -j- n) -{- i sin r (9 + n)} converges pro- 
vided 9 -i' TT is not zero or an even* multiple of n, i.e. 9 is not 
an odd multiple of n. It will be observed that the convergence 
is not absolute, since U | | diverges. 

In the exceptional case the series T | I cos r (^ -f tt) diverges, 
i.e. 27 a^ cos r 9 diverges. Now when 9 is an odd multiple of 
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n, z — — T. Hence we conclude that the series S ^ con- 
verges at all points of the circle of convergence if o > w > — i, 
except at z—~i. 

Note . — If we replace w by a complex number v, it follows from 
Gauss' test, § 8.51, that the binomial series will converge absolutely 
on the circle of convergence if the real part of v is positive. 


(6) The Exponential Series. Consider the series 

2 * 

E(2) = I + ^ 


l I 


The radius of convergence of the power series is given by 

lim. 00. Hence if R be any real number as large 

n-. 00 

• 00 

as we like, the series E ^jn ! converges absolutely for [ 2 | < /^. 


n o 

In Chapter V.. § 5‘i, it is proved that if p, y, x are real, and 
lim. (vy) = a;, then 

lim. (i + y)'' + + 

' v-> 00 , 

It is easy to extend the argument to tlie case in which y, x are 
complex, V still being real. Thus if f, 2 be any complex numbers 
such that lim. {vQ 2, then 

V -> 00 

lim, (I + {)>■ = I + -’ + 2| + ■ • • + ^! + • • • 

00 

It may then be shown that the function E (2) defined by this 
series satisfies the fundamental equation 

E (2i -{- 22) = E (Zi) X E {22). 

It is usual to denote the function E (2) by e* when 2 is complex, 
the fundamental equation just stated being then written in the form 

-f -a -- /i X 


8 - 61 . Relation between and sin z and cos z 

In § 8-31 the equation = cos^ + i sin a;, where x and y are 
real, has been considered. Assuming that ix can be treated as an 
ordinary index we have 
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c-ix = i/(cos X ~\-i sin x) = (cos^a; -{■ ^inh)l(cos x i sin x) 

~ cos X — i sin x. 

Adding and subtracting the two equations, 

_|_ e- ix = 2 cos x, e^x __ g-ix — 2i sin x. 

Thus when x is real, 

^cos% = i {e’x 4 - sin a; - (c^x __ 

It is convenient to define cos 2 and sin 2 by these equations 
when 2 is complex. Hence when 2 is real or complex, 

(JO 

cos 2 4 - = ^ (- i)" 2 “"/( 2 «) !, 

n ^ o 

I "" 

sin 2 - - e-i^) - 2 ; (- i) + i) !. 

2« « o 

Similar forms may be used to define the hyperbolic functions 
for complex values of the variable (Chapter V., § 5-42). Thus 

(JO 

cosh 2 = i {e- -h tr^) ~ 2 z^^l{2n) !, 

M — o 
00 

sinh z ~ \ — e--) • - 2 22”+Y(2w 4 - 1 ) - 

« — o 

The usual properties of the circular and the hyperbolic functions 
may be developed from the definitions given above. Some indica- 
tion of the methods which maybe adopted, is given in Chap. V., § 5-4. 

8-62. Inequalities for sin z and cos z 

When a; is real, | sin a; | < | a; |, | cos a;| < i. These inequalities . 
are no longer true when the variable is complex. Now 

|sin2 | - \ 2 (~ i)«22'‘^-V(2« + I) ! I 

. < 2 : 1 2 |*"+V( 2 » + i) I. 

If I 2 I < I, 1 sin 2 I < I 2 I I"* i/( 2 » 4 - 1 ) i 

= 1! hl- 

i.e. I sin z I <S hi- 
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It is clear that J is not the best possible factor. Again, 
j cos 2 : 1 < £\z |*”/(2») • 

< I + 4. ± -f . . . , if [z| < I' 

<I + i ^ 

M — O 

Hence | cos 2 | < t }, if \ z \ < i. 

8*63. Note on Conjugate Functions 

Suppose we have a function / (z) of a complex variable 
z = x \-iy. Then'"/ ( 2 ) * / + iy) being itself a complex number 

can be represented in the form 

f (x iy) -= u -f iv, where u and v are real. 

From the properties of conjugate numbers it follows that 
f (x — iy) — w — iv. 

This principle is a very useful one and examples of its use will 
be given below. 

Examples.-* (i) Prove the Jollowing properties of the hyperbolic functions. 

(i) sinh iz -- i sin z, (ii) cosh iz — cos z. 

(iii) cosh u f cosh v 2 cosh ^ (m + y) .cosh J (m — y). 

(iv) cosh u — cosh y — 2 sinh i (w + v).sinh ^ (m — y). 

% 

(v) cosh^z — sinh^z - i. 

(i) sinh iz J — e~^^) - i. \ — t sin z. 

(ii) cosh iz — J C'' + ^ cos 2. 

(iii) 4 cosh J (w + t/) .cosh J [u — y) 

= {ei (“ -H f (« + y)} {fii (w - V) 4. (m - y)} 

- 2“ + e-^ + c* 4- e-^ 

2 cosh u - 1 - 2 cosh V. 

(iv) 4 sinh J (« f v) .sinh ^ (« — v) 

= {ei (« f V) _ i(» T *^)} {eh {»-v) - *^)} 

= “ - («• + «-*) 

=s 2 cosh u — 2 cosh y. 

(v) cosh’2 - sinh®2 — J (e* -f- «“*)• — I («* — «"*)* 

- H'*' + 2 + «-’• - 
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(2) Two complex numbers z ~ x iy, w ~ u iv, are connected by an 
equation z - c cosh w. Prove that 

c^ cosh^u ' c^ sinh^u c* cos^v i.in'^v 
and find the values of x and y that correspond to tt v i. 

[Land. B.Sc., Eng.] 

X iy — c cosh {u f iv ) ; x — iy ~ c cosh [u — iv) . 

tience ~ ” ) 

= cosh (m + io) — cosh {u — iv) (ii) 

c 

From (i) ^ = cosh u cosfi iv cosh ucosv (iii) 


P'rom (ii) -- sinli //.sinh iv — * sin w.sin v . 


.(iv) 


From (iii) and (iv), ^ =» cos v. = sin v. 

Squaring and adding I- = cna«v + sin»» , i. 


Airain, ^ — rusii «,■ ~ snili «. 

c cos V c sin V 

Squaring and subtracting - ^2 |iTi 2 Ti ' " '* 

When u - V == i, x - c cosh r .cos 1 r. J (« - c"*) cos 57' 18', since 
I radian — 57® 18' approx. Substituting e — 2 718 . , . the approximate 
numerical mbIuc of x can be calculated. 

Similarly, y == c sinh i .sin i c.\ {e - c *) sin 57^^ iH', and y may be 
found in the same way. 


(3) Given that 2r + ty -- coth i (n *>?). express x and y separately in 

in real form in terms of ^ and t] and shoiv that, when ^ < o, y can be expressed 

in a series 

- 2 (e^ sin rj I e^^ sin 2y t c 3 s sin 37; 1 . . . ). 

IVhat is the corresponding series when i > o ? [Camb, Sch.] 

Since x p iy = coth + ^v)> 

X - iy — coth ~ 

Thus 2X “ coth J (^ |- iy]) I coth \ {i — irj), 

_ cosh i ($ -f rh;) cosh A (h " 

sinh i (f H- irj) ■ sinh J (t “ ^’7) 

gh (I + *>) -f <j- ■ 

ei - *»/) -f- “ ^v) 

+ ,S ({ -■.» _V- ! (r- <n) 
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— 4- I , 6^ + I 

+ *> _ I - tv -"7 

_ 2 — l) 

-j- 11^ _ - 1^~+7 

— 26 ^ COS 1 } I 

Hence x ~ ^ ^ . Similarly y = — ! , 

~~ le^ cos 1? + I - 26^ cos jy f I 

Now y may be written in the form 

~ fc’^sin r} {i — *’?) * {i — ~ ^ 

If ^ < 0, I ^ I ~ < I. Thus we may expand by the binomial 

theorem, the series obtained being absolutely convergent. Thus 


. r ^ - 1 • 1 

f 00 , . ■] 

V - cf sin >1 t 2 S 

J 2 : e^i - "‘7 1 

l«-o j 

0 

II 


In the product of these infinite .series the coefficient of e’’^^ is 
cniv 4- | “ 4) ^>1 + . . . + <;-(« - 2)ti; ^ -nii). 

Thi.s is a geometrical progression of (« -f i) terms, the first term being 
and common ratio Thus its sum is 

I — — g~(** 0*7 ^ sin (n -f- O’? 

^ I >. g-^iv ~ e^V _ g-h sin V 

Hence y ^ — c> 2* sin (h -f i)rj, 
n - o 

which is the required result. 

If i > o we can write y in the form 

y - {tf '^sin T/}/(i — .26’-^ cos 77 4- 

which is tlic same as the original form with — ^ instead of Hence if f > 0 

y — e Z ^■’1^ sin (« -f i) r;. 
n -= o 


(4) The real quantities x, y, u, v are connected by the equation 
cosh {x 4- iy) — cot (u 4 - iv). 

Prove that 

sinh 2 V j , ^ 

= — tanh X . tan y, 

stn III . 

and that coth 2V — — {cosh 2;r f- cos 2y -|- 2) In sinh x . sin y. [Camb. 5f A.] 

Now cosh {x 4- iy) — cot (m -f t>) (i) 

cosh {x — iy) — cot (m — fv) (ii) 
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Adding (i) and (ii), 

cosh (X + iy) + cosh (* - ,y = E? - «•«>) 

sin (11 + tw) ^ sin (u tv) 

== cos (u -f iv) sin (u - tv) 4- cos (u - tv) sin (u -f iv) 
sin (u 4- iv) sin (m — ~iv) 

Hence cosh ^ cosh iy — sin 2m/{cos 2iv — cos 2u}. 

i.e. cosh ^ cos y =s sin 2M/(cosh 2v — cos 2u) (iii) 

Again, subtracting (ii) from (i) 
cosh {x + iy) — cosh {x — iy) 


^ cos (u 4- iv) sin j u - iv) ~ cos (u - iv) sin (m 4- iv) 
sin {u 4- tv) sin (« — it^ " 

i.e. sinh x sinh iy sin (— 2iv)/{cos 2iv — cos 2 u) 
i.e. i sinh ^ sin ^ = — i sinh 2v/(co9h 2v — cos 2u) 

Hence sinh x sin y ^ - sinh 2v/(cosh 2v - cos 2 m) ( 

From {iii) and (iv), -= - tanh;r.tan^. 

Again u 4 - iv - cot"^ {cosh {x 4 - iy)} 

u — iv — cot (cosh {x ~ iy)} 

2 iv cot-1 Icosh {x + iy)} - col-» { cosh (x - iy)) 

' i.C. cot 2,V = “?!’-(* .+ >» + 1 

cosh {x 4- iy) - ccfeh {x - iy) 

_ J c osh 2;r 4- I cosh tiy 4- i 
2 sinh X sinh iy * 

Hence 4.' coth 2v 

t sinh X sin y 

i.e. coth 2v = - (cosh 2;r -f cos ly 4- 2)/4 sinh sin y. 


87 . Logarithm of a Complex Number 

Multiple-Valued Functions.— Let / (z) denote a function 
depending on Then if to each value of 2: there corresponds more 
than one value / (z), f (z) is said to be multiple-valued. Examples 

ef this type of function have occurred already. Thus is a 
multiple-valued function of 2:, for to each value of z there corre- 
sponds n values of 2:". Each of these n values is a function of z, 
and we may speak of each one of them as a branch of the multiple- 
1 » 

valued function 2”. Thus 2" has » branches. In particular 2* 
has two branches. 


T. A., II. 


18 
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As another example consider amp. z. This is a multiple-valued 
function, but it is made single-valued by considering the principal 
value of the angle. This is equivalent to restricting ourselves to 
the consideration of one particular branch. 

The Logarithm and its Principal Branch.— Now if x, y are 
real, x> o, then log x is defined as the number y satisfying the 
equation x = e^. In Chapter V., § 5-13, it has been shown that 
this number is unique, i.c. given x > 0 , there exists one and only 
one real number y such that y = log x. 

Now consider the equation z — where w, z are no longer 
restricted to be real. If v is any real angle, 

~ cos V -f i sin v. 

Writing v 'Znn, where w is a positive or negative integer, it 
follows that • 

eznrri = cos 2«7r -f i rill Znn - I. 

Again, i{ w = u iv, u and v being real, 

_ (U ^iv _ y { sin v). 

Let us consider in particular the solution of the equation c**' — i. 
Then v i, e** sin v ^ o. » 

From the second equation, since + o it follows that sin v — 0, 
i.e. V UTT. 

But if v rnr, cA)sv^= ±1. Since is never negative it 
follows that cos 7; cannot be negative so that cosp= i. Thus 
v = 2 « 7 t, i.e. only even multiples of tt. Also “ i, i.e. u = 0. 

Thus the solutions of the equation e^ ~ i are 
ti = 0, v = ZUTT, i.e. IS} — znni. 

Hence the solution of the equation c'" ^ 2 is no longer uniqiu', 
for in the particular case considered there are an infinite number of 
solutions, each differing from the other by a multiple of Zn. This 
result is to be expected since 

^ ^ J gW X e^nni £W -( irnri^ 

Now let z be any. complex number and write it in the form 
z - r (cos 6 {- f sin 0) — id ^ 

where log r is the logarithm of the real number defined as in Chapter V. 
It follows that we can take one value of log z to be lo^ r iO and 
the general solution to be 

w — log z ~\ogr i (0 znir), 
where n is zero, or a positive or negative integer. 
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The logarithmic function is defined as consisting of all these 
branches. It is convenient to specify a single-valued branch of the 
logarithm in the following way. 

Consider the representation of 2 in the Argand diagram and 
supiio.se that a cut is made along the negative part of the real 
axis OX' as indicated in Fig, 36. Suppose further, the point l> 
(ie.scnbes any path in the plane, but is never allowed to cross the 
cut. Then it is clear that under these conditions that if P returns 
to its original position its amplitude veill he the same as its original 
value. 


The only other possibility is that the new amplitude should 
differ fiom the old by a multiple of zn. This is impossible since 
P lias described a path 
which has not passed around 
the ori<’iji. 

Thus if we define the 
principal branch of Log lo 
be log log r 4- 

— 77 < 6 <- 77 

then no matter what path 
describes under the restric- 
tion just staled the ampli- 
tude will always lie between 
— 77 and 77 . 

The reader should note 
die distinction drawn be- 
tween Tog z and /og 2'. 



Note . — Care is necessary in using such formula as 
log (2i z.^) - log [- log 23. 

Tor each logarithm has its |)rincipal value, which means that the 
value of 6 corresponding to z^ must lie between — 77 and 77. 
i^ut it is easily seen that when we add the angles corresponding 
to and Z2 the resulting angle may not lie on the range and it will 
be necessary to add or subtract znt. Thus in general 
log (Zj Z2) - log \ log 4- zkni, 
where k - 0, i or — i. 

In any particular case it is easy to see the value of k, which 
must be taken. The last point has already arisen in connection 
with the amplitude of the product or quotient of two complex 
numbers (§ 8-22). 
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871. The Logarithmic Series 

It has been proved in Chapter V., § 5*5, that if x is real, 

^ j 

The algebraic method adopted there may be extended directly 
to complex numbers, provided the series involved converges 
absolutely. 

00 

Now if 1 2 : 1 < I, the series S (-- i)^~h^ln converges 

n — I 

absolutely. For the radius of convergence of the power series is 
lim. = lim. ^ — i. 

n CO ^n-f i « -> 00 ^ ^ 

It follows that the scries is one of the solutions of the equation 

CO . 

e"’ I + 2, provided | 2 | '< i. Thus S (— is one of 

n ^ I 

the values of Log (i +2). 

Now Log (i -j- z) = log (i 4 - :i: 'Zmni, where m is a positive 

integer or zero. Hence 

«) 

log (i -f- 2) 4: 'zmTri = E (— 

n i 

Now write z — re^^. Then 

00 

log (i -|- r cos 6 -f ir sin 0) i zmiri = •• E (— 

n ~ I 

jWhen 6 — 0, i.c. z is real, the equation becomes 

00 

log (i + r) i 2wm ^ E (— i)V”/n. 

« — I 

It follows that m — 0, since the other terms are real. Hence 
log (I + ^) = ;: - k" + + . . . , I Z I < I, 

where log (i 4-2) is the principal branch of Log (i +2). When 
2 lies on the circle of convergence | 2 | i it may be proved* 
that the series converges for all such values of z except at z — — 1. 

Examples. — (i) If x, y, 6, <f> are real quantities and if 
logt sin (^ + i<f>) — X + iy, prove that 

• — cosh 2 <f> — cos 20. [Catnb. Sch ] 

Since x iy ^ log sin (0 + 

e*^*» — sin {9 4 and == sin (0 — i^). 

* See, e.g. Bromwich, Infinite Series. 
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Multiplying the two equations, 

«*• = sin (9 + sin (tf - •>) = J {cos 2.> _ cos 29}; 

/. 2C*® = cosh 2<f> - COS 2d. 

In this example the question of the principal value of the logarithm does 
not arise since the exponential form is used. 

(2) Express the fourth root of (- 2) and its logarithm in the form u f iv. 

[Land., B.Sc,, Eng.^ 

Now ~ 2 = r (cos 8 -f i sin 8) re^^. 

Thus r cos d = - 2, r sin d - o. r ^ 2, 8 = n. 

Hence - 2 ^ 2e>" = 2e'(’' I' I- i)m 

integer. 

Thus (— 2)i — 2^ I- i)TTi 

The four values may be obtained by writing n o. i, 2. 3. and are 

2h*^\ 

t.e, 2^ (cos Jtt + t sin In). 2^ (cos Jtt + i rfin Jtt). 2^ (cos > + i sin »7r). 

2^ (cos Jtt T V sin ’ tt). 

Taking the principal values the logarithms arc 

i log 2 + Ini, i log 2 + jTTf. i log 2 - 37rt. I log 2 - Ini. 

(3) Considering only the principal value, prove that the real part of 
(I + » Vi)^ is 2 <^W ^/3 cos (J TT f V3 log 2). 

[Land. B.Sc.] 

Write (I + V 3 )‘ 'V 3 ^ „»(> ,(cos 9 + j sin 9 ). 

T.iking logaritlims, (i + i ^3) log (1 + i = log r + , 0 . . , , (i) 

Now log ^3) ^ log 2 .|. ,■ tan-' 3/3 ^ log 2 I- i Ja, the principal 

value being taken. • 

Then (i + t V 3 ) (log 2 + ».|7r) (log 2 - nly/3) + i (Jtt -f V3 log 2). . (ii) 
From (i) and (ii), log r - log 2 - nf^/i. d = Jtt -f- ^3 log 2. 

Hence r = cos d - cos (U \- loir 


Tlic real part of re;* ^ r cos 


cos d - cos (iTT t V3 log 2). 

IS 8 ^ 2e W V3 cos (Jtt + ^3 log 2 ). 


(4) M + iv — log where 2 x f iy and a is a real constant, 

find the values of u and v in terms of x and y and show that u ^ const, and 
- const, represent in the z-plane two sets of circles which cut each other ortho- 
^ [Lond. B.Sc.. Eng.] 

^ i.e. — — ^ ^y — ft'+zw /jv 

X x -f- a “f- ty (*) 
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The conjugate functions give 


X - a — iy 
X a — iy 


^u-iv 


('i) 


Multiplying (i) and (ii), = {(x - ay + y^}l{{x T «)* + 

Thus M ^ i log [{(at - a)* T y^}l{{x |- a)* ■]- y*}]. 


Dividing (i) by (ii) 


f.2iv - *.y) . 

X 1 - {a 1 ly) X {a |- iy) 


x^ — [a — iyY _x^ - I y* I 2 aiy 
~ x^ — {a tyy X* — fl* 4 y^ — 2aiy‘ 


Tj. ^ — a* + y* 1- 2aiy - x'^ 1- a* - y* |- 2 afy 

^* 7 i; j “ _ ^8 .p j|_ . 2 fify 4- ;»r* _ ^2 _ ■ 2 aiy 


laiy 

4- y* — a*’ 

#•'” — _ 2fl/y 

r*" 4- 4- y'^ — 

Hence tan v — 2 ayl{x^ )- y* — a*). 

' The curves for which u — const., v == const, are given by 
{x - a)* 4- y* = ft {{x 4- ay 4 y*}, -(- y® - rt® ■= 2 

where A and / arc constants. These equations may be written in the form 

{x — atny + y* — a* (w* — 1) ; .y® 4- (y — ^0' "" ‘H 

where tn — (i 4- ft)/(i — ft). These equations represent circles; the first 
has centre {am, o) and radius ay/{m^ - i), the second has centre al and radius 
a \/(i T /*). The distance between the centres is y/{a^ni* 4- a*/®)- 

The condition that the circle should cut orthogonally is that the sum of 
the squares of the radii be equal to the square of the distance between the 

centres, i.e. a*»n* 4 - aH* = A*{»n* — i) 4- a®(i 4- /®). 

Thus the condition is satisfied. 


8-8. Transformations 

Let w = u iv be a complex number which is related to the 
variable z — x iy by some relation w — f (z). 

Consider the geometrical interpretation of w and z. The plane 
in which z is represented may be called the xoy plane or the 2 -plane, 
and the plane of w by the uOv plane or the w-plane, the origin'^ 
being 0 and 0, Supjxhse now that 2 describes a curve in the xoy 
plane. Then w will describe some curve in the nOv plane. Thus 
to any figure in the first plane corresponds one in the second plane. 
The passage from a figure in the xoy plane to the corresponding 
figure in the uOv plane may be called a transformation, and the 
function w — f {z) is said to transform 2 into w. 
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If w = az -{- b, where a and b are constants, the transformation 
is said to be linear. If w = (az b)j{cz -{■ d) the transformation 
is said to be bilinear. 

Again, if / (z), g (z) are polynomials in z the transformation 
defined by w ^ f(z)lg (z) is said to be rational. Thus the linear 
and bilinear transformations arc particular cases of rational trans- 
formations. 

8’81. The Linear Transformation 

We consider the transformation w az -f- b in two stages 
as follows. Write Z = az, w ^ Z b where Z X -\-iY. 
Then Z represents an intermediate transformation and the complete 



transformation is obtained by carrying out the two other trans- 
formations in succession. 

Now if Z ~ az, I Z I = j a j I z I, amp. Z amp. a -f amp. 2:. 
In the last equation amp. Z need not be the principal value of the 
amplitude when amp. a and amp. z are principal values, but may 
differ from it by 27r. 

Corresponding points may be conveniently represented in the 
one figure. Thus if P and A are the points z and a respectively, 
P the point Z, ^xoA = A, /ixoP = 6 then /_xoQ ^ -f A and 
oQ^oA.oP (Fig. 37). Thus the radius vector oQ is obtained 
from the radius vector oP by turning it through an angle A = amp. a 
and multiplying its magnitude by the length of oA | a |. 
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It follows that if P describes a curve on the xoy plane, the 
corresponding curve described by Q will be similar. 

Next consider w -- Z -\-b. Let D represent the point h, 
Q the point Z (Fig. 38). Then if R is the other vertex of the parallelo- 
gram whose adjacent sides are oB, oQ then R is the point w. Thus 
the effect of the second intennediate transformation is to translate 
every point Z through a distance oB in the direction of oB. 

The complete transformation w - az -\-h involves then three 
separate transformations: (i) a rotation, 0 changed into ^ -f- A; 
(ii) a magnification, oP changed into oP x | a | ; (iii) a translation 
equivalent in magnitude and direction to oB. 


8 * 82 . The Bilinear Transformation w— {az -{■ b) I (cz d}. 

As in the case of the linear transformation we may consider 

the transformation by means of 
a series of intermediate trans- 
formations. Thus, provided 
ajb^cld, 

(be — ad)lc^ , a 
z-\-dlc ^ c 
a c 

If 7 = -j. it is clear that w 
0 d 

is a constant. Writing 
(be — ad)lc^ = m 
we may express the complete 
transformation as follows: 

(i) Zy=z-i- djc. (ii) Za == i/zj. 



(iii) T3 = mz^. (iv) ^ Zg -f a/c. 

The first, third and fourth transformations have already been 
considered as they are all linear transformations. There remains 
^2 - iMl- 

Let P be the point z^ (Fig. 39). Then with centre 0 and radius 
unity draw a circle in the xfiyi plane. This is the unit circle in 
the Zj-plane. 

Since z^ = ijz^, 1 2:, | = i/| Zj |, amp. Zg = - amp. Zj. 

Let ^ be a point on OP such that OP.OQ = 1 Thus 

= \h\‘ Then in geometrical notation Q is the inverse of 
P with respect to the unit circle. 
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Next let R be the reflexion of Q in the real axis. Then since 
^ xfiP — /_ XiOR numerically, amp. z^ — xfiR and since OR = OQ 
it follows that R is the point z^. 

Expressed in geometrical language we pass from the point z^ to 
the point Z2 by first inverting the point with respect to the unit circle 
and then constnicting the image of the new point in the real axis. 

We now show that the bilinear transformation transforms circles 
into circles or straight lines. 

In order to prove this it is sufficient to show that the trans- 
formation w ^ ijz transforms circles into circles or straight lines. 
For as regards the intermediate transformations (i), (iii), (iv) it 
is clear that circles will transform into circles and straight lines 
into straight lines. 

Any circle in the r-plane • may be represented in the form 
\ z — a \ = p, where a is the centre, p the radius of the circle. Thus 
z — a = p (cos d 4 - i sin 6), - n < & < n. 

Write a - a i^, iv — u 4- iv, 

ijic! = i/(m -f iv) = (ii -- iv)l{n^ -j- v^). 

Then (« — iv)l(u^ 4 * v^) — a ip -h p (cos 8 -f i sin 9). 

Equating real and imaginaiy parts, 

«/(m* ■{- v^) — a p cos 9 ; — vl(n'^ = P -\~ p sin 9 , 
Hence u — a (w^ 4 - p E cos 9, 

— V — p (w* 4 - ^ p (‘^<* 1 ' sin 9. 

Squaring and adding we obtain 

(U^ 4- V^) {(a^ 4- P'^ ~~ P^) (w" + - 2a/f 4" 2 pV 4- 1} • = 0. 

Since p> o,w^o and -f > 0. Thus the equation gives 
(a^ 4- P^) — 2a?< 4 - 2jSf 4 ^ I o- 

Then if a* 4- + o this represents a circle in the n, v 

plane whose centre is the point 

{a/(a* + ^*-/). - m ~ P‘)}- 

If a* 4- — p* = 0, i.e. the circle \z — p passes 

through the origin, the equation reduces to 
• — 2au - E 2pv 4 - I 0. 

8‘83. Circle in the Argand Diagram 

We now show that the equation of any circle may he written in 
the form 

zz az az -E b — 0 , 
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ivhere z, z denote conjugate numbers and b is real. Conversely if z 
satisfies an equation of the above form, then z must lie on a circk. 
[Compare alternative proof in §8-32, Ex. i.] 

The equation of the circle whose centre is A and whose radius 
is p may be written in the form \ z — \ \ p. 

Now the conjugate of z — X is z — X, and since the product 
of two conjugate numbers is equal to the square of the modulus of 
the original, we may write the equation of the circle in the form 

(z — A) (? — A) — p^, i.c. zz — Az — Xz -j- XX — p^ = 0, 

Writing ~ A so that a - — X, XX — p^ — b the equation 
takes the form 

zz -h az az -f b = o. 

If X = p \- iu, X = p. ~ iv then a ~ p \ ti^, d = — u — 
Hence p = I (a 1- a), p = \i (a - a). 

Again, “ XX — b ~ aa — b. 

Thus the equation zz -\- az az -j- b — o represents a circle 
whose centre is {— i (a. + a) — I (^ — a)} and whose radius is 

{ad — b)K 

This result may be used to give an alternative proof of the 
result that the bilinear transformation transforms circles into circles, 
with straight lines as particular cases. As before it is sufficient 
to prove the result for the transformation w ■■ ijz. 

T.et the equation of the given circle be 
zz -}~ az -|“ dz ^ ~ 0. 

Substituting z — ijw, d — ilw the equation becomes 

I hww — 0. 

Dividing throughout by 6+0, 

- a a- i 

WW -f , W d- -rVl' , — O. 

b b b 

Since h is real, the conjugate of 'dib is ajb. Thus this equation 
has the same form as the original and hence represents a circle in 
the le^-plane. A special form occurs when b = o in which case the 
equation for w becomes 

I -f aw aw = o. 
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Writing w = u -^iv, w ^ u - tv, a = b ic, a^h — ic, 
this equation becomes 

I f (b 4- ic) {u - tv) + {b ic) (u -f iv) = 0, 
i.c. I + 2bH 4 - 2C7^ -- o. This represents a straight line. 

8 ' 9 . One-one Correspondence 

Let Cl and C^ be two curves in the Argand diagram. Then if 
there exists some relation such that by means of it we can define 
a correspondence between points on the two curves in such a way 
that to each point of Cj thete co/yesponds one and only one point 
of Cg. and conversely to a point on C.^ there corresponds one and only 
one point of Cj, the correspondence is said to be one-one. 

In a similar way we may define one-one correspondence between 
two areas in the planes. To each point of the first area will corre- 
spond one and only one point of the second area, and conversely. 

rhe functional relation which defines the one-one corres|x>ndence 
may be said to give a one-one transformation. 

The general bilinear transformation w (az •\- b)l(cz ^ d) is 
the most general ty[)e of transformation which possesses the property 
that to each value of 2: there corresponds one and only one value 
of w and conversely. For the equation may also be written in 
the form 

div — b 

z . 

cw - a 

which clearly defines one and only one value of r corresponding 
to each value of w. 

Examples. — (1) Prove that the transformation w — (25 + t )/(2 — iz) 
transforms the interior of unit circle in the (;r, y) plane into the interior of the unit 
circle m the (w, v) plane, where z ^ x | iy, tv — u iv. 

At any point on the boundary of unit circle in the {x, y) plane, | 2 ( = i, 
z ^ {cos dpi sin 6), - tt < 6 < tt. To show that this circle is transformed 
into unit circle in the («, v) plane it is sufficient to show that when 

2 — cos 0 + i sin | | = i. 

I a; I I * I ^ I ^ ^ ^ T 0 I 

I 2 - 72 I I 2 + sin 0 — t cos 61 I 



14 4-4 

1 4 T 4 sin ^ 4 if. 



284 


Complex Numbers 


To show that the interior of unit circle in the (x, y) plane transforms into 
the interior of unit circle in the (u, v) plane it is sufficient to show that if z 
be any particular point such that | j < r, then j j < i, where 
Wq — (2Zo f t')/(2 — />o). To see this let be two points such that 

I ^0 1 < L I I < * and suppose that f u'o j < i. Then must | j <1. 

Suppose on the contrary, i.c. | | > i. In the. (u, v) plane join Wg, re, 
by any curve. Then since Wg lies inside and Wj outslide, this curve must cut 
unit circle at a point w, (say). 

Denote the curve by C\ and let Cj be the corresponding curve in the (x,y) 
plane. C| is uniquely determined .since the transformation is one-one. Further 
the point corresponding to must lie on the boundary of unit circle in 
the (x. y). Hence the curve Q must cut the circle. 

This is true for any curve joining Wg and in the (m, r) plane. It follows 
that every curve joining Zg, must cut the unit circle in the {x, y) plane. 
This is obviously false since Zg, both lie inside the circle. Thus we have as 
contradiction and hence | 0;^ | <1. 

As the particular point take Zg ^ o. Then — ilz, | I = i < t- 
Thus the result is proved. 

(2) Prove that the transformation w ^ {z — a)/(i — Zz), where a is any 
complex number xvhose modulus is not equal to unity, Z is the conjugate complex 
number, transforms the inside of the unit circle into the insideor the outside of the 
unit circle in the plane of w and distinguish the two cases. 

We first show that if | ^ | — i then | tt; | — i. 

1 w 1 = I ^ - a I/I I - I - I ^ - a I/I 1 ~ oJ |, [§ 8-32. (ii). 

Now write z — a — pe^^, p 1= i 

I K. I - U’® - I/I ■ - I = I = T. 

Thus unit circle in 2 -plane transforms into unit circle in the rt'-plane. 

Consider the point 2 — 0 an 3 let Wq be the corresponding value of w. 
Then ~ a. Thus the point is inside unit circle in the a;-plane if | a | < i 
and outside if | a | > i. 

(3) In an Argand diagram the points P and Q represent the complex quantities 

z and Zy respectively, where Zy— (2 — i)l{z + i). Pind the locus of Q if P 

describes a line through the origin inclined at an angle a to the x-axis and show 

that if Q describes a circle of the coaxal system whose limiting points are (i, o), 
(— 1,0) then P describes a circle whose centre is the origin. [Lond. B.Sc.] 

Write 2 ;r -f- iy, Zy ^ Xi -h iyy. 

If P lies on the line through the origin inclined at angle o to the ;r-axi3, 
amp. z - a, i.e. yjx = tan a. 

Now the relation Zy^ {z ~ i)l{z -|- i) may be written in the form 
z^ {Zy+ i)/(i - Zy) (;r, -f- I -f iyy)l{i ~xy~ iyy) 

= -f I -f iyy) {I - Xy 4- iyy)l{{l - Xy)* + 

-r-: (I -f- 2iyy - Xy* ~ y, »)/{(! - Xy)* -f yy*} (i) 
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Hence tan a ^ iyilii — 
i.e. Xj* -f* (>^1 + cot a)* ^ I -f cot*a = sec*a. 

Thus Q describes a circle whose centre is (o, — cot a) and whose radius 
is see a. 

A system of coaxal circles may be represented by the equation 
^2 T c o 

the y-axis being the common radical axis, g being a variable parameter, the 
limiting points being (± \/c, o). Hcnce^J lies on a circle of the system 
^1* + yi* - 2gx^ +1=0. 

From (i) it follows that 2 = (2 - 2gXi -) 2iyi)l2Xi(g i), 
i.e. 2 (r - gxi + iyt)l^i{e - i)- 
Hence 1 2 1 * - ((i - gx,y T y^^}lx,Hg - i)« 

- (i - 2gx, f -I- yi*)/V{^ - 0* 

- UW - - 0* = (^ + i)l{g ~ I). 

Hence 2 lies on a circle whose centre is the origin and whose radius is 

(« + •)*/(«->)*■ 


(4) If z - X iy and x, y, c are real, prove 

that, when 2 — ce^^, — zc cos 9 . Hence, or otherwise, prove that if the point 

representing z describes the circle x"^ -f - c®, the point representing z^ describes 
the segment of the x-axis from j- 2C to — 2C twice, once in either direction, 

[Land. B.Sc., Eng.] 

{2 - f)» 2, - zc 

Applying componendo and dividendo, 

(Z -f c)» T (Z - c)^ _ -I 2C J- 2, - 2C ; ^ I _ 2, 


(2 + cy - (z - c.y 
Write z = 


' Z^ }- 2C - ■ Zi + 2C 

Then ^ + J 


Since cos == 4 z^ — to cos 9 . 

Take the initial amplitude of z to be zero and consider the variation of Zj 
as amp. z increases for o to tir, when | 2 | -— c. As 0 increa.ses from o to Jrr, z^ 
moves from the point {tc, o) on the real axis, along the real axis to the origin. 
A.S 9 increases from \it to n, z^ moves along the real axis from the origin to 
the point (~ 2c, 0), 

Again, as 9 increases from n to tn, z^ passes along the real axis from 
(- 20, o) to {20, o). 

Thus as z describes the circle \z \ = c, 2, describes the 2?-axis from -f- 2c 
to ~ 2c twice, once in either direction. 


(5) If zzy — k*. where 2 and 2, are complex quantities and k is real, and if 
the point which represents z in an Argand diagram describes a circle whose centre 
’5 (a, b) and whose radius is r, show that the point which represents z^ describes a 
t'lrcle of radius khl{a* 4- ft* ^ r*). [Lond, B. 5 c.J 
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Now iZi = k*. Hence j | ^ h*l\ z J. Also arg. — arg. z. 

The curve described by z^ as z describes the given circle is obtained by first 
considering the curve for which j ^, | — k^l\.z\ and then reflecting the curve 
in the ;r-axis. The second step only changes a circle into a circle of equal 
radius. Thus it is sufficient to prove that the curve described by where 
I z I I I ^ /i* and arg, z — arg. Zi, is a circle of radius k^rl{a* -f- t* ™ 

Let P be any point z on circle (;r — a)* -|- (y — &)• — r*, Q the correspond- 
ing point z^, 0 the origin. Then OP = 1 ^ |, | |, and hence 

OP.OQ = k*. 

X V 

Let amp. be 0 so that the equation of OP is * — p, where p 

^ ^ cos 0 sin 9 ^ ' 


is the distance from the origin to the point {x, y). If OP — p then OQ — A“/p, 
Write — M h tv. Then arg. Zy — 9 and sin 9 — ^/(m* -f 

cos 9 ~ m/(u* + i/*)V Since P lies on the circle [x — a)* + {y — 6)* — r*, 
(p cos 9 — a)^ {p sin 9 — by — (i) 

Also, since 0 lies on the line OP, ^ ~ ^ a — ^ ■ Thus 

^ cos 9 sin 9^ p 


cos 9 — upjk*, sin 9 — vp/A®. 


Squaring, adding and taking the square root, we obtain p i:::: k^j{u^ -f 
Thus pcos 9 — uk^j{u* -f i^®), psin ^ — vk^l{u^ -f v®). Substituting in (i) 
and simplifying we obtain 


/ ak> Y ( 

M® Y 

\ a> + ¥ - r’l 1 

a® -F - r®/ 


(a®-f 


Thus Q describes a circle of radius khl{a* -f — y*). 


EXERCISES VIII 

1. Find the value of (i - i)“. 

2. Write down the square, cube and fourth powers of a + ib, and show 
•that they are of the same form. 

3. Simplify (3 -f t)* + (3 - *)*• 

4. Find the fourth power of — Vf — 3\/{— 4)}- 

5. Resolve x* — y* into four factors of the first degree. 


6. Show that 




7. Simplify 


a -f* g - bi 
a — bi a + bi 


8. Express ^ in the the form of a -f ih. 

I - V (“ 0 

g. Find the square roots of (i) - i f 2\/(— 2), (ii) — i 4- 4y'(— 5) 

10, Prove that V(4 "b 3*V2o) 4* \/(4 “ 3*V2o) — <3. 
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...Show that 

12. Find the moduli of the following expressions: 

(ii (1 + •)•: (>■) (40 + 9 >) (24 + 7 >): (Hi) ; (-v) ^ 

13^. Reduce the expression {(4 + 3 *) ^3 + 4*}/(3 + *) to the form 
|(i -f 1). [N. 5 c.] 

14. Suppose that x -{■ iy — -i- JB^-**** where 

A = «! -h i<i%, R = 6| + *f>*- 

Assuming that x, y, Uy, a^, by, b„ n, t are all real, find the value of x and y. 

[Lond. B.Sc., Eng.] 

15. If {ay + ib^ (flj -f- ib^) ~ A iB, show that 

tan ' + tan * == tan-* ^ , 

Uy rtj A 

and {^1* 4- by^) (a,* + 6,*) = . 4 * f R*. [Madras, B.Sc.] 

16. Explain the representation of complex numbers by means of points 
in a plane. Mark on a diagram the points which rcj)resent the complex 
numbers 2 -|- 3*. 1/(2 + 3*), (i 4 i)/(i - »). {(1 4 *)/{i - *')}*• 

[Lond. B.Sc.] 

17. Give a geometrical construction for the product of two complex 

numbers. Find the modulus and amplitude of (i) (2 + 3i)/(i — t) ; 

(ii) {cos ^ 4- i sin ^ — i)/(cos (9 4 r sin 0 4- i). [Lond. B.A.] 

18. Draw a rough diagram showing the positions of the two points 

4 “ ^3 + L d' *V2 on the Argand diagram. What are the 

moduli and amplitudes of these two complex numbers ? Illustrate on the same 
diagram the numbers ZyZ^ and Zyjz^. 

Three complex numbers arc such that ZyjZf — what geometrical 

significance has this in relation to the corresponding points in the Argand 
diagram ? 

19. Represent in a diagram the complex numbers 5 + 2 i, (9 — 7 *)/(» — 2). 

If - z,)/(.?3 - Zy) - Zi)l{Zy - IT,), prove that the points which 

represent the complex numbers Zy, z^, z^ form an equilateral triangle. 

[Lond. B.A .] 

20. Explain what is meant by the modulus and argument of a complex 

number, and how they arc represented in the Argand diagram. Prove that 
if (1 4 z) (z' - i)/(z - z') is real, the four points, i, ~ 1, 2' arc concyclic. 

[Lond. B.Sc.] 

21. A, B, C arc three points in the Argand diagram, D is the foot of the 
perpendicular from A upon BC and /f £ is a diameter of the circle through 
ABC. Interpret geometrically the equation (which need not be proved) 

{b - a) (c — a) = (d — a) (e - a), 

where a, b, c, d, e are the complex numbers represented in the diagram by 
A, B, C, D, E. [Lond. B.A.] 
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22. Prove that 

(cos oi -I- i sin aj (cos a, + i sin a,) . . . (cos a„ f i sin a„) 

— cos (oj -}- aj -f . . . -f a„) + i sin (flj -f- ttj + . . . + a|). 

Factorize be (6 — c) -f l a (c — a) + ab {a — b) and by means of the 
substitution 

a ^ cos 2 a 4 i sin 2 a, b ^ cos 2 j 3 \ i sin 2/3, c ^ cos 2y 4- i sin 2y, 
prove that 

cos (jS + y — 2a) sin (jS — y) + cos (y 4 * a — 2/3) sin (y — o) 

4 - cos (a 4 - /3 - 2y) sin (a - / 3 ) 
- 4 sin (/3 - y) sin (y - a) sin (a — / 3 ). [Lond. B.Sc.] 

23. State, and prove, De Moivre’s theorem for a positive fractional ex- 
ponent. Find all the values of {i — i)^. [Lond. B.Sc.] 

24. Explain carefully how the Argand diagram may be used to determine 

the wth roots of unity. Find correct to three places of decimals one of the 
sixth roots of 35 4- i 2of. [Lond. B..4.] 

25. Find all the values of (i — \/( - 3)}^ and represent them geometrically. 

[Madras, B.A.] 

26. Find the cube roots of -- i and represent them geometrically; also 
the fourth roots of — i. 

27. Show that the fifth roots of unity other than unity are the roots of the 

reciprocal equation x* + x 4 i o, and solve the equation. 

28. Represent on an Argand diagram the number 3 4- 4?, its square and 
its square roots. 

Apply do Moivre’s theorem to express cos 5^ as a* function of cos ff. 

[Lond. B.Sc., 

29. Calculate the sums 

X -p e?'"* 4- 

y ^ 4- 4- 

(Hint: show that f- y i, - 2). [Madras. B.A.] 

30. Find the solutions of the equation a” = i, n being a positive integer. 

Find all the roots of the equation (i 4- a)" = a" and show that the real part 
of each root is — J. [Lond. B.A.] 

31. Resolve a®” 4* i into factors. Plot the roots of a* 4- i ^ o in an 

Argand diagram. [Lond. B.Sc.] 

32. Prove that if s ^ o 4- if, where <7 and t arc real, then the series Xm * 
converges absolutely if a > i f b, where 8 is any positive number. 

00 

33. Prove that the series £ {- i)’»/(r 4- w) is conditionally convergent 

n — o 

if X is not a negative integer. 

34. Discuss the convergence of the series for all real 

values of a, h, c. 
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35. fli, a^, rtg, . . . is a sequence of complex numbers such that ^ i 

is convergent. 


Prove that if u^ix) 


^n- X a„ a„a • • • - the series 
is absolutely convergent for every value of ;r different from all the a . 


36. Ux + iy = a cos {u + iv) }- ib sin (w + iv). where a.-, y. u, v, a and b 
are real quantities and i debotes V — i. show that 

AT* ys 

a)s* u “ sin* u [Camb. Sch.] 

37. Prove that, if x and y are rcaj^ 

1 cot [X + (y) I < j coth y |. | tan {x -f iy) | < | coth y |. 

[Camh. Sch.] 

38. Define cosh u and sinh u in terms of exponentials, and express them 
as trigonometrical functions of imaginary numbers. 

If a; -I ly c sec -f irj), and if at ^ r cos d, y - y sin 0 show that 
sin (f - 6 ) sin [S -f - r* sin* z^. \Lond. li.Sr.] 

39. If log sin {d -f 7(^) - a -f ip, prove that 


[Camh, Sch.] 

40, If the points representing ^3 on Argand’s diagram form a 

triangle of constant species, prove that (z„ - z^)l{z^ z,) is constant. 

If Zj move uniformly on fixed straight lines, prove that 23 ‘al.so moves 
uniformly on a fixed straight line. [Lond li A ] 

41. Express log (- 2) and sin-» (2) in the form a f ib, where b are 
real. 


If u ^ d’ ^ real, show that the 

for which u is real, lie in the Argand diagram either on the real 
circle whose centre is on the real axis. 


values of z, 

axis or on a 
[Cflm6. Sch.] 


42. Find the modulus and amplitude of (i -| i) (i 4. 2f)/(i f- 39. Xhe 
point AT moves along the real axis, and the point 2 moves so that z/x is a 
(complex) constant; what is the locus of z ? [Lond 13 A '] 


43. Find all the values of e\ where ^ « -f ih, and a and h are real. 
Consider, in particular^ the ca.se where n - 2, a - i,b - i. 

[Loyul. n.Sc. En;;.] 

44 Define and state the connection between this function and the 
trigonometric functions sin x and cos at. 

Express in the form a -f ib the numbers cos-*2. lo***', log, ( . ,j) 

[Land. B..Sr. Enj;.] 

45. A circle in the 2-planc, whose centre is ai sin p and who.se radius is r/ 
is transformed into a curve in the r^i-plane by the transformation 
w - z \- rt*(cos* P)lz. 

Show that the transformed curve is portion of a circle. 


T. A., II. 
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CHAPTER IX 

PARTIAL l-RACTIONS, RECURRING SERIES 

W E first consider some projierlies of polynomials in a single 

variable x. The symbols Y, Yj, X^, . . . , 

represent polynomials, which in parlicular cases may be 
constants. 

9T. Theorems on Polynomials 

TuEOKhM I. If Y = YiX^, |- Y 2 l^hen the common factors 
of y and y, are the same as those of y^ and y^. 

For every ('oinmon factor of Y, and V'g is a factor of Y, since 
y T V'2. Again, sinci' V'2 Y — every common 

factor of Y and Yj is a factor of Yj. 

Theorem TL — If the degree of Yj does not exceed thatof Ythefi 
there exist pairs of polynomials (X.^, Ya), Y.^), . . . , which may 
in particular cases be constants, such that 

y y^X2 -t- y^. Yi y 2^3 f ^2 - y,x, -i y, , . . . 

and the sequence of polynomials 

y,. y^. Ya. y, . . . 

has the property that the degree of any member is less than that 
of the preceding member. 

That this process is j)ossil>l(‘ may be seen quite readily from the 

Y Y 

existence of the first pair A'.,. Y'.,. Thus -= X^ d’ so that 

1 1 1 1 

A^2 is the quotient, Y.^ the remainder when Y is divided by Yj. 

If Y and Yj arc of the same degree, A'g will be a constant, i.e. 
a polynomial of degree zero; if V\ is of lower degree than Y then 
A"2 will be a polynomial whose degree is the difference between 
the degrees of the polynomials* V’, Y^j. I'urther, since Yg is the 
remainder Y, will be of lower degree than Y■^^. 

Arguing as before, it follows that since the degree of Yj is less 
than that of Y\, Yj can be written in the form YgAT^ -|- Y^ where 
Y^ is of degree less than Yg, and so on. 

It is clear that the process must come to an end after a finite 
number of steps. There are only two possibilities. Either the 
remainder Yy, is zero or is reduced to a constant different from 
zero, for some value of w. In either case the process stops. 
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911. Application to the Determination of H.CF. of Two Polynomials 

From Theorem I. it follows that at any stage of the process the 
common factors of Y,, and are the same as those of Y„^i and 

II follows that if Y and Yj have any common factor, then 
this is a factor of each member of the sequence Y, Yj, Yj, Yg, . . . 

If there exists a value such that Y^ = 0, Y^ .j+o then 
V is a factor of Yp_2 since Y^^g "= It follows that 

Yp , must be the H.C.F. of Y and Yj. 

On the other hand if there exists a value of q such that Y^ ~ k, 
a constant different from zero, it follows that the original poly- 
nomials Y and Yj have no algebraic H.C.F. For the H.C.F'. must 
be a factor of Y^ which has no algebraic factors. It should be 
observed that any numerical factor only would not be regarded as 
forming an algebraic H.C.F. 

Thus in the process of finding the H.C.F. in particular cases, 
we may multiply the polynomials involved by constants, without 
affecting the result. This is frequently convenient in order to 
simplify numerical working and avoid fractions, Further, the work 
may sometimes be shortened by observing that any factor of one 
of the polynomials Y, Y^, Y.>, . . . which is not a factor of the 
preceding members may be omitted. 

The method of dealing with particular ca.scs is illustrated in 
the following examples. 

, Examples. — (1) I' ind the highest common factor of 2X* — 6 x* 2 x -\ 3 

and 2;r^ — 3.^^ \ zx - 

Here we can take 

V' ~ zx* [- x^ - 6 x'* - 2;*; ^ 3, V', - zx* - 3^:^ -( 2^ “ 3. 

2X* — 3 Ar® -f 2X — 3 ) 2X* -f X'^ -- 6x^ — 2X i 3(1 

3^’ -h 2X - s 

- 6x^ - ^x P 0 . 

At this stage the remainder may be divided by 2. For the ticxt step, 

2X^ — - 2X I- 3 } ZX* 3 .V’’ 2X -T i{x 

2x* -• 3.t“ — 2,r® 4- 3X 

2X^ ~x ~ i) 22;’ - 3.V* - 22r -f 3 (2f - I 
2 x* — J?* - 3;r 
- 2x» + X y i 
~2X^+ X 1- 3 


Hence the H.C.F. is zx* — x ~ 3. 
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(2) Find the greatest common factor of 
30 f 37;*:* 4- iioA® 4- 1104 ?* 4- 1034? 4- 30 and 304?* + 174?* 4- 774? 4- 30. 

[Camh. Sch.] 

30^® [- 174:* 4- 774? 4- 30 ) 304?* 4- 37.r‘ 4 - 1104 ?® 4 - 1104?* 4- 1034? 4- 30 (4?* 
304?* 4 - 174?* 4 - 774^* f 304?* 

204 ?* 4- 334?* 4- 804?* 4- 1034? 4- 30 X 3 

604?* 4 - 004 ?* 4- 2404?* f 3094? 4 * 90 ( 24 ? 

604?* 4- 34^’ + 1544? * 4- 6 04? 

654?* 4- ^64?* 4- 2494? 4- 90 ( 2 
604?* ] 344?* 4 - 154^ F 60 

54?® 4- 524 ?* 4 - 054? 4 - 30 

In this last step the decree of tlic polynomial is not reduced by the sub- 
traction of twice the devisor. The point of this subtraction is to obtain a 
simpler polynomial of the third degree. 

54?* 4- 524?* 1 OS-*^ I- 30 ) 304 ?* 4 - 17 '^®+ 77 ^+ 30(6 

304?® 4- 3124?* 4- 5704? 4- 180 

-- 2054?* 403^ - 150- 

Instead of proceeding further with the general method we observe that 
295.<?2 4 403?^ H- 150 (5^+2) {50.V 4 - 75 )- 

Clearly 594? j 75 is not a factor of either of the given polynomials. Hence 
if there is a common factor apart from unity this factor must be 54? -f 2. 

In order to verify that tliis is the case it is only necessary to show that 
54? 4- 2 is a factor of 5.1?® 4 524?* 4- 954? 4 - 30. Substituting 4? - - 2/5 in 
this expression, 

- 5-Tis + 52-/5 - 95.1 b 30 "" o. 

Hence the greatest common factor is 54? 4- 2. 

9‘12. Prime Polynomials 

Two polynomials are said to be prime to each other or relatively 
prime if they have no common factor, apart from numerical factors. 
Thus, e.g. 2 (4; -h i), b (a'* 4 - 4; 4- 1) are prime to each other. 

Theorem III.— If P, Q, R are three polynomials such that R is a 
factor of PQ while Q is prime to P, then R must be a factor of P. 
This result will be almost obvious to the student, but wc may 
pro^^e it precisely as follows. 

If P is prime to Q, then R and Q have no common factor. Hence 
the highest common factor of RP and PQ is P. Hut R is a factor 
of PQ and hence is a commoil factor of RP and PQ, Thus R must 
equal P or be a factor of it. 

Theorem IV. — If A and B are two polynomials, then there 
exist polynomials X and Y with no common factor, such that 
AX \ BY = P or AX^BY=i 
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according as A and B have or have not common factors, P denoting 
a polynomial. 

Let Xj, X2, Xg, . . . be the quotients, Y^, Y.^, Y^, . . , the 
remainders in the process of determining highest common factor. 

Then A = BX,i- 7 ^, B = FiX^ + 7 ^. 7 , - 7^X3 f 73, . . . 
Yi = A ~ BX,, 

¥2= B- 7 iX 2 ^B- X2 (.4 ~ /iXi) - AX2 + R (I + X^X^), 
Y, = Y,- 7^X3 - A BX, - Xg (- /IX2 i-Bi- BX.X^) 

:== A (1 A- X2X2) - B (X, -f ^3 + AVV0X3) 


Hence each member of the sequence 7i, V' 2 , 73 , . . . is of the 
form .4X BY, where A" and 7 arc polynomials. 

Continuing the process of finding the H.C.F. we obtain either 
Yg = k, a constant different from zero or 7j,_i = P, the highest 
common factor of A and B. Thus cither 

k - .4X -f BY or P = AX -f- BY. 

It remains to show that X and 7 are relatively prime. In the 
case of k AX BY and common factor of A" and 7 would be 
a factor of k since A and B are prime to each other. Thus the only 
possible common factor is a constant. Hence A' is prime to 7. 
Again, the second equation may be written in the form 



Since P is the H.C.F. of A and P, /1/P and P/P have no common 
factors, except possibly a constant. Hence X is prime to 7 in 
this case also. 

9T3. Rational Fractions 

We now pass to the- consideration of functions of the form 
PjQ where P and Q are polynomials. Such an expression is called 
a rational fraction. If the degree of P is less than that of Q the 
fraction may be called a proper fraction, while if the degree of P 
is greater than or equal to that of Q, the fraction may be called 
improper. 

l^y division in the usual way an improper fraction may be 
expressed as the sum of a polynomial and a proper fraction. If 
the degrees of P and Q are equal this polynomial will be a constant. 
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Thus, e.g. 


2x^ -f 2 ^ [2^+ i) + i) + ^ + I 

= ^ + '+J+T 


Theorem V.— Equality of Two Rational Functions— Let 
X, X', P, F, Q. Q' be polynomials such that X + PjQ = X' 4- FjQ, 
where PjQ and FjQ' are proper fractions. Then X ^ X\ 


PIQ - FIQ. 


Now X — X' = 


FQ - PQ' 

W 


Let the degrees of P. F, Q, Q' be p, p\ q, q' respectively. Then 
since PjQ, FjQ' are proper fractions, p^ <q, p' < q\ The degree 
of QQ' ^q-\-q', while that of FQ - PQ' is the greater of 

f -i-q.p + q'- 

Since f +q <q -\-q\ P + ( < ^ ^ follows that 

(^FQ — PQ')IQQ' is a proper fraction. But X — X' is a poly- 
nomial since it is the difference of two polynomials. 

Hence the only possibility is X ~ X' and PjQ — P'lQ - 


Theorem VI.— If PjQR is a proper fraction, where Q and R are 
polynomials with no common factor, then there exist proper fractions 
XIQ, YIR such that 

p X y 

QR R 

From Theorem IV. it follows there exist polynomials X', Y' 
which have no common factor and such that QY' RX' — i, 


qr' q ^ R' 

To complete the result it is necessary to prove that PX'jQ, 
PY'jR are proper fractions. Suppose the contrary. Then these 
fractions may be' expressed as follows. 


Q ^ '^Q' R R 

where X\ Y" are polynomials and XjQ, YIR are proper fractions. 


Thus 


QP 


■ X^ + Y" 


R 


= X' + y + 


XR + 
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Since X and Y are of lower degree than Q and R respectively 
it follows that (XR -f- YQ)IQR k a proper fraction. 

Since PjQR is a proper fraction it follows that A"" -|- Y" = 0. 
Thus P ^X Y 

QR Q + R 

9 T 4 . Factors of Polynomials 

Theorem VII.— -Every polynomial whose coefficients are real 
can be resolved into real factors of the first or second degree. 

Let Q denote a polynomial of the wth degree in x. Then • 

Q - k {x - a^) (x - (i.^) ...{x a„)! 

where is a constant and a^, a„ are the n roots of P = 0. 

(Vol. L, Chapter XVIIL, § 18*2.) 

Also if a -f ip is a root of the equation, the conjugate number 
a - ip is also a root. (Vol. I., Chapter .Will., § i8'6.) The 
factors corresponding to these roots are 

(x-a - ip)(x-a \ iP) (X ay^ + pK 
Thus the two roots give rise to a real quadratic factor. 

If the factor {x — a - ip) is repeated r times then it follows 
that factor (x — a ip) must also be repeated r times. These 
factors give rise to the real factor {(^ — a)^ \- P'^}''. 

Thus the factors of Q must be represented in one or other of 
the following forms, 

(i) A non-repeated simple factor of the form x — a; 

(ii) A repeated simple factor of the form (x aY; 

(iii) A non-repeated quadratic factor of the form x^ Y px 

(iv) A repeated quadratic factor of the form (x^ px Y qY . 
It should be ob.servcd that the constants a, p, q are real. 

Theorem VIII. -If f{x) is any polynomial of degree n, h any 
number, then f [x) may be expressed uniquely in the form 
f{x) - a^ix - h)^ -f ay(x - A)”-' + a^ix - + . . . 4- a„. 

Let / (x) = V” -f ^ -f • . • I 

n 

Expanding the terms of X a^x — h)^~^ by the binomial 

r = o 

theorem and collecting terms 

X a,(x - A)”-’- = 4- {«i - nQ/Wo) 4- • • . 

^ - o q. ^ ha^_^ 1 . . . 4 (- I)” A%}. 
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Hence 6 q “ 

hi = «i 

bn - Un - ha„^i + . . . -f ( - 

These (n + i) equations determine uniquely the w + i un- 
knowns Uq, 

It will be observed that a,^ is the remainder when / {x} is 
decided by x - h. If the quotient be Q then is the remainder 
when Q is divided hy x — h. Thus the cocfficicmts may be calculated 
in succession. ^ 

The simplest way of setting out the numerical working in a 
particular case may be seen by a study of the following examples. 

Examples. — (i) Express - (>x‘^ | — 3 as a polynomial in x — 2. 

The first step is to find the quotient ami remainder when x^ — 6 x* + io.r — 3 
is divided by — 2. First expressing the working in full wc obtain 

X — 2) x^ — bx^ 4- lOAT — 3 ( AT® — 4.^ 4- 2. 

— 2X* 

— 4 A* 4-10^ 

^ 4Ar» T Sx 

2X - 3 
- 4 


Thus the quotient at® - 4^: 4 2 and the remainder i. 

The result may be set out as follows. First write down the coefficients 
inserting o if any power of x are missing. 

I - 0 4-10 - 3 

2 — 8 4 

^ 4 2. I 

Multiply the first coetlicient by 2 and add it to the second giving - 4 ' 
Multiply the second number by 2 and add to the third coclficient giving 2. 
Multiply the last result by 2 and add to the fourth coef^cient giving i. The 
interpretation of the working as set out is that Af“ ~ 4Af 4- 2 is the quotient 
and 1 the remainder. 

The next step may be carried out in the same way, Thus 

I - 4 2 

2 ~ 4 

— 2 — 2 

Hence the new quotient is a? - 2 and the remainder — 2. 
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The third remainder is clearly zero. Thus beginning from the last the 
remainders are i, — 2, o. Hence 

;v3 _ + io;»? - 3 ^ {;r - 2)> + o (at - 2)* - 2 (jr - 2) + i 

^ (x - 2)» ~ 2 {x - 2) t I. 

The complete working may be conveniently set out as follows: 

I — 6 10 — 3 



o 


(2) Express x^ — 52:* 

-f 20A'* 

-\- X ~ X as 

a polynomial in x — ^ 

The working may be 

set out 

as follows: 


I _ 5 

0 

20 

+ I — I 

3 

- 6 

- 18 

6 21 

— 2 

- 6 

2 

7 j ^0 

3 

3 

— 9 

— 21 1 

I 

- 3 

-- 7 

- 14 

3 

12 

27 


4 

9 

20 


_ 3 

21 



7 

30 




,3 I 

10 

Hence x^ - ^x^ H 20X* -\- x ~ i 

= “ 3)“ + 10 (2r - 3)‘ -f- 30 {x ~ 3)’ + 20 {x — 3)» - 14 (;r _ 3) -f- 20. 


9*2. Resolution of P/Q into Partial Fractions where PjQ is a Proper 
Fraction 

If the given rational function is improper it should first be 
t^xpressed as the sum of a polynomial and a proper fraction. We 
now have the following theorem. 

Theorem IX. — (i) To the non-repeated factor x — a of Q 
there corresponds a fraction of the form A/(x — a). 


(ii) To the repeated factor (jc — ay corresponds a group of 
terms 


^^ 4 - 1-^3 

x-a^\x -ay'^(x-ay 



Ar 

(x ~ af 
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(iii) To the non-repeated factor px q corresponds a 
fraction of the form (Bx ^\- C)l{x^ \ px \ q).‘ 

(iv) To the repeated factor (x^ f px -f qY corresponds a 
group of terms 

B,x I C, B^ \ C. BrX + Cr 

x^ -i-px -i-q (x^ + px + ‘ ^ (x^ -f - px + qY‘ 

The /I's, /Ps and C’s are constants, i.e. are independent of x. 

(i) Let (p ^ (x - a) R, where R is a polynomial which has not 
(x — a) as a factor. Then since R is prime to x — a, 

P X Y 
(J .r - a '*■ li 

where Xl(x a), YjR arc proper fractions. (Theorem VT.) 
Since Xj(x — a) is a proper fraction it follows that X must be a 
constant. 


(ii) Let Q ^ {x - ayR, where r > i and R is prime to 
[x ay, i.e. x — a is not a factor of R. 'I'hen as before 
P X Y 

{> (A - + R 

where Xl(x — V jR are pr()])er fracti(jns. Thus is of degree 
(r — i) at most and may be expressed in the form 
Ayx - aY ’^ f A^ix - _ _p 


where some of the coefiicients d,, /I2 4 ,. may be zero. (§ 9-14.) 


Hence 


(x - ay 




A,, 

(x^-a) 


Ar. 


^ + ■■■ + 1.- 


{x - a)' 


(iii) Let Q - (*'* f px L^) R, where A’ is prime to x‘ -\-px -\-q. 
P X Y 

Q ^ ,f2 I px f q ^ R' 

where each Xl(x^ Y px 1 and V'/ A’ are proper fractions. Since 
-Y px -\-q is of the second degree the former fraction implies 
that X is of the first degree, ix. of the form Bx T T. 


(iv) This case is similar to (ii) except that the numerators 
involved will be of the first degree. 

Various methods of determining the coefficients are shown in 
the examples given below. 
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Examples.— (i) Express 

{{X - a) {X - 6) {x - c){x - d)}l{{x -\- a) {x |- b) (x |- c) lx 
ns the sum of a polynomial and partial fractions, (i) when a, b, c, d are all unequal, 
(11) when they are all equal. [Camh. Sch.] 

(i) Clearly 

(^- rt) - 6) (5 - c) ^ ^ A B , C D ^ 

[x (- rt) (^'+ 4- ^ X \ a- X V b'^ X ]r X A- d' 

i.e. [x - a) {x - b) {x - c) [x - d) 

- {X [- a) {x A- b)i^ 4 c) {X f d) 1 A (x + b) (x A- c) (x + d) 

+ B{x f a) {X A- c).{x I- d) 4- C (.v 4 (x A b) (.v 1 d) 

4 D {x 4 «) {x A- b)(x -\ f). 

Put X — — a in this identity. 

(- 2 a) a - fcj (~ rt - f) { - a - d) 

— o j A {— a A- b) (— a c) { — a 4 1^) 4 o.B f o.C (- o. /), 
i.c. A - 2 a {b + a) {c \ a) {d -\- a)l{b - a) {c - a) [J - «). 

• Similarly B 26 {a |- b) {c + b) [d 4 b)l{a — b) [c — b) {d — 6), 

C ^ 2C (a + f) (b -I c) (d A- c)l{a ~ c) (h - c) {d - c). 

D - 2 d {a 4 d) {b 4 d) {c + d)l{a - ‘d) {h - d) {c - d). 


(il) a — b ~ c - d. The expression becomes (x — a)*j{x 1 a)^. 

[x - a)^ - (x f- a - 2 a)* 

{x A- a)*' - A {x I- <i)^‘ 2 a 4 6 {x 4- a)* (2^)* - 4 (^ + 4 (2rt)*- 

[x — a)* _ I 1 

(;rrrt)« ^ ~ X I a^ (X A a)^ (x }- «)=» (x + «)<' 


x-i 

(2) Express /^“qr7yr(42 7) partial fractions. 

[Camb. Sch.] 

x^ _ a b cx -y d 

{x -\- i)* I i) “ ;r 7 1 (.V + i)® | i’ 

i.e, X* ~ a {x }• i) (a* 4 i) I b {x^ 7 i) i {cx 7 d) [x 7 i)*’ 

=- a (a® {• A* 7 A 7 i) 4 b (a* 7 i) 4 c (a’ 7 2 a* f a) 


. 7rf(A®72A7i) 

- (a 7 r) A*^ {a f b f 2C 7 d) a* h (a 7 c f 2d) a 7 a 7 h 7 d. 
Equating coefTicicnts of corresponding powers of x, 
a 7 c -- o, a 7 6 I 2c 7 ^ I, « 7 c 7 id o, a (- b A- d ~ o. 

These equations give « — — A, b — i, c = F d — o. Hence 

i L ^ A. 

(x 7 0* [x^ + 1) "'^41 {X I- r)* a“ 7 i' 


(3) Express in partial fractions a- 7 a’ - a* 4r,r»- 

[Camb. Sch.] 

Consider 7-3 r- We first observe that the numerator is of 

(A* 1 ) (A® - 4) 

higher degree than the denominator, so that it is first necessary to reduce it 
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to lower degree. By division it is easily seen that 

_ , lo;»r“ — 8 x 

(.r‘ - 1) (A^‘ - 4) - + (A!‘ - I) 

^ ^ , d 

® (x^ - i) - 4) ■■ ;r - I ;r i x -2 .r f- 2’ 

i.e. lOA* — Sx 

- a {x f i) {x^ - 4) 1 - b {x - I) (;r* - 4) 

+ cix-^ 2) {x^ ~ 1) d{x~ 2) {x‘^ - I). 

In this identity write x i, — i, 2, — 2 in succession. We obtain 
a I h - - I r - d - Thus 

(;r* - 1) (x^ - 4) “ 3 {X - i) 3 (x -h I) ^ J('r 3 (x -f 2)' 


Next consider 


.v" ( X^ - X* — 


Now .r* -j- x^ — X* — — x^ (x^ I X* ~ x — 1} 

- (x + I) (.1-2 -f j) (x I- r) ( 4 ? - !)• 

--- .r' (.r I 1)2 (T-* T i) (.r - i). 

Thus we write 

V. ^ I I ^ I. / 

x'^ + x^ - X* - x^ X - 1 '' .r -f I ' (;r I i)» ' ;r ^ 4-2 ;r* -f- 1’ 

i.e. I — ax^(x -f- 1)2 (x‘ + i) + bx^(x — 1) [x -\ i) (x* |- i) 

+ cx^{x - I) (.v2 + 1 ) T dx^{x 1 ) {x + 1)2 {x^ + 1 ) 

ex [x - 1) {X h 1)2 (;r* + i) + /(x - 1) (.r 1 1)2 (42 3- i) 

1 {gx \ h) A'2(.V - 1) (.V i- 1)2. 

We can determine a, c, f immediately by writing x — i, 1,0. Thus 
a =s c — F / — I . Expanding the terms we obtain 

I -z:: a {x’’ T 22r« f 2x'^ f 2X* -f x2) -f- 6 (x’ — x^) ]- c (x® - x® ( x® — x’) 

•( d{x'’ \ X* ^ x® - 42) 3- (4-« + X® - x2 - x) +f (x® i - ;r - i) 

-f g (x 2 + X* — — X*) T h (.v“ |- x^ x* - x®). 

Equating cocilicicnts of x’’, x", v®, v*, x on both sides of the identity we 


obtain 

o - a I b I d -t- g (i) 

o 2(1 -Y c -i d I- e I- g -I h, (ii) 

o ^ 2(1 — c e f - g [ h (iii) 

o -- — d ~ e (iv) 

o - -e-f (V) 

From (v) r — / 1. From (iv) U — — e — — i. 

Adding (ii) and (iii), o — 4a T b 2e -f- / f 2 A, giving h 


Adding (i) and (iii). o — ^a-^b — c-\-d-\-e-\-f \~h, giving b — 
Finally from (i) we obtain g ==r — J. 

The results may be verified by considering the coefficients of x* and x*. 
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(4) Prove that if (i + at)" = -f . . . -f c^x^, then 

_L ^ .. . _ 

y y \ I y + ^ ■ y + n y {y P i) {y ]- 2) . . . {y 4 «)' 

ahnc y <•'>■ >J(>t zero or a nef;ative integer. [Camh. Sch.] 

n ! ” a 

Write -V — , — . , — , — > -7 — , . ^ E f , 

y {y f 0 (y + 2) • • ■ (>' f «) r ^oy F ^ 

n 

i.e. « ! - E a^y (y + 1) . . . (y {■ - 1) (y P r + i) , . . (y -f «). 

Y o 

In this identity write y — - r. All terms except the {r + i)th term 

have (y + r) as a factor. Hence 

n ! - y) { - r P i) . . . (- i) i .2 r), 

i.e. n ! = 1)’’ r ! (n - • r) !, i.e. (— i)V,.. Thus 

^ E (- V 

y (,y T I) (.r 4 ^) • • • (y i »0 ^ _o ^ y -I 'r 

pi(i\’i(led y is not zero or a negative integer. 


9-21. Calculus Method of Determining the Coefficients 

Consider the proj)cr fraction P/Q and write P —f {x), Q -- F (x). 
Suppo.se that F {x) {x - ciYF^{x) where F^(x) is prime (o (x — a). 
Then 

/W^ -I- - I- 1. r I /iW 

F{x) X - a. {x a)^ ' ' ' {x — ^ F\{x)' 

where fi{x)IFi(x) is a proper fraction. 

Multiplying both sides of the equation by F {x), 
fix) ■ - Fi(x) {<j„ + - a) + a,^,{x - a)“ I- . . . 

+ «ih - a)"”'} " ■ {x - a)%{x). 
In this equation write x - a. Then 

/ («) (l) 

Now differentiate both sides of the equation {n — i) times 
and in each of the equations obtained write x = a. Since (x — a)^ 
is a factor of the right hand side of the equation, each of the « ■ - i 
differential coefficients will contain x a as a factor and hence 
(ho expression will vanish for x ~ a. Thus it is only necessary 
to consider the contribution of the terms on the left-hand side. 
Denoting this side by (j) (x), and the polynomial 

«n + «n-l(^ - -I «)’' + ••• f «n{^ - 

hy ijj (x) we require the differential coefficients of 
<i>{x)-f{x)~F,(x)fs(x). 
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Applying Leibnitz’s theorem on the differentiation of a product, 
and denoting by D^<j> the rih differential coefficient of ^ (a:), 

D'j, I)’/ 

-■■■ (r ' 

t he coefficients being the coefficients of the binomial expansion. Now 
writing x = a and observing that ! a^-.r this equation 

gives 0 : - Z)’/ (a) - r ! a,,_,h\(a) -r.{r -j)\ 
r (r I) , 

2 ) W,(«) 

- ... - (a) a„D'F,(a} 


= /r/{rt)-H r J a„.r^,D’-F,(a). 

P O P • 

Thus writing r ^ i. 2. 3, . . . in succession, 

o - Df (a) - - a,,DF^(a) (h) 

o IFf (a) - 2a„^.2p'iM - - aJFl'\{a) (hi) 

o = Dy(a) - ^a^-.J\(a) - 

- zan~iDH\(a) ~ a J)H\{a) (iv) 


Thus the n c(|iiations (i), (ii), (iii), (iv) .... provide a series of 
recurrence relations from which . . . can be calculated 

in turn. 

Example. — Find the partial fractions of , . ^ where 

^ (X-1){2X- i)(.r- 2)« 

n IS a positive intef^er. [M.T.\ 

Consider first the partial fractions due to tlic factor [x - 2)". 

- . . .. . .1 , 

(.r - i) {zx - I) - ■ 2)" X - 2 ^ {x - 2)2 ^ • 

L 1 . «» , 

(.V — 2 )" ‘ {X - 2 )" ^ {X — 1 ) {2X — l)' 
where F{x) is a polynomial of the first degree. Then 
.r - {x - i) (2A' - i) {a^{x - 2)"^' } a,(x - 2)"-* f • • • 

+ 2) -I fl,.} -/,{2) (X 2)". 

In tlic above notation, 

f(x) - X. Fi(x) - (x - i) (2.r - i) -r 22-2 - 3v f i, a ^ 2. 

Writing .y := 2. /*'i(2) 3. 2 - 3 a„ = o. i.e. 2/3. 

Again /)/ (2) ^ 1, D''/ (2) = o. r > 1. 

Also DF, - 4x - 3. DF,{2) - 5. 

D^F, - 4. D^F,{ 2 ) 4. 

Further D^F, = o, r > 2. 
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3 «n 1 - 5 «« 


Taking r - i, 2 we have o == i 
o - 

When r > '2, wc have o - - VC. r 

Thus is defined by a recurrence ndal ion and its value may be calculated 
by the methods of recurring series. 

It is shown in § g-b, Kx. that 

a„.r - ( - 0^ {1 - i (jj)'-]. n - i > r> 2. 

The values corresponding to r — o and i are a„ — ij, ~ ~ 

Thus the constants aj. a^, . . . n„, are determined. 

I ^^-1 

{x - I) {2X - I) {X -. 2 )" ,r I ' 2.V -- 1 ' (.V 2)’*’ 

where f^ix) - (7i(.v - i)" * f (/.(.v - f . . . -f «„• Thus 

X {x • ii-’lr {2X - i) T- d (.r - i)( -| {x - i) {ix - i) /,(,r). 

Writing a* = i, ^ in succession we have 

I ^ (- !)«(-, :=:= (- i). ie. f - ( - 1)", d _ (- l)«+i (i{)n. 

Thus the expre.ssion .v;(.v - i) {ix - i) (x 2)’- luis been repre.scnted 
completely as partial fractions. 


Again 


Alternative method. ■ In the expression write .v - 2 - y and we obtain 
V 12. r d ” a, 

[y -i- 0 i^y I " .V i 2^ i 3 ,3'*’ 


The values of c and d are found as above by writing y— - - j, y - — 
Multiplying both sides by y” we have 


.y -f- 2 1 J (y» ^^yr> « 1 

(y + I) (2y + 3) “ yTl “ 2y + 3 y + ^y '^3 ^ f ^ 

Writing y — o we obtain — 1 . 

In order to obtain />,, i < r < n — i, differentiate both sides of the 
identity r times and put y - o in the result. 

1 10m Leibnitz’s theorem it is clear that there will be no contribution from 
‘y”(y f i) ^ or cy^'{2y -f 3) * since the rtli differential cocHicient for 
I <, r < n - I will contain v as a factor. 

n J 

The only contribution from 27 b^y* will be r ! b^. 

s - o 

Again. D^{y f i)-i (- i)C'! (y f 

/)'-(2y + 3) • ,)c !2-(2y f 3)-^^^ 

so that the contribution from these terms will be 

(- ij' r! aiul (- 1)’’ r ! 2r.3 ’• *. Hrnce 
(— !)’■»' I - ( tyr ! 2'' 3 -'■1 
i.e. 6, = (- i)*- (r - 2'-3 ■<' >). i < r <• n i. 

The advantage of this method is that the use of recurring series is avoided. 
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9*3. Expansion of a Rational Fraction 

Any proper fraction PjQ may be written in the form 
P ^ flp -f - f ^2^^ + ■ ■ > - f 
Q bo + b^x + 4 - . . . + b^x'^ 


where m <n. 


Further, if the fraction may be expressed in the form 


4 - dix 4 - + • • • + 


l -\-C^X -{■ CnX^ 4 


4 - 


Suppose that it is possible to expand the rational functioii in 
powers of x by more than one method. To make the argument 
explicit suppose that by two different methods the series 
2^finX^ are obtained. Then provided the interval of convergence 
of the power series is positive, the tw^o expansions must be identical. 
For since the expansions represent the same function for the same 
range of x, say, \x\ < p, where p > o, it follows that 
E\„x’' = Z,L„x’‘, \x\<p. 

From the theorem on identical equality of power series it follows 
that Xn — Pn h)r all values of n. 


9*31. Method of Expansion 

Let Aj, ^ 2 , . . . A„ be the n roots of 

L,-^c^x 4- c.^x^ I ... 4- c^x*^ 0. 

These roots will not all be distinct if the equation has repeated 
roots, and in general some will be real and some imaginary. 

Let A be the least value of | |, r = i, 2 , . . . , w. Thep^ the 

rational function 

(uq 4- a^x + a^x- 4- ... 4- 4- c^x -f c^x^ 4- . . • + c^x^) 

can be expanded in a series of ascending powers of x if and only if 
I * I < A. 

I 4- Ci;r'4- 4- ... 4- CnX^ (x - A^j^’ 

where p is a positive integer > 1 , A: is a constant depending on A^. 

The typical term written down may be expanded by the binomial 
theorem if, and only if, | x | < | A^ |, i.e. when we consider all 
the terms, if, and only if, | x | < A, 

Expanding each term we obtain a finite number of absolutely 
convergent series. Thus in particular it is legitimate to rearrange 
the terms of the series and group them in powers of x. Thus we 
obtain the required expansion in powers of x. 
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Examples.— (i) Express in partial fractions * - Z and 

» 3 *^ "f* 

sAow the coefficient of in the expansion of this expression in ascending 
powers of x is 

_ "("±0 _ (w + 0 (5W -h 14 ) 

2 2"+* 

.S7flte /Atf range of values of x for which this expansion is valid. [M.T.] 


Now x^ - ^x 4- 2 {x ~ i){x ~ 2). 
.^x^ — i 2 x^ 4 - 14 / — 7 


Write 


{x* - 3X + 2] 
A . B 


X - I (x - I)'* (* 


+ , 


^4-^4.^ 4- 

1)*'^ X - 2 '^ (X - 2)* (X - 2)> 


i.c, - i2x^ + 144 — j A {x — i)* {x — 2)^ A- B {x i) {x — 2)* 

-f- C {X - 2)3 + D{X-- 2)3 (at - 1)3 - 1 - E {X - 2) [x - 1)3 

4- E {X - 1)3. 

In this identity write x — i, 2 in succession. Then 

4-124 14 - 7 { - i)»C, i.e. C = I. 

Also 32 — 48 1 - 28 • 7 — i’. F, i.c. F = 5. 

Equating coefficients of x^ and the constant terms on both sides of the 
identity, 

0 --= 4 4- D, 

- 7 _ 84 1 8F - 8C - 4D + 2E - F 

i.c. 0 — — 84 4- — 4Z) 4- 2E. 

To obtain two other equations write at = — 2, — i in both sides of the 
identity. These substitutions give 

- 115 - 7564 4- 192B - 64 - 432!) 4- 108E - 135. 

- 37 = - I- 54^^ - 2j - 72D 4- 24F - 40. 

Solving these equations we obtain 4 = — D = o, B = i, F— i. Thus 

4A;3 - 12^* 4 - i 4 ^jrL 7 ^ I 4. -* - — 4. 5__ 

{;r3 32; 4- 2)> {X - i)‘ {X- i)» {X - 2)* {x~ 2)»’ 

1 

Now (i - x)-^ - 2 ^ (m 4 - i)x\ \x\ <1. 

t'* n — o 


= - (I ? !(«+■)(« + 2) 1*1 < I. 

(* -- 2 )* **>'’ ""1 f + ') <**>"■ I 1 * I < ■■ 

(^4 ,j. = - i (' - **)-• = - i (» + !)(« + ») (J*)", 1 1 * I < I. 


T. A., II. 
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Hence, provided \x \ < i, 

— 12X ^ I- mat - 7 * 

(t> i 2)8 "" ^ {n i)x» ~ S i (« + I) (n + 2) x^ 

' 0 ' > n — o M - o 

0C> 00 

“ i (« f- I) (jAr)« - I Z M« + I) (» + 2) 
n ^ o n — o 

Ihus the coefficient of a?" in the expansion is 

(n f i) — i (« f i) (m H- 2) — (n 4- i) 2-”-* - 5 (n -f i) (« -|- 2) 2“’*“* 

^ _n{n t-_i] _ {« ( i) (5M -f 14) 

2 2"** 

(2) Resolve 1/(1 — ax) {i — bx) into partial fractions. If this function is 
expanded as a series of ascending powers of x, (i) by utilising the partial fractions 
already found; i^\\) by multiplying the expansions of (i — ax)~^ and (i —bx)^^, 
show that the coefficients of x’* obtained by the two methods are identical. 

[Lond., B.A.] 

Write f- ^ 

([ — ffA) (1 - hx) i — ax I ~ bx 

i.e. I ~ A {1 ~ bx) + B {i - ax). 

Putting X i/a and ijb in succession we find that 

A ^ aj{a ~ b). B ^ - bj{a - b). 

OD 

Now (r rtAr)“» E a"Ar", | aAr | < i, 
n — o 

aj 

(i — bx)-^ E b^x*\ I bx I < I. 
n — o 

Using the partial fractions the coefficient of a” is 

a«+i ^«+i 

a b a — b' 

Again, (i - u.i) ^ (i - hx)-^ - ^ i H- 2 ’ "e 

The coefficient of a" in the product is 

a" 1 a"-»6 + a"-»6> + ah^-^ + 

This is a geometrical progression of n 4- i terms whose first term is a" 
and whose common ratio is bja. The sum of the terms is 

~ {aT'}/{' - !)■ - *)• 

(3) Prove that if a, b, c aie unequal, it is impossible for the coefficients of 

two consecutive terms in the expansion of (i — ax)l{i — bx) (1 — cx) to be 
both zero. [Madras, B.A.] 

I — ax _ I f b ~ a a ~ c \ 
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Now provided \hx\ <1, | | < 1, 

00 00 

(i - bx)-^ — S b^x^, (r — ex ) ~ £ c^x^, 

r ^ o r = o 

= b ~ c, f J*'’ --»)*>'+(■«- 
Suppose that the coefficients of x^ and x^^^ are both zero. Then 
(fo - a) b^ {- {a — c) ~ o, 

(b - a) 6'’+» I- (a - c) c^*-* - o. 

Hence ~ (c) since b - a ^o, a — c +0. This requires 

b c, which is not true. 


(4) /?«so/u« ^ into partial fractions, and hence find the value 

oj the function, correct to 0 places of decimals, when x -- — 0*02. .[Cantb. Sch.] 
2X* -1- 3;r -}- 4 A Bx + C 
{X - 2) " X X* -\- 2 ‘ t 

i.e. + 32? + 4 - T {x* + 2) + {fix + C) {x - i). 


Put X J ', then 2 -f- 3 + 4 — 3^4, A - 3. Putting x ^ o, — i we 

obtain 4 - 2 i 4 — C. 2 — 3 -| 4 - sA | ( - B 4- C) (— 2), 
i.e. 3 " ^A -f 2B - zC. 


Solving these equations we obtain C — 2, B — — i. Thus 
2 ;r* T 32? + 4 _ 3 . ' ^ h ^ 

{x - I) {x^ 4 - 2) ■ .r ' I X* + 2 

— - 3(1 

^ - 3 (f I 2r t 2-2 I- x^ 4 - X* I- . . ! ) 

- 1^1 < I 

— t - _ 'J.t — Zjf* — ' ^ ^ * .f * 

— “ 2 '* i'* 4 ’ ^ . 

Now when 

X — 0 * 02 , X^ — 0 0004, 2 ?^ = — O-OOOOOS, 2 ?* = O OOOOOOI 6 , . . . 

It is clear that higher powers of x will not affect the result correct to 6 decimal 
place.s. 

The value is 

_ 2 4- -07 - *0014 4- 000022 — -0000004 ^ — 1-931378 
correct to 6 decimal places. 


(5) Prove that 

{X - lUx - 2) . . .{X - n) _ ”, . .n-r (W f*')! 

2f {x 1 I) (2r 4 - 2) . . ■ -f- M) y " o ' ^ ^ ^ • (” - 0 i >') ’ 

and deduce that 

_{n±i)\ , Jn + 2) I ( n 4 - 3 ) » . -l).] 

(h - 1) ! I I 2 ! (» - 2) I 2 I 3 ! (n - 3) ! '*' 3 ! 4 ! (n - 4) ! 

+ (- 1)" j p n ! "" 
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Write ^ ^ Jr__ 

X {X + i) {X -i- 2) . . .(X -h n) X -}- r 

{X- i){x-- 2 )...{x~n) 


Then 


2 XrX {x i) , . . (x ^ f - i) {x r i) . . . {X n), 
f = 0 

In this identity write x = — r. Then 
(- c - I) . . . (- c - ^ \(- r}{- r -'r i) . . . (- i) (i) , , . r ,), 

i.e. (- !)”<’■ + =. A, (- I)' rHn-r)l, 

ic A -(-I)"' 

'' »T7!(.r-7[r 

If >>n. then 47 = *^'(. ■.» 


I ” A 

Hence the coeflicient of — , in 2* *■ i 


n 

r — o 


Now cdnsidci tlic coeflicient of ijx'^ in ”) 


i.c. the coefficient of ijx in 


(■-;)(.-:)(■ j)_;(. 7) 


i.e. in 1 1 - i« C» -1- I) + . . • ) ( i + iw (n 4 ») ^ • . } 

n («4 i). 


This coefficient is 


Hence — n (« -}- i) 


^ rXr> 
r — o 


+ 


i,c. „(„+.) = (- ' + (- + . . . 

. 

(n — i) ! n 1' 

Multiplying throughout by (— 1 )" we obtain the required result, 

( 6 ) Express {x{x 4 i) . . . (^r 4 - «)} * in partial fractions. Hence, show that 

I ^ I ^ 

^ ^ qX{x + 1 ) . . . (x + r) 5 ^ o 5 1 (n - s) I (;r 4- 5)’ 
where the A, are polynomials of degree n in o with integral coefficients. Find 
A, and show that 

A, 

) (m - 5 !) 

{;r (;r 4- i) + 2 ) . . . (;r 4- «)}"* 


Urn. 


aVa. 


Ai 


[Lond. B.Sc] 


Xn 


" + r+ Y+ JTm + ■ • • + xft + • • • +7 + » 
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Hence is £ XtX {x + i) . . . {x f / _ i) |- / -f i) . . . (;tr -f- n). 
t — o 

In this identity write x ^ — t. Then all the terms vanish except that 
involving A<. Thus 

I - A, (- /) (- / -f t) . . . (- I) (I) . . . (n -t) ^ (- i)< / ! (w - /) ! 

Hence A, = (— i)‘/i ! (n — /)! 


;r (;r -1 1) . . . (;r i- r) y \ x i ! (r ~ i) ! ;r -f 

+ - * _ 

^ 2 ! (r - 2) ! ;r 4- 2 

Hence 2 / , \ r r y 

y _ o ^ f i) . . . (;r 4- r) 


. .. 4 - 


r ! X 


1 a® a® 

. «n 

T f 1 * 1 * 1 

■ r+T r + 1 ! + 2 ! 

4 - -h 

* + 3 \2 ! ' 3 ! I ! 

'■ 2 "3 !''■■■■ + 2! 

I U* a* 

' X Vi C3'i ,3! I r 

'■ 3 !i! ^ 3! 


where 


3 - 3) 1 ^ 

+ .‘I* j + + I 

^ ;>■ 3- 5 \s ! ^ s ! 1 I ^ s! -i! ^ s! (n~ 5 )!/ 

^ % ( > 

J ^ O*' ^ ^ 5 

= (« - 5 ) ! a‘ (i + ", I- I . • ■ + ,)■ Clearly A, is a 


polynomial of degree « in a and all the coefficients are integers 
_ A, 

„ 00 (« - ' 


Again, lim. , = a' (, I- + < + . . , V,) 




A, 


lim. , ' 7 1 — aV'* 

. ^ on (« - ^) • 
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EXERCISES IX 

r. Express in partial fractions ~ ~ ^ Hence 

{x - a){x - b) {x - c){x - d) 

or otherwise show that 

(a - a) (a - [a - y) (a - 8) (8 - a) [h - ^) {b - y){b - 8) 

{a ~ b) (a - c) {a - d) ' (8 - {b - c) (b - d) 

+ two similar terms — a \ b \ c\rd— a— y — h. 

\Camb. Sch] 

2. Find constants a, b, c such that 

- 5^ } 1 1 8 c 

{X + 1 ) (;r + 2) (;r -I- 3) ;r + I (;r F i) (;r + 2) {x + i) {x -h 2) {x \ 3) 

[Madras, li.A.] 

3. Express the following functions as partial fractions: 

{x - 2) {x - 3)’ x* 1’ X [x - 1)*' . [Camb. Sch.] 

4. Prove the identity; 

16 {X 2 ){x - 4) (X - 6) 

3) - 5) (* - n '■ 3 + . ' 5 + . ’ 7]- 

[Caw8. Sell.] 


5. Split into partial fractions; 

... + ;r + i 


X -I- I 

0 (.t 2 ) {X - 3) ’ “ (x ~ 1)^ [x 


6. Split into partial fractions;. 
1 


(X -F 2)’ (i F 2x) (i +.32?)' 


X^ — X — 
- 8 


2)' 

[Madras, B.A,] 


[Madras, B.A.] 


7. Resolve the expansion - i j 3- 2)^ partial fractions and 

hence prove that the coefficient of x" in the expansion of this expression in 
ascending powers of x is 

_ I _ („ J)nf* (3„ 5). [Sc.T. Prelim.] 

8. If (f> [x) is a polynomial of degree not greater than that of a polynomial 
J {x) show that 

{x) _ <f> (a) a polynomial in x 

ix -a)f{x) - {x-a)f{a) ^ f {x) ’ 

provided / (a) +0. Discuss the case of /(a) — o. 

Expand (2;r* — ^x* -f- 2 X* + bx* — 2)l{{x F 2) {x"^ — i)*} in a series 
of ascending powers of x, stating carefully the general term. [Canib. Sch.] 
• 

g. Prove that the coefficient of x*” in the expansion of 

I /{(1 - X) (I - X*) (I - X*)} 

in ascending powers of x is (« -F O** 


[Camb. Sch.] 
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10. Resolve the expression into partial fractions. Find 

(lie first three terms in the expansion of the expression in ascending powers of x. 

1 1. Expand | 2^) ^ series of ascending powers of x, giving 

an expression for the coefheient of the general term. Show that the sum 
of all the coefficients up to that of x*‘ inclusive is (2’‘+> — 311 — 5) or 
Iff (-2’*+* I 3W - 4) ascending as n is odd or even. 

12. Resolve , ^ ^ T into partial fractions atid hence find the 

(2 - x) (1 1 ;r2) ^ 

value of the function correct to 6 decimal places, when x — 0-05. {Camb. Sch.] 


5yx^ - 252;* d- i)x - I 
{X - 1)2 { 2 X ~ 1) (^x - 1) 
expand in ascending powers of x as far as the term in x*. 


13. Express 


as a sum of partial fractions; and 
[Camb. Sch.] 


‘4- If (7-r7)/(.r‘:::7) “ ' • • • I I 

find Show that a„ is the sum of the first (n f 1) coefficients in the 
expansion of 1/(1 ■ x) {x - 2) in ascending powers of x, where | .;r | < i. 

[Madras, B.Sc.] 


15. Express 


X “I” A 

partial fractions, and find the coefficient 


■ 4) {X I) 

of in its expansion in ascending powers of x. State the conditions 

under which the expansion is valid. 


16. ()b.serving that 

I ^ ^ ^ \ 

(i — ax) (i — xja) ~ — i \ i - ax a* i — xla/ 

show that rt" + «"~2 + a" * + •••+ — («2"+> — i)/a'' (a® — i) by 

obtaining the coefficient of x" on both sides of the identity. 


'7- (, + «)"(> -3,, 

in ascending powers of x. 


in partial fractions and hence expand it 
[Mrtf/rfls, B.Sc.] 


18. Find the coefficient of x” in the expansion of 


X h 3 

(X -h 2) [x - !)»■ 

[Madras, B.A.] 


IQ. Expre.ss (3 7 v*)/(i — m) (i -f 2;r) (i + x) in partial fractions, and 

hence expand the function as a scries of ascending powers of x. State for 
what range of values of x the expansion is valid. [Lond. B.Sc^] 


20. The expression a -f 
I + ^ 4- 2;r* + px^ -f 


+ 2 X 1 - ^X^ 
where x is small. 


can be expanded in the form 

Find a, b and c. * 

[Madras, B.Sc.] 
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21. Express in partial fractions il{x ~ a)^ {x — b)^. Hence, or otherwise, 
prove that 

(r -f i) 6' + 2r ab'-^ f 3 (r - i) + . . . + (r -f i) a' 

- {{r -f- I) (a'+» - 6^+>) - {r -|- 3)'flb (a^+» - 6^^i)}/(a - b)\ 
where r is any positive integer. \Lond. B.A .] 

22. If ^ is so small that its fourth and higher powers may be neglected, 

express (i — x)l{i + (i — :r -f- in ascending powers of x. 

[Madras, B.Sc j 

23. Express 10 (i ~ 3x)l{2X + i) - 2)-> in the form of three partial 
fractions. Expand the latter by the binomial theorem in ascending powers 
of X as far as the term in x^. 

24. Express xl{\ + x^) {3 ~ ix) in partial fractions. Prove that, if 

this expression is expanded in ascending powers of x, in the form flu | fl,,r d- . . ., 

the sum of the coefficients of the first (4W -f i) terms is {i — (f)*"}. 

[Lond., B.A.] 

25. Resolve into partial fractions V t + 

(1 - ;r) (I -f ;r) (i + x*) 

transform into a series in ascending powers of x as far as the term involving x\ 

[Sc.lW 

26. Express {(4 -' i) (x I **1 partial fractions. Hence, find the 

coefficient of x~*^ in the expansion of this expression in negative powers of;r, 
stating the values of x for which the expansion is valid. [Lond. B.A.] 

9 - 4 . Recurring Series 

Suppose that the rational proper fraction 
P _aQ a^x + a 2 X^ + • • • f 

Q 1 -f CiX -f + . . . + 

has been expanded in an absolutely convergent power series 

Uq I- UiX + U2X^ h . . . 

Then Uq -f a^x -f + . . . -h a^x^'^ 

= (i + C^x 4- . . . -f C^x”) {uq 4- UyX 4- 4 ■ • •) 

Since the series is absolutely convergent the product on the 
right can be rearranged in ascending powers of x. Further, from 
the theorem on identical equality of power series it follows that 
the coefficients of the corresponding powers of x on both sides of 
the equation are equal. Thus 

Wo = 4- CjUq = <Ii, . . , , 

Ur 4- CiWf-i -f CaWy -2 4- ... 4- CrUo ^ Qr, t < H, 

Ur 4- C^Ur-i + + • . • + C„Ur-„ = O. ^ > W. 
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A series possessing the property that beyond a certain point 
the coefficients are connected by a linear relation of the form 

where q, Cg, . . . c„ are constants, and n is a fixed integer, is called 

:i Recurring Series. 

9-41. Scale of Relation 

It is convenient to adopt here a slight change of notation. Let 
m be a fixed positive integer, p^. p^, /> 3 , • • . pm he m constants and 
Uq + UyX -f W 2 X* + . . . d -{ ... a series such that any 
m f I successive coeffirients are ntlated by ;in equation of the form 

»n -I- Pl’>n 1 I /’a".. 2 I ■ • ■ + " <> W 

Such a series is called a Recurring Series of the wth Order. 

If we know the first m coefficients in the series, i.e. Uq, tq, « 2 < 

. . . the successive coefficients may be determined by (i). 
Since this relation itself conlains m constants, it follows that a 
recurring series of the wth order depends on 2 ni constants. 

Thus, in particular, if we are given the first zm terms of a series, 
then the series may be continued as a recurring series of the mth 
order in one and only one way. 

It is clear from § 9*4 that the relation (i) is dcTived from a rational 
fraction who.se denominator is the polynomial 

I -h + • . ■ - f P.n^^^ (h) 

The relation (i) between the coefficients, and flie polynomial (ii) 
have both been called the Scale of Relation by different writers. In 
what follows we .shall call either of the equations the scale of relation. 

9 51 . Convergence of Recurring Series 

\i X he sufficiently small, any recurring series is ahsoMcly 

convergent. 

We use the scale of relation 

«n + H- I • • • + Pm^tn-m ^ 

denote by p the greater the numbers | />i | + | I h • • • 4- 1 | 

and T, and by k the upper bound of | u,. |, r — o, i, 2 . . . wffhen 

I I ^ I I • I ^T»-l| 4" I I • I ^bi-2 I 4" • ' • 4~ I Pm I • I m J 
< P I |. 

wliere n — m <. n^ n ~ i.- and | | is the greatest value of 

hG |, w — w < r < « — I. 
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Again 

h^nil < / A 1 • I -f- I P 2 I -I ^^ni-2 I ^ + I Pm l-l | 

< /> l««j 

where | | is the greatest value of j I , — m <r - i. 

Continuing this process we obtain a sequence of values 
«„ 3 , . . . Wnp. such that 

! “« I <p\ ««i |. I '<«, I < /> I i<»j |. 

<p|»n3l 

It should be observed that there can only be a finite number of 
members of the sequence and that if 1 | be the last member 

then 1 I is one of the values of 

l"ol. I«il. h'jl, • • . , 

j Thus I I is a constant which is independent of n. 

Multiplying the inequalities together | | < kp^, where k is 

independent of n. 

Clearly the number p must lie between n/m and n, for the above 
process can be repeated at least [njm] times where [njm\ denotes 
the integral part oi nim. 

From the definition of p it follows that 

I I < Kp^ where K is independent of n. 

I _i 

Also lim. I «n I ” < hm, (K”p)--p. 

n -> 00 n -> CO 

Hence the series certainly converges if \x\ < i/p. 

9*52. The Generating Function 

If is a convergent recurring series then its sum is a 

rational proper fraction. The sum of the series is called the 
Generating Function. 

Let s be the sum of the recurring series whose scale of relation is 

+ Pp*n-\ + p2^^n-2 + • • • + Pm^Gi-m " 

S = Uq-FUiX + . . . 

Multiply s by p^x, p^^, . . . p^x^ and add. Then 

s (i -h -f + . . . -f PmX^) = ^^0 + + • • • 

T < 

where Uq == Uq, P^Uq, . . . , and in general 

+ Pp*T-i + • • • + Pr'^^o, 

r = 0 , I, 2, . . . m - I. 



Partial Fractions, Recurring Series 


315 


The coefficients of the higher powers of % vanish because of the 
scale of relation. Thus the generating function is the proper fraction 

flp - T (h^ -f + ■ . . -f 

I -f M + .T. -f ' 

Thus we have shown that the necessary and snfficieni condition 
that a power series in x be a recurring series is that it be an expansion 
of a proper rational function of x. 

The method used in this section is that for summing to infinity 
any recurring series whose scale of relation is given. In any 
particular series we can write down immediately the denominator 
of the generating function and then determine the numerator by 
e(}uating coefficients. If, however, we are only given the series 
it is first necessary to determine the scale of relation. The method 
may be seen by a study of the following question. 


Example . — Show that the series whose nth term is is a recurring 

series and find its generating function. For what range of values of x does the 
latter represent the sum to infinity of the series. [Canih. Sch.] 

Consider the series 

Uo + UyX f + . . . 4 Uj,x^ + ; . . 

00 

where t/p o, n > 1. The given series is S u„x^. 

n — o 

Suppose that the cocfhcients satisfy a relation of the form 

Wn -t- A«n I h Ps«n-a 4 « - O, M > 3 . 

We now show that it is possible to find values of p^, p^ and satisfying 
the equation. Substituting for m„, m„.i, m„_, this relation becomes 

2"»« T />i2"-‘(n - i)> 4- />,2«-«(n - 2)* 4- />,2" >(n - 3)* = o. 

This equation gives on .simplification: 

+ Api + 2p^ + p^) - 2n {^p, q- 4/>, f 3/>,) 4- 4/,, + 8/>, 4- gp^ ^ o. 

If this condition is satisfied for all n > 3 it follows that 
8 4 4/»i + 2^j T z= o, 

4A 1 aPi + 3/>3 ^ o, 

4A 4 i^Pt 4- 9pn = o- 

Thus there are three equations to determine the three unknowns p^, p^, p^. 
Solving them we find 

• - 6, = 12. - 8. 

It follows that the given series is a recurring series whose scale of relation is 

1 — 6x F I2X* — 8x^ = (i — 2X)*. 

The generating function has the form 

since =s o, = 2, «, — 16, 

(i ~ 2;r)* it is easily seen that 

«o 4- -f — 2X + 
i.e. rto - o. rt, 2. a^ = 4. 


72. 


Multiplying both sides by 
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Hence the sum of the series, i.e. the generating function is 

(2X -f - 2X)^ = 2X (l + 2X)I{1 — 2X)^. 

The factor (i — 2^)* in the denominator of the rational fraction shows 
that the expansion is valid for \x \ < 

00 

i.e. 2X (i + 2;r)/(i - 2x)^ ^ 2 2”nh”, - ^ < x < 

ft — o 

9*6. Determination of the General Term of a Recurring Series 
If the generating function be expressed as the sum of partial 
fractions of the form 

A/(i -I- fay 

where A, /x are constants and r is a positive integer, then we can 
determine by expanding A/(i f- fixy in ascending powers of 
and collecting coefficients of x". The expansion will only be valid 
provided \ fix \ < i, i.e. \x\ < i/| /a |. The method is readily 
seen from a study of the following exain])les. 


Examples, (i) The sequence Hq. defined hv Mq ~ ~ L 

= w„_j -f w„_j, {n — 2, 3, . . . ). Obtain a general formula for u„ and 

show that Un is the integer nearest to ^ ’ [Catnb. Sch] 

The scale of relation is t — x — x^ and the generating function has 
the form 

. — - X U..A^ - . . . 

1 X A- 

i.e. a„ + OiX - (x f MjA* f. . . . ) (i - .r - a®). 

Equating coefficients it follows that - o, — i. 


where a = — 


Again „ 

I X A» 

V5 -1 o _. V'i I » 


(I - UA) (1 - jSA)' 


Expressing as partial fractions the generating function 


A* I — aA 

Hence u„ ^ 


'-lx V 5 I + ■)■ 


V.*) 




From the definition of u„ it is clear that u„ is an integer. 


Now 

and 

Also for n > 2, 


V5 - « 2-24 - I 


: 0 -() 2 , 
0 - 5 - 


It follows that must be the integer nearest to ^ ^ * 
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(2) A sequence of terms u^. Mj, ... m„, . . . is such that any three 
ionsecMtive terms are connected by the relation 

- 5Wr. f -- O. 

If U0 = I, ^ i. find an expression for and show that the infinite series 

Mo + “1 + "a I' • • • 

converges to the sum unity. [Camb. Sch.] 

Proceeding as in Ex. i it is easily seen that the generating function is 

I - + 1:^- " (t - i-r) (I -- it) i - jir I - it 

- - - W“‘ + - w-' 

r/j oc) 

- - i; + ^ (Fv)^ 1^1 <2 

n ^ Q n ~ o 



The infinite series m„ f- + u^ h • • . is the expansion when x ^ i. 

Since the power series convcrg(!s uniformly for x — 1, the sum of 

the series is obtained by substituting x =r. i in tlie sum function of 

Also when ,v - i, 

I - 

I - ^ 


(3) Find the nth term of the recurring series whose scale of relation is 
u„ — I 5W„-2 - iM„_3 _ o. 

and whose first three terms are r, o, - • 5. 

The generating function is 

Un -f a.x -j- a.,x'~ , , , 

1-4,, , 5,v=- -I 

Multiplying both sides of the equation by 1 - ^x }- 5^- — 2x^ and 
equating corresponding coefficients we find that “ 1, a^ — 4, ~ o. 

The generating function is 


A 


B 


! + 


1 — 4;r 1 4A- 

d- — 2X^ ~ (i - x)^ (i - 2 ,r) I - ,r (t 
Evaluating A, B, C in the u.sual way, we find A — 2, B - C = — 4, 
Hence 


I - 4^ 

(i -xy {i - 2x) 

=. 2{1 ~ x)-^ + 3 (i - ’ - 4 (» - 

00 orj 00 

^2 S X” \ i 2: (n f i)x^ - 4 2’ 2"ar". | at | < 

n o n o n — o 

00 

2 (2 d- 3 (« + 0 “ 
n — o 

Thus Mrt — 3n d- 5 — 2’*+*- 

Since the first term of the series is Mq it follows that the nth term is 

Mn-i ^ 3 n + 2 - 2"+». 
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(4) A sequence of numbers b^, b^, b^, ... is defined i>o == = - g, 

3 ^r + 5 ^f-i h 26,-, — o, r > 2. Find the value of b^. 

Proceeding as in the previous examples it will be found that the generating 
function is 

3 + « + I + A- ^ ' •' + 

00 00 

r (_ l)r ^ |^|<I, 

r ^ o r — o 

00 

I (- in- H§p + i}^L 

Hence 6,- (- ~ i (s)M- 

This result may be used to calculate the coclficients in § 9*21 Ex. 
Change the notation of the latter example by writing b^ - a„. so that 
^0 — 1. • • • Then b^ — ^ and so on. 

97. The Sum to a Finite Number of Terms 

If the general term of the scries is known, then the sum to a 
finite number of terms may be obtained by using the method of 
§ 9*52, On the other hand, if is not given and it is necessary to 
calculate it by the method of § 9*6, it may be more convenient to 
sum the series directly by considering the terms which make up w„. 
The methods are illustrated by the two following examples. 

Examples. — (i ) Find the sum to n terms of the series whose nth term is 
In § 9*52 Ex. it is shown that the scale of relation is 

(1 — 2jr)® — I — hx T- I2;r* - 8;r*. Now write 
S - 2x t- ibx* -f j2X^ -f 256,1?* + . . . f 2”n^x^. 


— Gx S ^ 


- 122?* ~ 962?* - 

- 432^* - 






- 

6.2"-‘(» - l)’ 

*2?" — 6.2"M*,1?’'+‘ 

t- 12 X^ S ■-= 


+ 242?* 

f id2;«?* (- 





4 - 12.2" ®(w 

- ly^x- 1 

i2.2"-*(n — 1 

[)®A?*‘+l -f I2.2'*n®.1?’ 

-Sx*S ^ 


- 

- 16.1?* - . 




- 

8.2"-®(m - 3)*, 

X" - 8.2" 

-»(n -2)*A?"+i - 

- 8.2"- 1(« - 1)®J?"^ 






- 8.2««®2r"+». 

Adding, 

S(] 

[ — 6;r -f I2A* - 

- Sx*) 



2 X + 

42 ?* 

+ {- 6.2 

”n* d 12. 

2"-i(n - i)« - 

8.2"-*(n — 2)*} 



+ 2?"!* 

{I2.2"«* 

- 8 . 2 '‘~i(n — I 

)*} - 8 . 2’*»*.t:«+» 

- 2.1? + 

42?® 

- 2"+i(« + ly 

I;^n+1 4. 2" 

i*(2n* -f 2 n — 


This equation determines 5 





(2) Find the sum to n terms of the recurring series 

i + 2X + 3X* F gx^ + . . , 

for which the scale of relation is 

M„ - - M„_, + iow„_, - 8 w,,_3. 


[Camb. Sch.] 
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The generating function has the form 

(ao + M ^ lojf* -f Sx^) 

Proceeding as in § 9*6 we find, do = — 3. = -5- 

Again expressing the generating function as partial fractions 

I 4 - - 5^V _ j. . 

+ X - + 8;«r> '' I - ;r I - 24r ^ I + 

where A — I, — C = — Hxpanding each of the partial fractions 
separately and collecting coemcicnts'of like powers of x, 

_JjL3?.r = £ {A + b. 2 ' + (- |*1< t. 

I ^ X ~ lox^ y ^ Q 

HtMice the [r 4- i)th term of the given series is 
{A I- f (- iYC.^^)xr 
The sum to n terms is 


A 2 ,’ -f B 2: {zxy \ C 2 -’ (- ^xY 
r - o r ^ o » r o 

i - X \ - ix ' 1 4- .pr 

J. 5 ‘ _ 1 ‘ rJz. '>"1::^-" 

* I - -r ® I 2X I 4- 4 ^ 


9 8. Coefficients which are Polynomials in n 

If Un is a polynomial of degree p in n then series i7w„A;" is a 
riTuning series lehose scale of relation is (i — The assumj)- 

tion is that 

ti„ Aq + T" Ajn* -f . . . -f Xj,n^, 
where Aq, , Xj, are constants indei)endent of n. 

Write So = Wq T + • ' • 

(I - x) So - Wo + («i -- «o) ^ + K - «i) + K ■ M2) + . . . 

.. Mo VqX -f + V^x^ + . . . 

where = u„+i - m„. Now if n > o, 

"<’11 = + Ai(« + i) + "f i)* + • • • + Ap(w -f- 1)^} 

- {Ao + Ai» 4- A5,«=» .}- . . . -f Apn*-} 

- ^lo 4- fi^n 4- 4- . . . I- 

where {Lq, /xj, . . . fip-i arc constants independent of n. Thus 
!’n is a polynomial in n of degree p — 1 . 

Write xSi (i -x) So- Uq. Then 5i == Uo 4- ViX 4- • • • 

Similarly by considering (i — x) and writing 
xS^^ii -x) Si - I'o 
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it follows that Sg — ze'o -f w^x -|- + • • • where is poly- 

nomial in n of degree p — 2 . 

Proceeding in this way it follows that 

= Po 1' Pi^ + P2^^ + • • ■ -f- “h • • • 
where p„ is of degree unity in n, i.c. 

Pn Vq + VjW, 

where vq and are constants independent of n . 

(1 -- .v) ^ Po ^ {pi - Po) X -f (^2 - Pi) “f . . . 

+ (pn-~Pn-l)A^'» + ... 

*^0 + ~ x )- 

Hence 5,p-i = {i/q + (j'i — i'o)x}l{i — x)^. This is proper rational 
fraction whose denominator is (i ~ x)^. 

From the definition of .Sp_i, i.e. xSj, , (r — x) Sj,^^ — 
where k is constant it follows that 5j,_2 is a proper rational fraction 
whose denominator is (i — x)^. 

Retracing the steps by which the sums S were defined it follows 
that Sq is a proper rational fraction whose denominator is (i — x)^^K 
It follows that the given series Etij^x'^ is a recurring series 
whose scale of relation is (i — 

It should be observed that this result provides us with a direct 
method of summing a certain kind of power series. 


Examples. — (i) Prove that the sunt of the infinite series whose nth term is 
X (1 x\ 

(— i)”nh^ is — p j where X is positive and less than i. 

[Land. B.Sc] 

The series may be written in the form 27 m„{— x)** where = n*. It 
follows that the scries is a rccorring one whose generating function is 
{! - ( - Ar)}5, i.e. {i -f 
Let B denote the sum of the .series. Then 


.S _ - iLr -f- 2^x^ — 3 »;r’ + ^^x* — . . . 4- (- + . . . 

(1 4 - ;r) S' - X f 3;r* - 5;^’ .{• 7;^* - . . . 4- (_ i)n(2n - 1) ;r'‘ 4 - • • • 

(1 4- x)"^ ^ -■ - X I- 2 x^ ~ 2 x^ 4- 2 jr« - . . . 4 - (- i)”2Ar'» 4 - . . . 

- ;r I 2 A^(i X \ - x^ 

-- - X 2X^j{i 4- x). 

Hence 5 - { - .r (i 1 x) h 2x^}l{i x)^ == ~ x {i ~ x)l{i -f x^. 


( 2 ) Sum to n terms the series 1 ® 4 2 ’* 4 - 3’' A* + • • • [Camb. Sch] 

The question requires the sum to n terms of the recurring series Su/ 
where = (r -f i)’. The generating function is (i — x)*. 
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Write 5 = + 2*^ + 3*^* 4- 4*^* + 5*jr* + . . . + 

(I _ 5 = I -f 74r + i9^« + 37;r* + 6i;r* + . . . 

+ (3«* - 3» + 1) -- n*x^ 

(i - ,r)* 5 = I + 6x -(- i2x^ 4- i8^> -f 24Ar* 4- . . . 

+ (6m - 6)^"-» ~ (n» 4- 3»* - 3H 4- i)^" + 

(i _ ;ir)8 5 I + -f 6x* 4- 6;r* 4- 6;r* 4- . . . 

-f — (m* 4- 3w* f 3« — 5) X* 

4- (2M» 4- 3«* - 3« 4- i);r"+» - n^x^+* 

(jxHi ~ x”~*) 

= I 4- 5^ 4- I — X “ (”* H- 3»*‘ 4- 3« - 5) 

4- (2n> 4- 3«> — 3M 4- i) ~ n^x”^*. 

5 - {I 4- 4 ^ 4- - (m + I)*^" 4- (3»* 4- 6 m* - 4) ;r"+* 

- (3«® 4- 3M* - 3« 4- 1) 4- M»;t''+»}/(i 4- X)*. 

9’9. Linear Finite Difference Equations 

Consider the scale of relation 

Wn + Plitn - 1 + />2«^n-2 f • • • + Pm^fn m == 0, 
m being a positive integer, p^, pi, . . . , p^ being m constants. 

We may regard this as an equation determining and speak 
about Un as the solution of the equation which may be referred to 
as a finite difference equation. Further, since the coefficients 
Pi> p2> • ' • • Pm ate constants and w„, «„_i, ... only occur linearly 
it may be called more precisely, a linear finite difference equation 
with constant coefficients. 

The general solution will involve m arbitrary constants, for 
clearly are arbitrary. A method of finding by 

applying the method of partial fractions to the generating function 
has already been considered in § 9*6. 

We now give some results concerning the form which must 

take. 

Case I. (m = 2 ). — Let a, ^ he the roots of the equation 
a;* 4- PiX -f = o. 

I hen the general solution of the linear difference equation 
+ PiUn-i 4- PiU„~2 = O 
Un^Cia^ a^P; 

Un -- (Ci 4- wcg) a”, a = P, 
where c, and c^ are arbitrary constants. 

Let Wj be arbitrary. Then 

«o + «1* + «2** + •••+«»*" + ••. = r ,• 

I + A* + 


T. A., II. 
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In thi§ equation are functions of are completely 

determined when Uq and w, are given. Since a, p are the roots of 
4- p^x + p 2 = if follows that the equation whose roots are 
i/a, i/jS is I + p^x + = o. Hence 

I + PiX + p^^ = (l - ax) (l - ^x). 


Then if a f fS, — ^ 

^ I + piX + p 2 X ^ 


-4-. 


1 aX 1 — Px 

where and C 2 may be regarded as arbitrary constants, since 
and are arbitrary. Thus 

4- - ^ 

^ J -^x 


ZUnX *^ — - 

I aX 


= E a".v” 4- €-2 E | ax | r. \ f^X \ < i, 

n — o n - o 


r (f,«" -t c 2 j 8») *». 


£ UnX ’' - 


» — 

« 0 

Equating corresponding coefficients it follows lliat 
Un c^a" H- 
Next suppose that a ^ Then 

I - ax li - 


Eu^x^ - r/ E -f (w 4- i) 

n = o « — o 


^ (h' 4- (w 4- I) ^ 2 '} 


Hence w„ = (c/ 4- ^2 T ) <^^^4 writing 

H 4 ” ^*2 “ ^1* ^2 “ ^2 
we have the required form. 


Case II. (m > 2).— The argument used in Case I. can obviously 
be generalised so as to apply to cases in which m > 2. We state 
the results for m 3. Lei a, p, y he the three roots of the equation 
x^ 4- P\X^ + 4- p 2 ■■ 0. Then the general solution of the linear 

difference equation 

4" Pi^^n-l T 4“ Ps^n-B ~ 
is u„ -- 4- 4- Cay", a + j8 + y ; 

W« == qa" 4- (Cs 4- ncs) a + j3, jS -= y; 

«n ■" = (^'i 4- nc 2 4- n\) a", a = /3 - -- y. 
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Examples.— (i) Find the nth term of the recurring series whose scale of 
relation is -}- m„_,. where m, o. Mj i. (See § <) (\ Ex. i.] 

Let a, P he the roots of the equation ~ x — i -r- o. Then we may 
take a - j (i + V5). ^ i (t - Vs)- 

I’he general solution of the given difference equation is 
«« - filPi 4 - \/ 5 )}" I- cMi - V 5 )}". 

Substituting « ^ o, 1, 

o - i I = -f v/5) + P,(i ~ ^/5). 

Solving these equations we obtain Cj -- l|^/5, r, — - Hence 

(2) Find the value of which satisfies the relation 

U„ - 4M„,, + - 2M„_, -- O. 

irhne i, u^ - o, m* -= - 5. [See § 9-6, Ex. 3,] 

Let a, p. y be the three roots of the equation r’ -- .|,v* -f- 54' — 2 o. 
Since x^ - 4^2 _ 2 {x - i)^ {x - 2), the three roots are i, 1, 2. 

The general solution is 

M„ - (Ci + m\) 1 " -h Cv2'' -- -L nc^ + 

Substituting n o, 1, 2 we have 
i 4 

0 __ Cj + c^ + 2C3. 

- 5 ~ 4 - 2i‘a 4 - 4Cr 

Solving the equation.s we obtain Cj 3. r._, - 3, r, -- — j. 

Hence m„ -- 5 4 - 3« 

(3) A sequence of numbers u„ satisfies the relation h„ If 

Wo • r, «i — (r 4 ' 3/3) /■^ Ihe value of m„. 

The roots of the equation x'^ - ar T i ^ o arc 

i (I 4: V~ 3 ) ^ i (I :b * Vi)- 

I'he general solution is 

tC. - H{J(i i- i- Vi)}” 4 - - » \/ 3 )}’'. 

Now ^ (i |- i -y/3) — cos ^TT ± i sin Jtt. Hence 

«„ Cilcos ^TT + t sin Jtt}" 4- Cjlcos In — i sin Jn-}" 

^ (^1 4 - C|), cos 4 - i (Ci — 4 ) sin 

WTT , . nn 

■— C. cos -f Cj sin 
3 3 

where Cj — t j f and Cj — t (Cj — t:,) are arbitrary constants. Thus 
the solution has been obtained in real form. 

To find the values of Cj and C, put tt - o, i. Then 

I ^ Cj 

i (I 4 - Vi) = Q cos " -f C, sin 
Hence C. = C, i and w, — cos f sin 

"33 
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EXERCISES IX 

27. The series i + 3,^ ^ i . . . f f ... is such that 

PnM - ipn - ipn-l. 

find the value of p^. [Camb. Sih.\ 

28. Find the generating function and the general term of the series 

^ + 3^ I 5^^ I- ‘1^® 4 • . . 

2g. If M„ — -f 4U„_2 — 3Mn-3 " « > 3 ^nd = i, Uy 

^ 3> prove that the sum of the series is 

(i I 3^*)/(* - ix + - 3A»). 

30. hind the sum to n terms of tlic series 

^ I IX 4- 25'^® + 9U'® + . . . . 
on the a-ssurnption that the series is a recurring one. 

31. If Wq, Uy, Uj. ... arc numbers connected by file recurrence formula 

Wn 4Mn 1 1 5«n a “ 2H„-, - O, 

find an expression for u„, given «<, - o, u, - 2, m, — 3. [Camb. Srfi.] 

32. Prove that i -f .v cos d + cos 2O H x^ con ^0 . is a recurring 

series whose scale of relation is i — 2,rcos 6 x*. Find the sura ton terms 
and to infinity. 

33. L’ind the generating function and the sum to n terms of the recurring 

C£) 

series Z x^smnQ. 
n I 

34. In the series -f UyX + »2-V’ I- ... any three succe.ssive coelilcicnts 
arc connected by the relation 

«r+l I P^<r I i - O) 

show how to find the sum to n terms. Assuming that the series 

2 1^4 i f Y^aS -|- • • • 

is of this type, find the ntli term and the sum to infinity. [Camb. Sdi] 

35. Find the .sum of the .series -f a^x + a^x'^ 4- ■ ■ • whose coefficients 
satisfy the relation 

ia„ — 4- 50,1-i ~ «n-3 “ o and t/p - i, ^ 8, 17. 

proving that’ 2rt„ — 2on - 7 f 3= ", [Camb. Sck.] 

36. (jiven that Zu^^x^, ^ire recurring series whose scales of relation 

are i -f />4r -f qx^ — o, i -f rx -f .sa* — o respectively, prove that 
Z (Wn 4- v„) ar" is also a recurring series and find its scale of relation. 

37. If ZttnX'', Zv„x” are recurring series whose scales of relation are 

i px qx^ ^ o and i -\- rx sx^ ^ o, respectively and /)* +4^, r* 

prove that Zu„v„x” is a recurring series whose scale of relation is 

I — prx -f (P'S -f rq* - 2qs) x‘ — pqrsx* + q^s^x* = o. 

00 n 

38. If Z u^x** is a recurring series of the wth order, and = Z Wf 

n — o r 0 

OO 

prove that Z y„.v" is a recurring series of order m -f i. 

M = o 



CHAPTER X 

SUMMATION OF SERIES 


I N earlier chapters various luethods of summation have been 
considered. Before elaborating^ further metliods we give 
examples of the application of those given earlier. We shall 
con.sider examples on (i) geometrical progressions, (ii) sum of powers 
of integers, (iii) induction, (iv) binomial theorem, (v) exponential 
series, (vi) logarithmic series and (vii) recurring series. 

lOTl. Geometric Scries 

Example . — Sum the series i + ,r • - — .r* \ . to infinity 

{ - i <x < i). [Camh. Sch.] 

Since the series converges absolutely for | .v | < i, the order of the terms 
may bo deranged without atfecting the sum. Hence if S denote the sum of 
the scries 

5 - l X* h A'* + t- . . . 

• + t -v* + .r'» -I . . . 

~ — X^^ “ , 

_ ^3 _ x'’ — X^^ - — . . . 

I • A _ __ X^ 

~ T — A* ^ I - A* I — A* I — X* 

- (I I- A - A* - A»)/(l ^ X*) - (I 1 - A)/(I -f a 3 ), I a I < r. 

10 - 12 . Sums of Powers of Integers 

Examples. — (i) Sum to n terms the series 

I + 2* 4 - 3 " i 4 + 5 * -f b-’’ -I- 7 4 - 4- (p \- . . . [Camh. Sch.] 

The sum depends on the form of n, i.c, whether it lias the forty ^p, 3/> 4- i , 
Sp 4 - 2, where /» is a positive integer. Let 5 „ denote tiie sum to n terms. 
Then 

P P P 

s,, - -r iir - -2) 4 - i: isr - I)^ + :r‘r' 

r I r =- I r - i 

P P P 

=^3 2’ r - ip 4- H (9r* — 6r j- i) 4- 27 2; r’ 

r — I f ^ 1 r \ 

P P P P 

= 3 ^ r-2p4-9 ^ S r -V p + 27 27 r> 

1^1 f ~ I r =- I r “ 1 

P P p 

- P - 5 E r + Q E f* + 27 E r» 

y ^ I y = I r == I 
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^ -f I) + 9-i/>(/> -f l) {2p + 1) -H 2'].\p^[p + 1)2 

“= ^P*^ + ^iP* 3 - ^^p^ — p. on reduction, 

- -jV‘* + ii«* f }>“ - 

If n i-s of the form 3/) + i. we have ^ S,, -f- 3/) j 
i.c. N,,,, . . 3 ^p 2 j 

Substituting /> _ J (n — 1), 

- A (» - 0 * + (w - i)» (n - i)» + I (n - I) -h I. 

If « is of the form 3/j 3 2, 

-S,^a 1 - iip 3 - 2)2 - ^^-p* + 3. .y.^* ^ X 4 p .|. 3 

Writing /) r- J (« _ 2). 

•^'n - (w - 2)* 3 - (n - 2)^ 3 - fi (« - 2)2 3- {n - 2) + 5 - 
(2) Express 

{x 3 - w)’ h (22r 3 - n -" i)* -j {z^x 3 - n -'2)» 

‘ (z^x 3 - « - 3)« f . . . 3- (2”-i.r 3 - I)'* 
in the form px^ -f qx"^ -[- rx 3- 5 and verify that 

r _ 18 {jP 3- 1)^ . - ()5i - 6 - 12 (7/> 3- 1)5 3 (>7. 

[Camh. Sch.] 

The sum may be written in the form 
n — I 

r (2‘^ 3- n - /)2 
t - o 

n — I 

= I 3 - 3 . 22 ‘Ar*(w - 1 ) 3- 3.2*,v (m - /)* f (« - /)’}. 

t - O if 

n - \ « 1 w — I 

Hence p E 2^'. 9-3 2 ’ 2-‘(« - /). y 3 2 2‘(« - I)*, 

/ “ o / = o / - o 

n - I 

s = 2* {« — /)’. 

t o 

Hence p ~ {(23'* — i}/(2® — 1) — > (2®" - i), 
n 

and s 2’ ► ln‘{n 3- i)*. 

‘ / - 1 

In order to find ^ write 

- Ig - t) 

t — o 

w 3- (« — i).2* 3- (n - 2).2* 3- . . . 3- 2.2®"-* 3- 1.2®”-“ 

Then s^_, — « — i 3 (n — 2).2* T (« — 3).2‘ 3- . . . 3- 1.2®"-*. 

Thus 5, - 5 „-, I 3- 2* 3 - 2* 3 - • . . 3 - 2*”-* 3- 2»«-» ^ (2®« - i)/3. 

Hence = (s„ - 5„,,) 3- (s„_i - 5,_,) 3 ' {s« , - 5 n-a) 3 - ... 3 *' (5, - ^i) f 

= i (2*" - I) 3 - i ~ I) 3 - i (2‘"-‘ ~ I) 3- ... 3 - i (2‘ - 1 ) 3 ' 

= i.2«.i - 1} - J (« - I) 3 - I » ^ (2*n+« _ 3;, _ 4}. 

Hence q = ^ — 3« — 4}- 
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« -• 1 

III order to lind r consider a„ — I;- -= £ 2‘ (« - /)*. Then 

/ — o 

On ^ n‘^ 1- (n - l)».2 T (« - 2)*. 2* I . . . -f 2*. 2'*-* -f- I».2"-l 
On-l -= {« - I)* T {n - 2)2.2 I (h - 3)2.2* 1- ... 4 I*. 2"-* 

- On-. I = 2M - I t- (2M - 3)--i i- (2« - 5) . 2* (- . . . -\- 3.2«-* -f I . 

Write pn — On — cx„ , so that 

P„_, 2« - 3 + {2)1 - 3). 2 -h (2U ^ 7). 2* |. . . . 4- 1.2"-*. 

Thus Pn - p„ 1 - 2 4- 2.2 I 2.2* 4- ... I- 2.2" * 4 2'-‘ 

- 2.(2" ‘ l) h 2" ' ^ 3.2"-l - 2; 

.. Pn — (Pn “ Pn-l) + ipn i Pn i) h (p«-2 ' Pn 3) + • • • i {Pi ~ pj T Pi 

(3.2"-> - 2) -I (3.2"-> - 2) I- (3.2“-» 2) I- ...+ (3.2> - 2) + I 

- 3 (2"- ‘ + 2" > I- 2"-» 3- . . . + 2) ,) -I- , 

— b (2"-^ — l) — -h 3 - h.2"-^ — 2« - 3. 

Again a„ — ((7„ — a^. j) 4- (a„ , rr„ . J 

I {o„--i — (/.i-a) 4- . . . 4- ((^2 ■" <7i) 4- a, 

■ " Pn -f Pn-i + Pn 3 I ... f P2 f a, 

{(3.2"-1 -.2« - 3} + {<>.2"-* - 2 (« 1) - 3} 

-h {6.2" * - 2 {n - 2) - 3} 4- . . . .| {6.2 ^ 2.2 - 3} 4- 1 

^ 6 (2" ‘ I- 2"-* 4- 2"-* f ... 4- 2} 

- 2 |« 4- (« - I) 1 (n - 2) + . . . 2} - 3 (« - 1) 4 I 

- 12 (2"-l - I) - (W l) {)) I 2) - 3 {)l 1) 4 I 

12.2"“^ — «* — — 6. 

Hence r ~ 36.2" ' • 3«* - i2« — 18. 

In order to complete the question it is necessary to evaluate 
18 ( 7 p i i)i - 6.si - 6 - 12 (7/> I i)i{ T 9<7. 

Now 7/) 4- I = 2>", (7/j 4-1)1 2". {jp 1- i)§ -= 2*". Also 

.si i« (« 4- 0- 

Substituting in the expre.ssion we obtain 

18.2" - 3« (« 4-1) 6 12.2*" T 3 (2*"^* — 3M _ 

— 36.2"*^ - 3«* — 3n — 6 — 12.2*" 4- 12.2*" — y/i —12 

- 36.2"“‘ - 3M* — I2« — 18 = r. 


1013, Induction 


Examples. — (1) liy induction, show that the sum to n terms of the serits 
K'hnse rth term is tan-^ijzr'^) is tan ^{zn 4- i) - In. [Land. B.Sc.] 

Whon M 1, tan-^*{2« -f 1) - tan-*3 — ^tt. This is equal to 

tan' '(1/2) provided 


tan'^3 — tan — ^n, i.e. 


3 - 

* + 3i 


— tan ^n -= I. 


Tins condition is obviously satisfied. Thus the result is true when n i. 
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Now assume tliat it is true for n ^ p, i.c. 

P 

Z tan-'(i/2r*) = tan-*(2/) 4- i) - 
r ^ I 


P -f- I 

Then Z tan-»{i/2y*) = tan-42/) -f- 1) - f tan-‘{i/2 {p + i)*}. 
r = I 

This is equal to tan-42/> 3) — In provided 


tan-42/)+ 3) ^ tair 42/) f 1) | tan-» 

2 (/> + 1)* 

i.e. 2/) + 3 — [ ip I I * vol/li - \. 

I ^ 2 (/> f i)‘// I 2 ip -f I)*/ 


The right-hand side is equal to ^ ^ ^ = 

^ 2/)2 + zp 4 1 


= 2/) -f 3. Thus 

the result is true for « 4 i if it is true for n = p, and so it is true 

in general. 


(2) Prove that, if 5 , in the sum of the rth powers of the numbers 
a -P d, a 4 ^d. a + ^d, .... (a -f nd), then 
nSt - 5 ,* -r - i)d^, and «« 5 , - ynSiS^ -f 25 ,’ = o. [Camb. Sch.] 

5 , (a -f i/) -f (rt 4 2rf) -f . . . 4- (ff f nd) 

= { 2 a + (w I i) d) 

5.J - (a -f </)’ 4- (<* 4 2rf)* . q- (fj -|- 

5, - (a -I rf)’ }- (a 4 2 ^/)’ 4 • • . f (a 4 «^f)^ 

The method of induction is used The results are easily verified in the 
case « = I. Consider first 

n 5 j -- 5,2 - «*(n« - 1) 

i.e. nSj - -* {2a 4 (« 4 i) d}’‘ | * - i)d» 

4 12 

= ^ 16 fl* 4 Oa (n 4 1) rf I (2«* 4 .^w 4 1) d^} 
i.e. 5 , J« {6a* 4 6a {« 4 i) 4 (2n* 4 3M f i) d"}. 

Assume the result is true for n — r and denote the sum in this case bv 
Then 

- 5 ,«^> 4 (a 4 {r 4 i) d)* 

= Jr {6a* 4 6a (r -|- i) d f (2r* 4 3 »' 1 0 d"^) 

4 {«* 4 2a {r \ i) 4 (r 4 £)</«} 

= J {6a* 4 12a (r 4 i) d j- 6 (r* 4 zr 4 1) rf* j- Oa*r 

4 6a (r* f r) 4 (2r* 4 3r* 4 r) d-} 

^ i {{f + I) 6 a* 4 12a (f 4 i) 4 6 (r* 4 2 r 4 i) 

4 6a (r* 4 f (r 4 i) (2r 4 i) d^} 

= i (*” + 0 + *2a£i 4 (yard 4 6 (r 4 i) rf* 4 r {2r 4 i) d*} 

- J (r 4 I) {6a* + 6ad {r + 2) + [2{f 4 i)* 4 3 (r 4 j) 4 i] d*} 
Hence the result is true for n — r i and so is true in general. 
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Next consider n*Sj ~ - 25 ,=^ • 

5 ,( 3 « 5 , - 2N,*) 

- in {2a -f- (n -f- i) rf} {3W‘S - 2S,*}. 

Now 3«5 j — 2S1* — 3 (nN, — S^*) + Sj* 

— i) + {n*[ 2 (i + (n -|- i) rf}* 

= i«*{2a® 211 (n I i) rf + (n® + n) <i*}. 

i.e. Nj - i« {2a + (n 3 i) c?} {2a* 3- 2a (« 3 - 0 ^ 3 - («* I- n) U'}. 

Assume that this result is true for n = r and denote the corresponding 
sum by Then 

5;r+i) 5 a<^» 3 - (a 3 - 3 - r) 

-r {2a -3- (r 3- 1) d) {2a* 3- 2a (y 3- i) d 3- (r* 3- r) </*} 

-f- (a 3 - (r -f- I) d)^ 

= } {4a* 3- i2a*(r 3- i) c/ 3 - 12a {r 3- 3 - 4 (»" 3 - 

3- 4a®r 3- 4a*r (r 3- 1) -f- 2ar (r* |- r) d* 3 la^lr i) rd 

-f- 2(1 {r 3 ' r {r f i) (r* 3 - ♦') rf’} 

^ 4 i®" + 1) {4^* + iia'^d 3 12a {f 3 - i) + 4 ^* i* 

+ 2 ar*rf* 3 2 ahd 3 2 ar (r 3 i) 3 r (r* 3 r) d^} 

- I (r 3 t) {2a 3 (»' 3 2) d) 

{2a® 3 2a {r 3 2) d 3- \{r 3 i)® 3 (r 3 i)] rf*}. 
Hence the result is true for « z:= f 3 i and the result follows. 


101 4. The Binomial Series 

Examples. — (i) Sum the series, n bein^ a positive integer: 


(2«) 


( 2 nj f ^ ( 2 « - 


• 2 ) I ( 2 n 3- 2 ) ! ( 2 M - 4) I ( 2 W 3- 4) ! ' 


2 ! ( 4 « • 


+ ( 4 «)! 


[Cdmh. Sfh.] 


The given series is 

1 / 4« {4« - I) 4n (4« - 1) (4n - 2) (4n ~ 3) , 

' ■ i! 'V ■—+■■■ 

4 W { 4 « - I) . . . ( 4 n - 2 «j 3 I) 1 

(in) ! J 


(4My'! 3 . . ■ 3 4n<^'an}- 

From the properties of the binomial coelficicnts, 

' "i 4n^'j 1' 4n^4 ^ • • • 3 F 4f|F2„ 3 4n^af>-fl 3 ... 3 4n^4„ 

-- i . 2*" — 2*"“*. • 


Also ^f^Cf — 4 nC 4 , 


Hence 


^ F 4«F'a 3 4nC4 3 . . • 3 4n^2i 


lii^4rt "F 4n^4i 


2 {l 3 4n^a + 4fi^4 3 . ■ • 3 4»F'2„} — 4„Cj, 

'•e. I 3 4«C, 3 4«C4 -F . . . + 4»^^l« - 2*»-‘ 3 i 

2 *”~* I 

Hence the sum of the given series is "h 3 ( in) T ( 2 w ) ! 


• • + 4 n^ln’ 
24 n — 1 

(■1« ) 1' 


(in) I ( j«) !' 
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(2) Prove that 

P~3\ " I‘^‘! - • • • ^ "4 “ I V2; 

/ii\ I 4- ” 4- ~ . »* (" - ril . 

^ ^ ^ m m (m - I) w {«* ~ i) (m - 2) ‘ ' 


/(? « + I /tffwi = 


provided m is not less than n. 

(i) _J L3 . Ll3i5 _ 

''2».3! 2V4!^2‘.5! 


m — M 4- i’ 
[Camb. Sch] 


,/ i-i(-i) (-!)(-§) 1 

“H"* 3 l 4! 5 ! ■ •■•i 

Now (i -f ;r)^ I 4 - 3;ir + ^ * 4 - ^ ~ 4- _j. . . , 

2 1 3 ! 4 I 

When X = i the expansion becomes 

J-xua,. / M(-i) \ 

• Hence if s denote the sum of the given scries 

2^ = I -f- I 4- 1 - 3s giving s - f| - I -v^ 2 . 

(ii) The (r 4- i)th term of the scries is 

Expressing i/m (w — i) (m — 2) . . . (m — y 1- 1) as a sum of partial 
fractions 

1 _ * + / ^ 

m (m — i) (m - 2) . . . (m y 4- 1) m (r - i) I (m — i) i I (r - 2) ! 

{m ~ 2) 2 1 (r ~ 3) ! 

, I „ . 4. 4- * . 

w — s (s — i) ! (r — s — i) ! ■ ■ ’ w — r 4- I ‘(r — 1)! 

Writing ^P, = w (« — i) {n ~ 2) ... {n — r |- i) the sum of the series is 


^ ^ r £ j »* (m — ij (m — 2) . . . (w — r I 0 

= ‘+ lm/ + t m'.i! +m-i-i\l 

j_ . "zJ— 4. .4 I 

^Im 2l^tn-»i — 22!/ 


J . -1_ 4- . 4. . _L I 

\m'2l'tn-»i i!i!~w — 22!; 

/il ?4 “ ® 4. ' 4- ~— 4 - 

\w’3 ! i!2 !^»M-2 2!i! m-33li 
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(f' - i) I »« - I 1 I (r - 2) I ^ m - 2 ■ 2 ! (y - 3) ^ ’ 

+ 

m — y 4- I (y — j) ! f 

+ 

^ _L .. (r.!)"** t nPfi (7 I)""’ , 

I m (n - I) ! w - I I ! (n - 2)! ^ w ~ 2 2 ! {n - 3) ! • 

•I — • _) 

WJ - M {- I (n - I) !/ 

' + - ”.T + - "31’ + ■ ■ • + < - 

^ »t - I ( I ! I ! 1 ! ^ I ! 2 ! I ! 3 ! ‘ • 

I * . f nP» n ^4 I nPi _ .1 

^ »i — 2 I 2 ! 2 ! 1 ! 212! '2 ! 3 ! * ■ ■ ■ 

4- /_ i\n-8 n^n \ 

^ ^ 2 !(n- 3 ri< 

_L * _ nPfW I n^r+8 _ 

m - y -f I l(y - 1) ! (y - j) ! i ! (y _ j) j 2 f ’ • • 

P 'V 

^ ^ ^ (y -~i) r(n '-“ 7 n ) 

, V ^ nPn \ 

m ~ n f 2 I {n — 2) ! (« — 2) ! i IJ 

-L . ni^. 

m — n I- I (n — I) I 

^ ~ “■ + ■ • ' I (— i)" * 

■' I ! (Ill - I) '■ • • • 

+ (- C..,) 

H- D’-.-.C.-.} , 

■I- ■■ ■('»-»■ 4- 1) , c+ c r j. 

■ (r - i) I (m - r + I) '* + • • • 

+ ; . + 

+ 2 ,, _ C) -I 5 - 

{n — 2) ! (w - « -f 2) ' ^ ' w - w 4 i' 
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Now if p is a positive integer, 

(I - ;r)»' = 1 - +.■. + (- i)%C,. 

for all values of x. Writing x — i. 

o = I - + ,C, - . . . r (“ H- . . . f (- i)%C,. 

Substituting p = n — i, n — 2, « — 3, . . . i in succession it follows that 
all the expressions in { } are o. Hence the required sum is 
1 t n ^ m + I 
»t — M + I w — n |- 1 


10*15. The Exponential Series 

Examples. — (1) Sum to infinity the series of which the rth term is 

{y* — 4r — 2)/r !. [Land. B.Sc] 

Write Uf = (3^* — ^r — 2)/r !. Then 

^ _ 3 *^ 4 _ ,2 ^ 3 (y _ I) -f- 3 4 2 

' (r — i) ! (r — i) ! r 1 (r ~ 1) I (r — 1) 1 r! 

_ 3 _ * _ _ ^ 

”(f“-2)! 

Also M, = 

* O I 1 I 

^ 3r* — 4r — 2 ? ^ ^ 

Hence S ^ , =3 T 




CO 


-2 s (i| 


provided each of the series converges. 


r = 1 
00 , 


r 1' 


00 . 00-00 

Now 2: . , , - 2: .. 2; . ' 2: ‘ . 

r = 2^^ • s — o ^ • f = I ^ * s — ' 


Also the series E - converges to e. 
s — o^' 


Thus the series on the right hand side of (i) are convergent. Hence 

: 2 . 


rtf* — A f ~ 2 

E T — y — e ~~ 26 + 2 


f = I 

Alternately the series may be summed as follows. Let denote the sum 
to n terms, S the sum to infinity. Then S — lim. 5 „, if this limit exists. 

n -> 00 



1 2 


0 I 

1 1 

I 

2 

TT i 

2 ! 

I 

2 

Ti 

“ yi 

1 

2 

3! 

- Tl 
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(n - 4) ! 

3 

(« - 3) 1 


(« - 3) ! 

I 

“ (w ^)”! 

I 

■ (n -^! 


(n - 2) ! 


(n -- I) ! 
2 

nT 


Adding by the method indicated by the dotted lines, 


S\ -r 


3 


o ! o ! (n — i) ! (m — i) ! 
Letting w -> oo, 5 -^ 2 . 


« ! ^ (n - i) ! n I 


(2) .Sum to infinity the series whose nth term is («* + n) x^jn !. 

[Madras, B.A,] 

Let u„ denote the nth term. Then 

^ w (n i 

" M ! (w — i) ! 

00 iX- uC; „ <X) „ 

Hence 1 ' u„ ^ 2 X -h B u„ ix -\- S , , , + 2 ^ ^ 

M - I w ^ 2 n — 2 • M — 2 ~ • 

since both the scries on the right obviously converge for finite x, 

- _ x-e* + 2 xc^. 


00 CO 

i.e. £ AT* I 

n --- i « - o 


00 

f 2X E 


1016. The Logarithmic Series 

Examples. — (i) Express xji^x - 1 ) ( 3 *' — 2 ) in partial fractions. Prove 


that E - ("*)::!« ^ . 

n _ i( 3 « - I) ( 3 « - '^) -2®”"’* " ^ 


•og.3- 


[Land. B.Sc.] 


Write - + L. 

( 3 * - I) ( 3 -» - 2) (3* - 0 ^ (3^ - i)’ 

i.e. AT - ^ (3Ar - 2) + Z? {3^ - i). 
Put AT — I, j in succession, giving A B = 

E - (z-^) ^ 

«--r , ( 3 » - ij (3W 2y2>»‘-* 

= 1 ? (-.)-( --L - ‘ ’ I 

_ J ^ \3M — I 2*’‘-* 3» ~ 2 z*"-*/ 

= i ? (-n-W i. 4 - 1 . 4 . J- L.) 

w ^ I ^ l3»* 2*’*-' ^ 3« — I 2>’*-* ^ 3n — 2 


00 

2: 

n = I 


3w 2*' 
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provided each of the series converges. The first series on the right may be 
written in the form 

I i 


and the second as 


, ' ' I 8' 


Now log,{i -f .r) -- a (— ly-^x^jr, provided \x | 
r — 1 

Putting X ^ X — \ the two scries are obtained, 
the given series is 

flog (I + i) - ilog(i f f), 

* S log 3 f log 2 - ^ log 3 I- I log 2. i.e. 

(2) Show that lofj^e — log^e + log^e — log^^e -f . . . = i. 


Hence the sum of 
I log 3- 


[5. Prelim.] 

The series may be written in the form 

J » -L * _ 

log/2 log,4 log,8 log, 1 6 ‘ ‘ ‘ 

log, 2 2 log, 2 3 log, 2 4 log,T "I" • • • 

- {I - f + i ~ i i . . . }/log.2 - log,2/log,2 - I. 


10*17. Recurring Series 

Example . — Sum to n terms the series whose rth term is {ir |- t) 3^ 

[Lond. /?..SV.] 

From Chapter IX., § 9-8, it follows that the series Z[2r -j- i) x^ is a 
recurring one whose scale of relation is (i — x)*. 

Let s„ be the sum of the series to n terms. Then if ;r is 3 
^ 3 ^ f- 5 ^* 4 - + . . . I- {zn 4 - i) .r”. 

{i - x) 3.r 4- 2x^ f 2x^ 4- . . . 4 2x» - (2« 4- 1) 

^»i-i — J 

= ^x 4 - ^*—^1 ” - 1 - 

Hence {p; ~ x^ - {in 4 - 3)^"^^ 4 (^« 4 - i)x^+^}l{x - i)». 
Substituting ;r = 3, s^ ~ n.3"+‘. 


10*2. Application of Partial Fractions to Summation Scries 

Let be the nth term of the given series, u the sum of the 
series. Then it may be possible, by the method of partial fractions 
to express u„ as the sum or difference of other terms. Then supix)sc, 
e.g. that 

«n = Vn + -f- + . . . 

Then if the series £Vf^, ^x„, . . . can be summed separately 

to v, z£;, . . . it follows that 

u~v-\-w-\~x-\- ... 
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It should be observed that if the given series contains an fhfinite 
number of terms it is necessary that the series Ev^, Ew„, Ex„, . . . 
all converge. In such a case it is frequently convenient to consider 
first the sum to n terms and then let n-> oo. 


Example^.— (i) Show that 

9 

I- <2 -3 3-4-5 5-6.7 

[Madras, B.A.] 

Let u, denote the rth term of the scries. Then 

„ == 3 - ^ 

^ {zr - i) [ir) {zr + i) 

Thus 2 »' + 3 ^ Azr {zr 4 r) 4 B {zr — i) ( 2 r + i) + i^zr {zr — 

Putting zr ~ i, o, — i in succession wc obtain, A => z, B ^ 3 , 

6 - I. Hence may be written in the form, 

Consider the sum to n terms of the given series 


•4 . . . to infinity ^ 3 log;! ■ 


I 2 r zr T I 


0- 


r 

V — 1 


\zr 


i__._ 

- 1 zrj 


r-2 £ 

r - 1 

2M , 2n 4- I 

- 2 i- ( - ' ■■ £ ( 

r ^ I ^ r z 

zn . zn 

£ {- 
^ r -- I 


= z B {- 


( ^ - i- ) 

j \ zr zr I / 
r 

!)'-> ‘ - 1 H. 


zn 4- 


zn 

3 ^ ('■ 

r = I 


l)r-l _ j 


zn 4 - ; 


Letting H -> 00 , 

00 00 j 

r M, -3 ^ 

r ^ I r - I 

provided the series on the right converges. 


4 - lim. 


zn 4- : 


Now l 0 g ,2 — S (—!)’■ 


Hence £ «f — 3 log«i2 — * • 

r ^ I 


In the example just considered wc were able to sum the series 
because the method of partial fractions enabled us to obtain a 
series of standard type. Sometimes the method enables us to 
obtain a series of terms such that cancelling occurs leaving only a 
small number of terms. Consider the following examples. 

( 2 ) Sum to n terms the series whose nth term is i/»(m 4- 0 (” + 3)- 

[Lond. B.A.] 

«"{♦* 4* I) (« -f 3 ) ” « » + * « + 3 ’ 

i.e. I 2 ^ (n 4- i) (« + 3) + {« + 3 ) + (« 4- i). 
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In tile identity write n = o. - i, — 3 in succession. It follows that 
A = i. D - - I C ^ I Thus 

I ^ i 

« ”(n + I) (» + 3) n « -f I n + 3 

r f iMM^ThTTI) “ f jr ~ 'yf jT+l 3 

n n + 1 » -f- 3 t 

= i i: -i £ \ -\-\ £ . 

y=I^ 5 = 2'* ^^4* 

where s = r-f-ii ^~»' + 3- 

This sum may be written in the form 

i r ‘ + j (> 1- i + j) - j 2 - i (i + } + „ • ,) 

r — r=:4' n ^ 1/ 

■' ■^‘(n+'i + » + 2 + » + 3) 


(I - 1 + I) ^ . + U “ A ~ 


i{n + i) 


\« -i- 1 M *}- 2 M + 3' 


3 (m + ■) "^ 6 (” + 2) "* <• (" 3)' 

(3) Sumton terms _ ‘ ^ : .3:4 + 3:15 ' 4.5. 


[Madras B.A ] 


Write Ur - i/r (r + i) (r + 2) so that the required sum is 

Expressing w, as the sum of three partial fractions, 

4 I 1 ^ ^ 

~ r r -f- 1 f -|- 2’ 


i-I 

-i 

_l +i-i 

+ 1 i 

-i 

j + 1.1 

+i.i 1 

-i -r 


+j-i r 

-h 

+ i \ 


I 

1 

^ 2 n - 2 1 

~ — I 

1 2 n 

+]-d:=i [ 

n 

■ 1 


1 

“ n +1 

*■ ' 

2 4 + 2 
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Adding the terms in accordance with the scheme indicated by the lines, 

= i - - ' -- + - ' . 

When the general term contains a factorial in the denominator 
it is frequently best to express it as the sum of partial fractions 
with denominators which are also factorials. The following 
examples illustraTe the method: 


(4) Find the sum of the infinite series 

I + 3^ + ~j + ^ j I • • • [Camb. Sch ] 

If Un denote the wth term of the series, 

- (2» - i),v'-V(« - 0 


2n — I a , b 

Write i:: -,1 . - . - -jyi-+ riien - i 


(» - I) ! (» ■ 

Equating corresponding coefficients, a — b — 


a — 6 4- bn. 

, 6 =: 2 , 80 that a = I. 


Hence if n > 2. ^ * ' 4- - — and 
(« - I) ! (n - 2) !’ 


1 -f S 




1 CO 

. , 4" 2 ^ ^ T~ T" I 


= c* 4- 2xe* = tf»(i 4- 2x). 

The two series involved are clearly convergent for all finite values of x. 


(5) Find the values of A, B, and C when 

n* ^ A R C 

n\ (n — i) ! {n — 2) ! ^ (n — 3) !' 

Use the result or any other method to prove that 

I* 2 * 3 * 

I + ii 4 ' - 1 4 - ^ ! 4 - . . . to infinity is $6 |- i. 

[Lond. Inter. Econ.] 

^ ^ n* ^ _ 4_ ? 

n ! (n - x) ! ^ (n - F) I (n - 2) 1 (n - 3) I 

Hence n* = A 4* ^ (n — i) + C (n -- 1) (n — 2) 

« B 4 - 2C 4 - n (B — 3C) 4 - Cn*. 

Thus C =■ I, B — 3C = o, A — B + 2C ^ o. Hence /I =* i, B =» 3, 
« I and 

4 . 3 . » 

n I (n - I) I ^ - 2) 1 ^ (*-3) I 


T. A., II. 


22 
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t 3 n* 

Now I -f S 


, »f 


* ^ + „ f 3 («- .)! + \ f 3 (« - ‘^Ti +„ f 3(S^3T! 


-= I + « + 3« + « = I -1* 5<»- 

(6) Sum to infinity the series whose nth term is 

(n* + 4« - i) x’*l{n + 4) {n I). 

Write = i 

(« + 4 ) (» !) 

Suppose now tliat 
I A 




[Lond. B.Sc ] 

i 


(n + 4) {« 1) (w - I) ! /« + 4) (« O' 


M + 4 (n + 4) (n + 3) (n •(: 2) (n + i) (h + 3 ) (» + 2) (n + 0 

^ (n + 2 ) (m + i) ^ n + I 

Thus (n + 3) (n + 2) (n + i) 

= /I + B {n -I- 4) + C (« + 4) (« + 3 ) 4 - /) (» + 4) (« + 3 ) (» + 2), 
Put M =s — 4, — 3, — 2 , — I in succession. Then ^4 » — 6, B = 6, 
C — — 3, B = I. Hence 


(m - 1)4 (n -f- 4) • (« -i- 3) • -f 2) I (n + i) r 


3 


00 


00 


.v" 


00 


2: = B ' . , + 6 B , vr 

-I »=i(» + 4)' 

00 ytt 00 ^ 

- 6 B r--T— . + 3 ^ 


00 

- B 


„ ^ I (n + 3 ) J ^ - I ’ n = I ’ 

pfovided that each of the series on the right, converges. 


By comparison with e* = B 

w = o " ' 

converges for all finite values of x. Hence 
00 00 „n-l 6 


it is clear that each of the series 


6 


xn+* 


„ i i(« - I) 1 i , (n + 4) I i j (~ + 3 ) I 




s 




*’ « = I {» + 2) I * M = I (» + I) I 


X *0 


^ x^ 


s ^ z ^”.3 


00 

B ™ 


. L r 
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If X ^ o it is dear that the sum of the series is zero. 


10*3. Application of Identities 

The method of partial fractions explained in § 10*2 is a particular 
application of identities. We now consider some further examples. 

Examples. — (i) If f (x) Ax^ -f- Bx* Cx + D, determine A, B, C, D, 
io that /(^) +/(^— i) ^ Hence, or otherwise, show that 

l3 _ 23 4 . 3 a - 48 .p _ .p p.. ip.-l ^„3 ^ 

[Lond. B.Sc,] 

^ f(x) +f{x- l) ^ A [;r» |- {x - i)»] -f B [x* + {x - l)«] 

A- C [x A- 

= 2Ax^ f x^zB ~ iA) -i-x (3.4 - 2 B H 2C) 

- ^ 4 .B - C + 2Z). 

Equating coefficients of corresponding powers of x, 
zA ^ I, 2B - sA = o, 3^ - 2B + 2C = o. - /I -f B - C -f 2Z) = o. 
Hence A ~ B — C ^ o, D — — J. 

Thus / {x) ^ ^x* + |;r* - f 
Write /(«)+/{«-!) 

= «» so that (- !)"-*/(«) + (- i) - (- 

Change n into n — i, n — 2, .... 2, 1 in succession and add the 
results. Then 

(- !)"-*/(«) +/(o) - ^ 

r = I 

Hence I {- = (- {Jn* -f In* - 1 } - I 

r ^ i 

(2) Sum to n terms sin*d + ^ sin* sO + k ^**** T • • • [Camb. Sch.] 
Since sin 3^ = ^ sin 0 — 4 sin* 9 , it follows that 
sin* ^ = f sin ^ J sin 3 
The {r -f- i)th term of the given series is 

isin* ( 3 ' «) =- I- j, sin (3' «) - l-jT (3'*‘ « 

= 1 y-i sin (3' «) - 1- ^sin ( 3 '+' tf). 
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Hence L sin»( 3 '’ 0) = i £ .^sin ( 3 ’' 9) - i £ sin $) 
r = o 3 r = o 3 

- I sin 0 -f J £ I - sin (3' ^) - i -2: sin (3^^) 

= J sin 6 — sin (3" 9 ). 

(3) Express {in + t)* in the form lAn {in — i) -f iBn -f- C. Show 

that the sum of the series 

2 1 4! '^0! ••• 3 ' ■) (2„)| + ■•■ 

is I 4 - 3 sin i, where the angle is measured in radians. [Lond. B.A.] 

{in + i)* ^ lAn {in — i) -f iBn H C, 

i.e. 4w'^ 1- 4« + I 4/In* + 2w {Z? - /I) + C. A - i, B — A ^ 2, C - i, 

Thus {in + i)* = in {in — i) -f On -f i. 

The general term of the series is 

' 1-mA ! “ ' ' l'yn\ I ^ \ /V«rf 


+ (- , 


{in - 2) I 


+ (- I)"' 


Now sin ^ ^ — , -{ 


£ {- I)" 


{2n- 1)1 

■f (- *)"■* j-yv 

Un'^^rry'i 


Q% M atn-t 

cos 0 = 1 - , h = £ (~ i)"-i , — T, 

2! 4! (2n-2)! 


= r (- i)» 


Hence the sum of the given series is 

cos I -f 3 sin I — cos I + I ~ I + 3 sin 1. 


10*4. Method of Differences 

Let Ur denote the rth term of a series. Then if Uf. can be written 
in the form k {Vf — Vr-i) where k is independent of r then 

n 

(tl„ - Do)- 



Summation of Series 


341 


This result may be seen immediately by writing down the terms 

n 

of Uf. and adding. Wc now give two important types of 

series to which the method applies. 

Let p be a fixed positive integer and consider a series whose rth 
term is the product of p factors in arithmetical progression, the first 
factors of successive terms being in the same arithmetical progression. 
Hence ^ {a rd) {a + (f -f i) d) {a -|- {r j- 2) d] . . . 

{a -f + p — 1) dj, 

whose a, d are independent of r. Write v^ — {a {r p) d) 
Then it is easily seen that 

IV - Vr-i = (p + l) dUr. 

n 

Hence v^ — Vq — {p -\-i)d E u^. 

f — I 

In particular if a = o, d — j, 

1.2.3 ... p -f 2.3.4 ... (p + i) -f .. . 

‘I- n {n + i) (w 4- 2) . . . (n -I p - i) 

= {n (n 4- i) (« 4- 2) . . . (n 4- p)}/(p 4- 1). 
Next consider a series each of whose terms is the reciprocal of the 
product of p factors in arithmetical progression, the first factors of 
auccessive terms being in the same arithmetical progression. 

In this case 

J = {« + rd) {« + (>' + i)d} {a + (r + 2) d) 

•■•{« + (»• -I- P - 1)4 

Write Vf — Ur(a 4" rd) so that 

,)={« + ('■ + 0^] + (>■ + ^)‘i} • ■ •{« + (>' + p — i)d]. 

IV 

Then it is easily verified that 

iV-i ™ IV = (p - i) du,, 
n 

Hence v^ — -■ (p ~ i) d E u^, 

r = I 

We now consider some examples. 

Examples. — (i) Find (he sum to n terms of the series 

1. 2. 3. 4 + 2. 3. 4. 5 + 3-4-5.6 -f . . . 

Write M, = f (r 4- I) (f + 2) {r + 3). . 

Vr=-r{r + i) {r + 2) (r + 3) {r -f 4). Then 

- y (f + i) (y 4- 2) (r -f 3) (r 4. 4) - (r- t)r{r+ i) (r 4- 2) (r 4- 3) 

- r (r -h I) (r 4 - 2) (f 4- 3) (»' + 4 - 4 - I) = 5 «r. * 
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5 £ Ur - {Vr, - + {Vn-I “ I' • • • + K -- V^) 

f ■ - I 

~ = M (« + i) (m + 2) (« f 3) (n + 4). 

since Vg ~ o. Thus the sum to n terms is 

(n 4 - i) {« I- 2) (;i H- 3) (n + 4). 

(2) Sum to n terms and to infinity the series 

' + ' T T 

I. 4. 7. 10 4.7. 10. 13 7.10.13.16 *'* 

Write i/«, = (3r - 2) (31' I 0 {3>' + 4) (y T 7). 
i/Vr -- {y + I) {y + 4) (y + ?)• 

Then iv_i ~ — 


(.I** - 2) (3^ + ij (3»' + 4 ) ’ {y + ir(3>'’T"4) ( 3 >T 7 ) 
3 »:.± .7 - 

{y- 2 ) {3r -f I) (3^ + 4 ) (3»' T 7) 

n 

Hence 9 ^ ~ {^9 ~ ^ 1 ) + (*^i ■ • ~ ^») + • • • -F {^n-i *'») 

r ^ I 


= 9Ur. 


= ^ 


28 (3« !• ^fhn -f 4) (3« -f- 7)' 


Hence the sum to « terms is — , — . 

252 9 (3« + 1) (3« + 4) (3K + 7)’ 

Letting « -> 00 it follows that the sum to infinity is 1/252. 

(3) Prove that tan 0 cot d - 2 cot 2 B and deduce the sum to n terms 
of the series 


cot 


tan a -}- 4 tan ia H — , tan » a + , 
2 » 2“ ' 

0 — 2 cot 2 0 — * ^ 


[Camb. Sih.] 


VVTite Uf - 


tan 6 

tan 2 0 

1 

tan $ 

2 (i - tan* B) , ^ 

“■ - .tan 9 ' 

. c 
cot - 

' 1 — cot ° 


1 .^r-n ^f-a 

Vr-l, 

say. 

I 

~ 2*1- 

l jn-l ~ ^ 


(4) Sum to n terms - + * — 1- - ' - ' ? + + . 

2^2.4 ’ 2.4.6 ^ 2. 4. 6. 8 ^ 

Let Uf denote the rth term #f the scries. Then 

u = I) 

’’ 2.4.6 ... 2>' 


[Madras, 13 . A.] 
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The problem is to find an expression v, such that h {v^ ~ where 
k is independent of r. 

Write V, - * _ J 3 L±_l). Then 

2.4.5 ... 2^ 

_ y _ TjJ-5 • • • 1 ) L-3.-3 I) 

’’ 2.4.0...2r 2 .4.6 . . . (2f — 2)" 

- ' 2r t- I - 2r} - u,. 

• 2 . 4 . 6 . . . 2r ‘ ' 

n 

Hence E «, — 

r ^ I 

Now V, = ^ 1 '^. Also J M, t», — t'o “ 2 ~ Thus ^ i and the 
sum of the series is 

4-3 5‘- • . (2«J j 

2.4 .0 ... 2M 


(5) Sum to n terms the series - 

a a [a 1 i) 


, I- 2-3 

a (a + I) (o 4 - 2) 


// this series converges, find also the sum to infinity, and investigate the 
amdition for convergence. [Camb, Sch.] 

Let Uf denote the rth term of the series. Then 

Ur'-^r ]l{a{a + i) (« + 2) . . . {a | r - i)}, 


• , ■ , i.e. {a - i) ri 4 ^ , — ru., 

i a -f f — i ' ’ ^ ^ ^ 

This last equation may be written in the form 

(a — 2) Uf — rUf , - {r f i) m,. 

Thus (a — 2) u,^ — — (m I t) 

{a - 2) M„_| ^ (n - I) - nu„ ^ 


(<i - 2) - 2M, - 3«,. 

n 

Adding (a — 2) E u, — 2w, — (n + i) u„, 
r =z 2 
n 

i.e. E Uf = {««! — (« T i) «„}/(« — 2). 

I a (fl + i) . . . (a 4- « — i)i / ' 

The series will converge provided 

( w -f 1) 1 

lim. a (a -f 0 (<* 4* 2) . . . (rt -f « — 1) 

« -► 00 ' 

exists, and 'a ^2. Suppose that a > 2 and write a = 2 + A, where 

h > o. 
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Then Ma +j) 0 _ (2 + A) (3 + A) . . . (» 4- i -f A) 

{» -H i) ! (n -{- I) ! 

-(» I iA)(t 4- iA) -f- ...( 1 + 4- a) 
Since E diverges it follows that 


a (a J- i) . . . (a -f M - i) 


-> 00 as n -> no. 


Hence lim. - 


= o and the series converges 


{« 4- 1 ) ! 

> 4- i) ! 

M->oo «(« +■ + 0 

to i/(a - 2), a > 2. 

If a ^ 2. the series reduces to ^ ^ ^ which diverges. 

If a < 2, the comparison test shows that the series diverges. 

( 6 ) Prove that if nu„ - -f- w,_j -j- , . . + for all integral values 

of n greater than 2, and - i, «, = then 

[CVfmfr. Sch.] 

««« -- Wn-a 4- 4- . . . -h 

(« - I) -f + . . , 

Hence nu„ - (n - i) - m„- 2, i.e. n (u„ - u„..i) = - (m„_j - 

i.e. ” " -L _ 

w«-i - w 

Changing « into m - i. w - 2, ... we have 




'U .-1 “ Mn-S . 

I<„_j - M „_3 

«„_a - m „_3 

««-3 ~ «n 4 


I 

(n - i) 
I 

« — 2 


» * — _ 1 

Mj 

Multiplying corresponding .sides of the equations, 

“ 1 ,)n-s 2 

Mj — U, ' ' Ml' 

i.e. «. - ^ (- (1 - 0 = (~ I)" ’,,' = (- I)- ' 


nr 


Thus + 3i 

“‘ = “- + 4 i = n-ri + 4 i- 


“• “ 2 -| - /i + + • ■ • + (- 
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10 * 5 . Scries whose rth Term is a Polynomial in r 
The assumption is that has the form . 

Uq -f a^r -f- H- . . . + 

where a^, are constants independent of r and /> is a 

fixed positive integer. 

Since is a polynomial of degree p it may be written in the form 
H, - -f V f (r i) + . . . -I- b/ {r i) . . . {r H- s - i) 

4 - . . . i- V . . . (^ 4 “ /> - i) 

= fco + ^ V (r 4 - 1) . . . (r -}- - I). 

S = I 

n P { n 

Hence E u^ — nh^ 4 - ^ ^*1 E r (r 4 - 1) • • • (^ 4 - s — i 

f = I s I i r - I 

n 

Now each of the series E r {r -{- i) , . . (r s — i), 

r 1 

s — 1, 2, . . . , p is one whose general term is the product of s factors 
in arithmetical progression, the first factors of successive terms 
being in the same arithmetical progression. Thus § 10-4 applies 
and each sum can be written down. 

It follows that the sum to n terms of a series whose rth term is 
a polynomial of degree p in r is a polynomial in n of degree p 4- i. 

In practical cases we require a method of determining the * 
coefficients hQ, , bj,. These may be calculated in succession 

as follows: write ^ (r) so that 
P 

j> (r)^- b^^ E b/ (r f i) (r 4- 2) . . . (r 4- s - i). 

S — I 

Put r = 0, — I, — 2, . . . , — (p - i), —p 'm succession. Then 

^(o) = io. 

^ ( - 2) = - 2d, 4- 2dj, 


<j>(- p)-=K-bip-\-hp(p-i) 1 )”*,/)! 

As an example we consider the application of the method to 

n 

the series E r*. Since r* is a polynomial of the fourth degree 

r — \ 

we write it in the form 

^ + \r 4- b^r (y 4- I) 4- (r + i) + 2) 

4 - V [r + I) + 2) (r 4 - 3 )- 
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Now writing y = 0, — i, — 2, — 3, — 4 in succession, 
o = ho, 

t6 — ^0 “ 26, -f 2^2- 

Si-=- hQ~ 3^1 + 662 - 6 ^ 3 , 

256 -= ^>0 - 4^ + 1262 - 24^3 + 24^4. 

Solving these equations, Bq -- o, 64 — i, b.^ ■- 7, b.^ — — 6, 

— I. Hence 

= — y + 7y (y -f- 1) — 6y (y + i) (y -f 2) 

+ y (y -f i) + 2) (y + 3). 

M n M n 

Z — — r y 4- 7 ^ y (y + i) — 6 I* y (y + i) (y + 2) 
r=si r"i r ~ i 

+ r r (r + I) (r + 2) (r + 3) 
r ^ I 

= - Sj -f 753 - 6S3 4 - s^ (say). 

Now Si — Jn (n 4- 1). 

To find $2 write Ur -*■ y (y 4 - 1), ^ + i) -h 2) : 

V, - t;,_i = y (y 4 - i){(r 4 - 2) - (y - i)} - 3//,. 

Hence 3s, = i;„ - v, = » (n + l) (n + 2), ’ 

i.e. Sj = Jn (n + i) (n + 2). 
To find s, write w, = r (r + i) (>■ + 2) (r + 3). Then 

le, - w,-i = r (r + i) (r + 2){(r + 3) - {r - l)} = 4^- 

Hence 4s, — w„ - = n (n + i)(n + 2) (n + 3), 

i.e. s, = in (« + I) (n + 2) (» + 3). 

To find S4 write x, — r {r + i) {r + 2) {r + 3) (r +' 4). Then 
- a:,-, = r (r + i) (r + 2) (r H- 3){(r + 4) - (r - l)} = S^r- 

Hence 55, = *„-*„ = « (n + i) (n + 2) (» + 3) (n + 4), 

i.e. s, = J-n (n + i) (n + 2) (« + 3) (n + 4). 

Collecting results: 

r* = n (n + i) {- J + I (« + 2) - | (n + 2) (« + 3) 

+ » (« + 2) (»» + 3) (n + 4)}. 

* 4- 9W* 4- W — i). 
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10 51 . Alternative Method when rth Term is a Polynomial in r 

If the degree of the polynomial is ^ we know from § 10*5 that the 
Slim to n terms is a polynomial in n of decree /> + i. 

Thus if n, = +■..•! then 

n 

E u, r-.. Cq \ c^n + l\h'^ T . . . 4- \ 

r — 1 

where Cq, c^, c^, are constants which are independent of n. 

It follows that these p 2 constants can be determined by giving 
n any p 2 values, in particular i, 2, 3, 4- 2. 

An alternative method of finding the constants is to use the 

n )/ ~ I 

fact that u„ = E - E Uj. and equate coefficients of 

t — I r -r I 

corresponding powers of n. 

n 

Examples. — (i) Evaluate £ r* by the method of indeterminate coefficients. 
(See § 10-5.) 

n 

Write s„ - £ r* so that ij — i, — 17, 98, .<*4 ^ 354, -=; 979, 

r - I 

- 2275, . . . Since s„ is a polynomial of the fifth degree 
— Co + fiti -I- r,n* 4- c,n* | -f 

hirst it is clear that fg — o. for if » — o the sum must be zero. Now 
write n — i, 2, 3, 4, 5 in succession. 


I - C4 + c, 4 - c, + C4 4- Co (i) 

17 -- 2Cj f 4c, 4 - 8c, 4- 16C4 4- 32C0 (ii) 

98 = 3C1 4 - 9 Cg 4 - 27c, 4- 81C4 4- 243C0 (iii) 

354 4C1 + I be, 4- 64c, 4- 256C4 4- 1024CJ (iv) 

979 = 4- 25c, 4- 125c, 4- 625C4 4- 3125C5 (v) 

Subtracting (iv) from (v). (iii) from (iv). (ii) from (iii). (i) from (ii) we obtain 

ib = Cl 4- 3c, h 7c, 4- 15C4 T 31C, (vi) 

81 - Cl 4 - 5 c« h 19c, 4 - 65C4 f 2iicj (vii) 

256 = c, 4 - 7 Cg + 37C3 + 175C4 + 78 icj (viii) 

625 = Cl 4- 9 c, 4- 61C, 4 - 3b9C4 4 * 2101 c, (ix) 

Now subtracting (i) from (vi). (vi) from (vii). (vii) from (viii) and (viii) 
m (ix), 

15 = 2c, 4- 6c, 4- 14C4 4- 30c, (x) 

* 65 = 2c, 4- 12c, 4- 50C4 4- 180C, (xi) 

175 = + 1 8c, 4 - iiQCg + 570^5 (xii) 

369 2c, 4- 24CI 4- 194C4 4- 1320C5 (xiii) 
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Now subtracting (x) from (xi), (xi) from (xii) and (xii) from (xiii), 

50 -r 6c j -f 36C4 150C5 (xiv) 

no — 6c, + boc, -}- 390C5 (xv) 

194 = 6c, 4- 84C4 4- 750CS . . (xvi) 

Subtracting (xiv) from (xv), (xv) from (xvi), 

60 == 24c, 1* 240C5 
84 - 24c, f 360C6. 

Hence c, = ^, c, = f c, -r c, - o, c^ — — Thus 

£ r 4 ^ 4^ 4- 

r-r I 30 3 2 5 

== 30 w (« 4 - i) (6«* 4 9 «‘ 4 - n - i). 

The alternative way suggested of calculating the coefficients Cj, c,, c,, c,. (5 
is as follows: 

n M — I 

u„= £ £ u, 

f = I r — i 


= c^n 4- CjM* f c,n* 4- c^n* 4- - ^1 “ i) " "* 0* 

- c,(n - O'* - r^{n - i)* - c,(m ~ i)‘ 
i.e. n* == 5c, n* 4* (4c, - loc,) «» |- (3c, - 6c, 4- lor,) «» 

4 ' (2c, - 3c, I- 4^4 - 5 <^i) « + - c, + c, - c, 4 - Ci. 

Equating coefficients, 

I -- 5 ^ 6 , ¥i - 10C5 - o. 3c, - 6f, + IOC, - o, 2c, - 3c, 1- 4C4 - 5c, - 0, 
Cl - c, -f c, - c, 4- c, o. 

Solving these equations we obtain as before 

c, = I c, i c, - J, c, - o, Cl - - 


(2) Find the sum to n terms of the series 

1.3.4 + 4 - 5 -.^ + 7 - 7-6 4 - 10.9. 7 4 - . . . 

In this case w, = (3^ — 2) (2r 4 ' 0 + 3 ) 6r* 4- 17c* — 5r “ 6. Thus 

n 

Uf is a polynomial of the third degree in r. Hence if = £ u^, 

r = i 

Sn = <^0 3 O" + 4 - o^n*. 

Since s„ = o when « = o, it is clear that c^ ^ o. Again 
6n» 4- i7«® - 5« - 6 -- ttn ^ “ -s«-i 

^ Ci« 4- c,«“ 4 CjW’ 4 - c,n* 

— c,(« - i) - c,(« -- i)> - c,(« - i)* - c,(« - 1)* 
= + (3<^8 - 6c,) M* 4 - (2c, - 3c, 4 - « 

4' Cl — c, 4 - ^^8 ~ ^4- 

Equating corresponding coefficients, 

4c, = 6, 3c, - 6c, = 17, 2C, - 3c, 4- 4c, = - 5. Cl - c, 4-^8 - c, = - 6. 
Solving these equations, c, = |, c, — -^5^, c, — ^ , c, == — 

Substituting the values and Slinplifying 

*= h (9n« 4- 52w^+ 45W - 34)- 
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10’52. The Series i** + 2 ^ -h 3** + • • • + where /> is a Positive 
Integer 

This series is important and we indicate a special method of 
summation for it. 

n 

Write Sp = Z Then 

f ~ I 

(x + 1)'+* = + .hCj*!-! + . . . 4- + I. 

In this identity replace * by n, (» — i), (» — 2 ), . . . , 2 , i in 
succession. Thus 

(n + i)»+i = MP+i + „+/>» -f -I- . . . + + I 

nP+i = (» - !)>'+> + - i)» + - 1)0-' 

+ ■ • • + j,nC'')i(« — l) + I. 

(» - l)o+l = (« 2)0+> + - 2)0 + - 2)0-1 

■f . . . + „+iC,,(» — 2) 4 - I. 


30+1 = 20» + ,hQ' 2’’ -f- 4- . . . 

4 - „4,C'„.2 4- 1, 

20H = 1.-+1 + „„CVi>' 4- «,C,.io-i 4- , . . 

4 - ,+iCp.i 4 - 1. 

Adding (n 4 - 1)'’+' - i 4 - -f »nC,.S,-, 4 - • . . 

+ DtiCp.-S, 4 - «■ 

This equation determines 5, in terms of 5„_i, 5,-j, . . ., i',. 

Example . — value of 5,. 

•Si = I -f <2 + 3 ^ • T w — |n (« -f- i). 

To find 5, we have (n + i)* i + 3 ^, -f- 3 S 1 h n, 
i.e. S, = I {(« -f i)> - I ~ (n + I)} == Jn {n + i) (2» -f i), 

10*6. Scries whose rth term is a Rational Function of r 
Series whose rth term has the form 

4, (r)l{r{r + i) {r + 2) . . . {r + p - i)}, 
where p {r) is a polynomial in r of degree q where q <p — 2. 

Since p (r) is of degree j in r we may write 
^ W = «o 4 - aiO 4 - (r 4 - 1) 4 - . . . ♦ 

4 - V(»' + i)(>'+ 2 )...(>' 4 -?-i), 
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where a^. a,, a,, . . . , a, are constants which are independent 
of r. Tlicn if u, denote the rth term of the series, 

u = 

" r (r + i) (r + 2 ) . . . (r + /. - I) 

+ - 

^ (V + I) (r + 2 ) . . . (r + /> - 1) 

+ + 

^ (r -I- 2) (r + 3) . . . (r + /> • i) ^ ' 

-l- !*«.- 

[r +q) . . .(r -Yp - 1) 

= ^ '»«/{('• + s) {r + s + i) . . . (r + /> - I)}. 

5 = 2=0 

Hence 

£ Ur == S aj. £ i/(r -f s) (y + j + i) . . . (r + /> _ i)|. 
r = I 5 o I y I J 

Now each term of the series 

n 

£ ll(r + s) (r f s h i) • ■ • (r + /> - l) 

. r -- 1 

is the reciprocal of the product oi p — s factors in arithmetical 
progression, the first factors of successive terms being in the same 
arithmetical progression. Hence the series may be summed by 
the method of differences for each value of s. 


Examples. — (i) hind the sum to n terms and to infinity of the series whose 
rth term is (r* -f i)/r (y -f i) (r -f. 2) (r + 3). 

Let Uf denote the rth term. Since r* -f- i — i — r + y (r -f i). 

„ ^ ^ 

' y (y 4- I) (»' + 2) (y -f 3) y (T^ i) (y + 2) (y + 3) 

* - + ^ 

(y -f I) (y + 2) (y + 3) (»' f 2) (y + 3) 

n n j 

, f 4 , >• {r + I) (r + 2) (y + 3) 


n j n 

y i' I (y + ir(^'~2r(y 4- 3) y f 


I 

(yTi) (»' -fl) 


= 5„**> — 5„<*> 4- say. 

Write Vf i/(y + 3 ). "'f = i/(»' + 2 ) (r 4*. 3 ). 

« i/(y 4- i) (♦' 4- 2 ) {r 4- 3). == ilr {r 4- i) (r 4- 2 ) (y 4- 3)* 


Then — Vf 


r + 2 r + 5' 
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Hence = E = { — — - — , 

r i ' . » + 3 

Again — w. 


{r -f I) (r 4- 2) (r + 2) (r + 3) “ 

Hence = J A _ ^ («T1)1S-+ aV 

Jinally, jr,., -^r ^ j, (r + i) ~ (TT i) (>• -F j7(VT'3) 

Hence 5 ^ yr h ('^o “ ^n) = A - 

r 

It follows that 
n 

^ — i*a * 

j V" I */ v'* I */ \'» -j- ,•)/ 

J . 1 * 


r — I 


3 (n i- 1) (n -h 2) (n 4 * 3) 


, ^ 1 3 (« + 0 (»» H' 2 ) (« + 3) 

“* 2' (« + 2) (n + '3[ ^ ~ M + 3 


ii- 


n + 3 ijn + 2f(w'+ 3) ‘ 3 (n '+ i) (n -f 2) (n + 3)* 


Letting « --> 00, E «, = 
r i 


(2) Find the sum of the infinite series 

_ .3_. ^ „.5_ _,7 f . 

1.2.4 2.3.5 3-4-6 

If u. denote the rth term of the series = -r — r-^-/ ^ . .* 

»' (y + I) (»' + 3) 

It will be observed that is not of the form cofisidered above, but it may 
be expressed in this form by introducing the factor {r + 2). Thus 

« (2y 4- i){r L 2) 

' + i) (y + 2 ) (r 4- 3) 

Now (2r 4- i) {r 2) = f- f a,r {r 4- 1). We find in the usual 
way that ^ 2, ~ 3, 2. , Hence 

2 32 

" r(^ -|, i) (^r + 2 f{r -Ts) p-f iT {r 4- 2) {r }- 3) + 2) (r 4- 3)’ 

Using the results of the previous example it follows that 

E Ur 2.jV 4- 3-T'a + 2.i - Ih 

r = I 

(3) Find the sum to n terms of the series 



If Ur denote the rth term of the series «. — . r-? — r— ?' 

(ir- i)(2r4-3) 
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We may reduce the series to one of the type considered above in the 
following way. The factors in the denominator will be in arithmetical 
progression if we introduce the factor 2r -f- i. Thus 


2y -f- I 


2 -f ( 2 ^- 1 ) 


{ir - i) {2r -f I) (ly + 3) - i) (2r i) {zr -f 3 *) 


-I- ; 


{2r - i) [2y 4- i) (iy + 3) {zr + i) (2r -f 3) 


y f I ^ I (2^- I) (2r + 1) (2r + 3) ^ y f + I) (2r 43) 

= 25/ 4- 5„', say. 

Write i/(2r 4- 3). == »/(2r + i) {tt 4* 3). 

i/(2y- I) (2^4- i)(2r4-3). 

Then tv, — v. — * — * = 2w,, 

* 2^ 4- 1 2r 4- 3 ^ 

Hence S.' - ^ ^ - 1 (■'. - ».) = 1 - ^ ' 

Again . ,-re-V)'(.e +•.) ' (iM^ .J (.e FJ) = 

n 

Hence 5/ -- E x. — V {Wa — = ,K — * • 

4 (2n + 1) (2n -f 3) 

n • 

Thus E u. — I — ; - — 4. 1 — 

r - I 2 (2M 4 1) (2n 4- 3) ’ 2 {2n 4- 3) 




2 (2M -f 3) 2 (2n 4- 1) (2W 4- 3) 


107 . The Operator A 

Consider a sequence of functions iq, rq, Wg, . . . , w„, . . . Then 
the symbol A^n is defined by the equation 

A«^. == W«-H - «n. 

for all values of n. 

It should be observed that the symbol A in tWs connection 
means that when it is attached to a 'function u„ it denotes the result oj 
an operation, viz. the result obtained by subtracting from u^^^. 
The Operation can clearly be applied for any value of n, Thiis*^ 

A«i = «2 -■ Awg == «a — • • • 

The symbol A niay then be called an operator, but it has no precise 
significance until it is attached to a member of a sequence of 
functions. 
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We now prove some properties of the operator A- 

(i) If {w„}, {i;„} denote two sequences such that 

n 

Aun = v„ then £ fr = «„+i - “i- 
r = I 

For 4- . . . + 

A^i •-[- AW2 + • • • 4“ A^n 

— («2 — 4- (% ~ ^2) 4- • • • 4- (Wfi+l “ ^n) 

= "n-Hl - «!• 

(ii) If {«„} and {t;^} denote two sequences, then 

A (w„ 4- Vn) = A«« 4- Av„. 

By definition, 

A («n + l’„) = («,.H + n„+,) - («„ f t)„) 

(“n+1 -- «») + (l'„+i - Dn) 

= A«n + At'„. 

Clearly this result will extend directly to any number of different 

sequences. 

It should be observed in this connection that 
A (Wi 4- «2 4- . . . 4- «n) is not equal to A«i 4- Awj 4- • • . 4- A«n- 
Here we are considering a series of operations on numbers of the 
same sequence. 

A (»1 4- «2 4- ... 4- ^in) 

= (w, 4- «2 4- ... 4- W„+i) - («1 4- «2 4- . . . 4- »n) 

A«i 4- Aw2 4 ... 4- A«« 

= («2 “ %) 4" (^^3 ~ Wg) 4’ . ‘ . 4~ (Wn4i ~ Wfi) 

«n4l - Wj. 

Hence the two expressions will be equal if, and only if, Mj = 0. 

(iii) If the symbol defined to be 

A w = 2, 3, 4, . . . and A*«n = A«n then 

A ~ ^n+m 4" m^2^n+m-2 • * • 4" { — 

This result may be proved by induction. When m = 2, 

A*W« =- A (A«n) A (Unn - «n) 

- (Wn+2 - ««fl) " (*^«+i - Wn) 

= Wn+2 “ 2«n+l 4 - W„. 

Thus the result is true for n — 2. 


T. A., H. 


23 
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Now suppose that the result is true for m~p, where ^ is a 
positive integer. Then 

- A (AX) 

A ■" 4" 

(^^w4-f)+i ^^n+p) ('^^n+D ^nf-p-l) 

4~ j»^2(^^n+p-l • • ■ 4~ ( (Wfi-f-l 

“ ^^n+p+l ~ 4~ ^^'n+p T (pf^2 4^ pf^l) ^^n4-p-l 

— (pQ 4- p^2) w„+p-2 4- • 4“ (— 

■ ^^n+p fl })+l^l^^'nfp 4“ p+i^^2^^n l-p-l 

p(lQ^^n+p-2 4- • • • 4- (— 

Thus if the result is true for m — p, it is true for w = /> -f i. 
Since the result is true for m ~ 2, it is true in general. 

It should be observed that the coefficients in the expression for 
A"*«n ^re the same as those in the binomial expansion of (i — xY\ 

(iv) Table of differences. — It is convenient to represent the table 
of differences in the following way: 

Wj «2 «8 «4 »5 ••• 

A«1 A//2 A^^:, A»4 ••• 

A^/'l A^«2 A^^/3 ••• 

AX A^'»2 ••• 


It will be seen that each member of table is obtained from the 
two nearest members in the line above by subtracting the one on 
the left from the one on the right. Thus, e.g. 

A‘‘ffi - A (AX) =" A*m2 - AX. 

AXi -= A (Aw.3) AM4 - Awa- 

Example . — Consider the table oj differences for the sequence {»*}. 

MI 8 27 64 125 216 

Am 7 19 37 61 91 ... 

A*« 12 18 24 30 ... 

A*M 6 0 6 

A*M o o ... 

It will be observed that for the sequence n* the fourth order differences 
are zero. This may be proved for as follows. 

Am„ -= (« + i)^ - n* 3«* + 3« + I. 

- {3 (» + i)* + 3 (« + 0 f i) - { 3 »i* f- 3 « + 1} =* bM + 6. 
A>«,. - {6 (» 4- I) + 6} - {6« f 6} ^ 6. 

A*Mn ^6—6 = 0. 
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1071. Application to Polynomials 

If be a polynomial in n of degree p then the (/> -f T)th order 
differences are zero. 

Write -f + . • • f Then 

Aw„ = K + + I) 4 - a^(n + i)* + . . . -f aj,(n -f i)^'} 

- {a^ + a^n + -f- . . . 

= ^>0 + hn 4- 4- ... 4“ 

where b^, bi, b^, . . . are constants depending only on the «'s. 
Thus /\Un is a polynomial in n of degree p ~ i. 

Similarly is a polynomial of degree p — 2 . Proceeding 

in this way it follows that A^«n is linear in n and is zero. 

Conversely if o then is a polynomial in « of 

degree p. This result may be proved by induction. 

The theorem is clearly true when p ~ i. For if A^^U " o. 
AWn = where k is a con.stant. Hence {//„} forms an arithmetic 
progression, i.e. is a polynomial of the first degree in n. 

Suppose the theorem is true for p — m, i.e. if ~ o, 

then is a polynomial of degree m. 

Let {w„} be a .sequence such that A'” and write 

'V A«„. Then o = = A^^HA*'.) = A™”''.- Hence 

i'„ is a polynomial in n of degree m. Now 

«« - «1 = («. ~ »<n-l) f («„-l - «„-j) + • • • + («a - Ki) 

~ Vn-i 4- 2 ~h • • • 4 r’l- 

From § 10*5 it follows that u„ is a polynomial in n of degree w 4- i. 

Thus we have shown that if the theorem is true for p = w, 
it is true for /> = w -h i. Since it is true for /> = i it follows that 
the result is tnie in general. 

10 8. The Operator E 

Let {w„} denote a sequence of functions. Then is defined 
to be i.e. the effect of the operator E when applied to «„ is to 
change n into » + i. Similarly, if ^ be a constant, independent of n 
then the operators E + k, kE and Ek may be defined by the 
following equations: 

(E + A:) «„ = 4- = ku^ 4* -= (k E) u„, 

(kE) = E {kuj = kUn+i ^ «n- 
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Again, if m is a positive integer, the operator is defined by 
= E (E^~hi^). 

Thus = E {Eu„) = Eu^+i = 

= E (Ehi^) = E («„+2) = w^+j 

and in general, 

E^^u^ — E {E^ *Wu) = E 

We can now prove that the operator E obeys the ordinary laws of 
algebra as far as addition, subtraction and multiplication of itself and 
constants are concerned. For let p, q be positive integers. Then 
E^EHin = Ei^{E^u„) = E^Un^^ = ?/„+„+« = 

E^E>’Un =- E^{EHQ = 

Also if A: and / are constants, independent of n, 

(E -f k) (E -f /) tin — d' k){(E -f- /) Un) — {E -f k) {UnH + 

«„la + /»nll + kUnn -\~klUn 

r.-- E^Un + lEUn + kEUn + klu„ 

= {P + (k \-l)E -\ kl} Un 
(F+/) (Ei-k) Uy, 

Further, since "nn ~ -■ kyUn — Un^ (E — i) w„ it 

follows that as far as addition, subtraction and multiplication with 
itself and constants are concerned the operator A obeys the ordinary 
laws of Algebra. 

The result (Hi) of § 107 may now be deduced by symbolic reason- 
ing. Thus 

A"‘«n - (E - i)-w„ 

= {/:"■ - „.C, /•'»-* + ,„C,£"-* I)”*} M„ 

' ^hn+\ nf^H^n+m-\ 'b rnf^ 2 ^^n-\-m -2 ■••“{“( 


10*81. Two Fundamental Theorems on Differences 

Let {w„} denote a sequence of functions, rn a positive integer, 
the sum to n terms of the series u^ + + • • • Then 


(i) d" irf'lPA^n "F d" • • • d" 

n (n — i) 

2 ! 

+ i!i--4^>AS+..;+A-.,. 


(ii) ., = ««,+ ■ ' , ■' A«, 
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(i) = £”•«« = (1 + Al'-Wn 

= (I + mQ A + „AA* + • . • A”) «<„ 

= «« + ™C, A«„ + mCjA^Wn >. • ■ + mC'„ A’X- 

(ii) Now «„ = = (i + A)"’'Mi 

= K] "I" n-/'l A**I '1 n-l^' 2 A'**<l + • • • 

+ n l('.A’'«, + • • • + A"-‘!< 1 . 

K„-l = I<1 + B-2tlAl'l + n-2^-2A*«l + • • • 

+ «-2<^'r A% -1- . . . + A’-X 


"r+1 = >'l + A AMi I- /• 2 "l h • • . + AX- 


«2 = «i -I- A«l 


Adding the equations, 

s„ = ««, + ^ E j A«I -I- ^ 1 + • ■ • 

n - I 


+ ( H^r 1 A'’^h + • » • 4* 


« — I j W — I 

Now r ,X’r ~ - 1 where 

s — r ^ ’ s - - y 


= S (5 - I) (S - 2) . . . (S - -f I). 

Write Wg — (s 1) s {s - i) (s -- 2) . . . (s — ^ i). Then 

Wg - = (S + 1 ) S (S - I) (5 - 2 ) . . . 

(5 — y "h l) - .9 (.9 - i) (s — 2 ) . . . (s — r) 

* = (r + l) Vg. 

Thus w„_i - W,,-2 = (y 4- i) v„_i 
^ (r + i) 


- ?^r-i + 1) «^r- 

n — I 

Adding, (r + i) Z v, — 

S = f 

= w (n — i) (n — 2 ) . . . (« — r). 



358 


Summation of Series 


n — I 

Hence Z ,C, = « (« - i) (« - 2 ) . . . - r)/(r + i) ! 

5 — r 

Writing y = I, 2,3, ... we obtain the required form for .9„. 

10 82. Application to Series 

The results of the previous section may be used to determine 
the general term and the sum to n terms of a series whose general 
term Uf is a polynomial in r of degree p, where ^ is a positive integer. 
In (i) of § io-8i write « = i, m = r — 1 . Then 

Uf. Wj -f- r-lQ A% -f~ • • • “f* 

Thus Ur is determined when the differences A«i. . . . are 

known. Since Ur is a polynomial of degree p it follows that 
= o. Hence 

+ r-iCiA«i + f-lQA^Wl 

Example^, (i) h ind the ftk term of the series 4, 10, 20, 35, 50, 84, 120, .... 
We first construct a table of differences. 

"4 10 20 35 56 8,^ J20 ... 

Am 6 10 15 21 28 30 ... 

4 5 b 7 8 ... 

A*m I I I 1 ... 

A^m 000 ... 

The fourth order differences are zero and hence u, is a polynomial in r 
of the third degree. Using the above formula, 

Mf ~ 4 f f- ,._|Cg.4 -f ,-iCj. I 

^ 4 4- 6 (>■ - I) I 1 ^*"^ -_i) _('■ -2} i !*: -_'H' ZJ?) {r - 3) 

i ^ 3 |- - - 

= *(>■* + OH + ur + 6) J (>• + I) (>• + 2) (r + 3). 

(2) Find a cubic function of n which has the values 3, 7, 19. 4. when 
« = I, 2, 3, 4 respectively. 

Since w is a polynomial of the third degree, - o. 

« 3 7 ly 45 

Am 4 12 . 26 

A*m 8 14 

A’m G 

Hence », == «. f + .-.C.A’k,. 

= 3 + 4(»- .) + 

2 I 

+ 5 J"-~ 3 > 

- »• - 20' + 3» + I. ^ 
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(3) Find the nth term and the sum to n terms of the series 
2.2 -f 3.5 4-4.10 4- 5.174- 6.26 + .. . 

The first factor of the wLh term is obviously n i. 

To find the second factor we construct a table of differences. 

M 2 5 10 17 26 ... 

Am 3 5 7 9 

A*M 222 ... 

A®M O O ... 

Since A"w = o, it follows that is a quadratic in n. Tims 
"n «! -I- -h 

Hence the «th term of the given series is n {«■ f- i). Denoting this term 
by v„ it follows that A^^'n ~ o- 

V 4 1.5 40 85 156 

Ay n A5 7 * 

A*y 14 • 

A ’y b 6 


Hence if s. denote the sum to n terms 


n {n -• 1) 


i) {n- 2) 



I) (w - 2) 
3! 



(4) Find by the method of differences or otherwise the nth term and the sum 
to n terms of series 

14-44-11 I 2O 4- 57 4- 120 4 - • . . [Camb. Sch,] 

MI 4 II 26 57 120 

Am 3 7 ‘5 3 ‘ b 3 

A*M 4 8 lO 32 

Let denote the rth term of the given series and write r, = A«r. 
“V - A*M^. Then w^, a;,, w„ ... is a geometric progression whose first 
term is 4 and whose common ratio is 2. Thus 

y»-i - yi = M-i tyg f lyg -h • • • + 

4 {2"‘* - 1) 2" - 4. 

Hence v^_i 2” — i. 
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Again = Vi + r, + + ... + Vn-i 

n 

= r (2'- I) 4(2"-»- I) - (M- 
f — 2 

i.e, Mrt — 2"+' — n — 2, 

The sura to n terms of the series is 

n n n 

£ Uf ^ E 2*^^* — E t — 2 n 
r r= 1 r - I r 1 

4 (2" - i) _ Jn (« + I) - 2W 

- 2"+“ - i« (w + 5) - 4. 


I). 


EXERCISES X 

r. The distance between two places is and on the first day Sh of 
the journey from one to the other is performed ; on the second day ~ of the 
remainder; then ~ and ~ of the remainders alternately on succeeding da)s, 
Prove that the total distance travelled in 2p days is 

('■ ' m)’ (’- »)'}• [C«mi..Sr* l 

2. Evaluate — i* -f- 3* — 5* + 7* — 9 — 37® + 39*. [Camb.Sih.] 

3. Prove that x — 2/(»i -f 0 satisfies the equation 

(x - i)» 4- {2x - i)® 4- (yx- i)* 4- ... 4- {nx - i)» = 0, 
and find the quadratic factor satisfied by the other two roots. [Camb, Sch.] 

4. Find the sum to the n terms of the series 

I*. 2 -H 3*. 3 4- 5*. 4 4- 7*. 5 4 - . . . [Camb. Sch] 

5. Find the sum to n terms of the scries 

i*.3 4 - 2*. 5 4 - 3*- 7 4- . . . [Sc. T, Prelim.] 

6. Sum to n terms the series whose rth term is f (r 4 i) (2»' 4 - i). 

[Lond. P.A] 

7. Prove that sin ar sin 22r 4- sin 2jr sin 3Ar 4- . . . 4- sin (« ~ i)x sin fix 

= (n sin 2x ~ sin 2nx)l^ sin x. [Lond. B.Sc] 

8. Show that 

i“.n 4- 2*.(w - i) 4- 3*.(« - 2) 4- • . . 4 " n*.i - [n 4- i)* [n 4 - 2), 

and prove independently that the latter expression is an integer. 

[Lond. ] 



Summation of Series 


361 


9. I’rove that 

I .L 2 . 2-5 , 2.5.8 2 . 5_.8 . . . ( 3 «- I) 5.8.11 . ■ . ( 3 n + 2). 

3 3.6 3.6.9 3.6.9... (3«) 3.6.9... (3«) 

10. Prove that the sum to m terms of the series 

1.2.3"^ 2.3.4*^ 3.4.5 ■*■••• 

is M (m + 3 )/ 4 (» + 0 (» 4 - 2). [Land. B.Sc.] 

11. Prove that 

' + h + To:^ + .o'.2^o + • • • w ” (>0/7)*. 

12. Find the .sum to infinity of the series 

3 . * 3 - 5 . I , 3 .. 1 . 7 . ‘ , 

4 2« '-4.0 2“^ 4.6.8 2» " 


13. (i) Sum to n terms the series , ^ I- - I 4- 

(ii) Sum to infinity i -}- -f- J3 + • * * and establish 

its convergence. [Camb. Sch.] 

14. (i) Sum to n terms the series whose rth term is r {r |- 2) {r -f 4). 

(ii) Find the sum to infinity of the series 


3 3 _i 7 _ r , 3.7. II . . . (4M — i) 

* 10 1(^20 4- • • • + ■ “ ! (,o)- 


15. Prove that 


[Land. B.Sc.] 


i \ b » 0.8. 10 + • • ■ ® = '■ SM.] 


16. Sum to infinity the series 
•3 




1.3 5 I 


[Land. B.A.] 

[Madras, B.Sc.] 


17. Sum to infinity the series 

^ I ! ^ 2 1 ' 3 ! ^ * 

18. Sum to infinity the series 

" li _ , 4i _ 5| , 

il 2! 3! 4! 

(ii) I + ;r (i y) + ;r* (i + y 4 - y*) -f- ;r’ (I + y f- y» |- y^) + ... 
and state the condition for convergence of the second series. [Camb. Sch.] 

19. Sum to infinity the serie.s whose «th term is (« + 3)/n I. 

[Land. B.A.] 

JO. Sum to infinity -ti"- ^ + Ml + 3 + 4 ^ _ 

■^i!' 2I 3! 4! ^ 
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21. Show that = t + I- 4- ^ QQ 


22. Kind the sum of tlie seiiiis 


4 - 3> . V . 5’ 

I I ^ 2 I ^ 3 !■ 4 ! ^ ' 


to 00. 


23. Sum to infinity — f- * u ^ 4. 

1.2. 3. 4 3 - 4 - 5 -(> ^5.6.7.8'‘‘* 

24. (i) Kind the sum of the infinite series i 4- ^ I 4- 4- 

1 ! 213!'' 


(ii) Find the sum of n terms of the scries 

1,5, 0 , 

3.711 II.I 5 -I 9 “ 


[Camb. Sch.] 

25. Sum to infinity the series whose rth terfti is (r* — 3r 4- ^)lr I. 

[Lond. B.Sc.] 

2b. Resolve (I2*«- 0* 4. 2)|{{^x- 3) (4v- 2) (4*- ,)) into partial ' 
fractions. Show that , 

s - «" + ;■“ ' - ' |„„.27 

w ^ i(4« - 3) (4« - 2) {4n - j) « 45' 

[Loml. B.Sc.] 

27. Prove that ^ - J.) - ^ ^ f 

[Cantb. Sch.] 

28. Prove that, if — Jw < « < Jw, 

n -- I n - I ” 

29. Show that the series 4 4 J (D* I- J (|)^ + i (i)* + ... and 

2 2 2 2 
7 ^ 3 • 7* ^ 5 • 7* V 7® ^ * 

are convergent infinite series and that the limit to which tJic sum of n terms 
of each tends is the same. What is the limit } 

30. Prove that, when x lies between o and i, 


[Lond. B.A.] 


31. Sum to infinity the series 


<■) ’-‘’ + 4^-4.8.7. + --- 

.... X , X* . x^ X* , 

(11) . 4- 4 4 , 

'' 1.2 2.3 3.4 4.5 

and state the condition of convergence of the second series. [Camb. SrA ] 
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32. Sum to infinity the senes whose rth teim is fjn and find for what 
values of * the infinite series is convergent. Sum to infinity, the series whose 
rlh term is w' cosh rfl, stating tor what values of*, « the series is convergent 
' [Camb. 6VA.J 


33. Prove that \^x + f 3*;r» + (1 _ + 2,v= (i - x)~*. 

[Lond. B.Ai\ 

34. Sum the infinite series whose wth term is [ti? f '2)fn !. 

[Madras, B.Sc.] 

35. Express {n(M* — in partial fractions. Show that the sum to 

infinity of the series whose {r — i)th term is {f (r* - is 

[Lond. B.Sc,] 

3O. Sum to n terms and to infinity the series whose rth term is 

i/(2r + I) (2r + 7) (2r -f 9). [Lond. B.A.] 

37. Find the sum to infinity of the series 

^ + 1 ! * 2 ! 3! • [Madras, B.Sc,] 

38. (i) Sum to n terms the scries whose rth term is 

+ I) (y 4- 2) (r + 3)}-i. 

(ii) By expressing r» -|- 2r + 3 in the form 

A + B {r I- 3) + C (r + 2) (r -f 3), 
or otherwise, find the sum to infinity of the scries whose rth term is 

(r« 2 r + ^)lr (r -f i) {r H- 2) (r }■ 3). yUnd. B.Sc.] 

39. Prove that the series of which the «th term is 

nx^liin + I) (n 4- 3) {n f- 4)} ’ 

converges if — i < x < i, and find the sum to infinity. [Lond. B.Sc] 

40. Sum to infinity ^ ' ^ 4- ^ 4-3* 4-_5 , 

2! ^ 3! ^ 4! 

41. Find when the infinite series 4- -f ~ 4- . . . is convergent 

for real values of jt. Find its sum when it converges. [Lond. B.Sc.] 

42. (i) Sum to n terms the series — 4 ^ 1 ^ -u * 

I-3-5 357 5-7 9 

(ii) Prove that ~ + 3’ , 4“ + . . , to to = 511 - i. [C'amt. ScA.] 


43- Sum to infinity the series whose wth term is (n — i) x'*j{n 4- 2) n ! 

[Madras, B.A .] 

44- Sum to infinity the series whose Mth term is .r"/(n 4- i) (w 4~ 3), .»• < i, 

[Lond. B.Sc.] 
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45. Sum to infinity the series 

. (i) i -I- i (i)» + h (i)“ + \ (i)’ + 


(ii) 


4 V_^. 

i! + 2l + 3! + 4! ^ • 


46. Find the sum of the infinite series whose Mth term is 

( 3 «* + 3 » + i)/n 3 {« + i)>. [Camb. Sch.] 

47. If / (n) A t- Bn | Cn^ -f D«*, where B, C, D denote numerical 

quantities, find their values if / (w + 1) — / («) -^ for all values of n, and 
/ (o) ^ o. Hence find the sum of the series i* + 2* + 3* + , . . + n*, where 
w is a positive integer. [Lond. Inter. Econ.] 

48. (i) By using the identity 

2 _ I T 

a {a + ij {a '+ 2) ‘ ‘ a {a f i) ~ (a + i) (« 2) 

or otherwise, find the sum of n terms of the series 

_J_- 4, I- _.L_ 4- . . . 

1.2.3 2.3.4 3-4-5 

Show that, as n becomes large, this sum approaches the limit J. 

(ii) Find the sum of n terms of the series 

I • 3 • 5 -H 3 • ."i • 7 + 5 • 7 *9 + . . . [N.Sc. Prelim.} 

49. Find the sum of n terms of the .series 

„ * 1- .. *. 4. — i — 4. . . , 

12.3.4 2. 3. 4. 5 3-45b^ 

[Madras, B.A] 

50. Determine the coefficients A , B, C, so that if / {x) denote the poly- 
nomial Ax^ -f Bx* -f Cx, 

fix) - fix- I) - i2X- I)« 

for all values of x. Find the sum of the fourth powers of the first n (xld 
positive integers. [Land. B.Sc.] 


51. Find the sum of n terms, and also to infinity, of the series 


1.2 3 


+ 


7 . * 
2.3 .3 ‘ 


. '4. . 

3 - 4 3»^ 


[Camb. Sch.] 


52. Prove that if 6 — i > a > o, the series 

T 4- 4- ^ (<» + 0 ja + 2) 

6 ^ 6 (6 + I) 6 (6 -f I) (6 4- 2) • 

converges to the sum [b — i)/(6 — a — i). 

53. Find the sum of the series » 

sin sin 20 + 2 sin 2 0 sin 30 + ... -f n sin n0 sin (n + i) 0. 

[Camb. Sch.] 

54. Find the nth term and the sum to n terms of the series 

1.2 2.3 + 3-6 + 4 ” -f- -f 6.27 -f . . . 
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55. Find the polynomial of the third degree in n which has the values 
_ 3, — 7, — 5, 9 when n = i, 2, 3, 4 respectively. 

n r 

56. Find the value of £ when w, = £ s’. 

y =:= I s = i 

37. Show that the sum to n terms of the series whose rth 'term is 

y’.a' is 2"+’ (n* 2« + 3) — 6. [Land. B.Sc.] 


10-9. Summation of Series by Complex Methods 

VVe now consider some methods involving the use of complex 
numbers. The fundamental properties involved are as follows. 

(a) If 6 is any real number, then cos 6 -f- i sin d 
cos n 0 i sin n0 — cos 6 -f- e~^^)l2, 

sin B = —eri9)l2i. 

(d) If X, y, u, V are real and / (x 4* ty) ~ u iv, f (x 4- iy) 
denoting a function depending on the complex number x 4- iy, 
then u is equal to the real part of f (x iy) and tv is equal to the 
purely imaginary part. 

(c) If f{x-\- iy) = 4- iv, then f (x - iy) — u — iv. 

(d) The product of / (x -h iy) hy its conjugate function / [x — iy) 
is real. This property is of frequent use for determining the real 
and imaginary parts of a function, e.g. if 


f(x-^iy) 


^ + iy) 

<li(x + iy) 


then we can make the denominator real by multiplying numerator 
and denominator by 0 (x - iy). Thus 


H a. • ^ ^ ( a : + iy) <li{x-iy) + iy) ijijx -- iy) 

; I* + W ^ ^ <li{x~iy) {\ <l>{x+ iy) | }* 


The methods of summation considered will depend ultimately 
on one or other of the following fundamental types of series: (i) 
geometrical progressions, (ii) binomial series, (iii) exponential and 
related series such as the sine and cosine series, (iv) logarithmic 
series, (v) recurring series. 

The type of series to which the procedure applies are trigo- 
nometrical and involve sines or cosines of multiple angles such as 
sin nd, cos nd where ^ is a given angle and w is a positive integer. 
The functions sin nO, cos nO are associated together to give 
cosn0 4 - 1 sin This implies, e.g., that if we wish to 
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sum a series involving sines of multiple angles by the method it 
will be necessary to introduce a second series involving the corre- 
sponding cosines. 

10*91. Geometric Series 

Examples. ' -( I ) Show that the sum to infiruiy of the series whose rth term h 
cos^^ sin (a + r^) is cot p.cos a. [Lond. B,Sc] 

Writu 5 -= cos ^.sin (a f jS) -f cos^jS.sin {a + 2 j8) 

-h cos»j3.sin (o -f 3 /?) -f . . . 

= 2’ cos'’^.sin (a -f rj3). 

y — I 

We now introduce the cosine series corresponding to the multiple angle 
a f r^ and write 

C = cos ^.cos (a fi) + coh^^.coh (a + 2 ^) -f cos^jS.cos (a I- 3j9) . 

rr) 

S cos''/3.cos (a 
r ^ 1 

CO CO 

Then C iS = 2’ cos^j3.cos (a -f r/5) -f- i S cos^jS.sin (a -f rp) 

r i r ^ 1 

00 

— E coa^p. (cos (a -f r^) •]- i sin (a -f rjS)} 
r — I 

- E cos^i3.c*(« + r (cos^.e^^y. 

r -7 I f = I 

The series is a geometrical progression whose first term is + *^cos j3and 
whose common ratio is cos 

Now |c*^cos^( - I cos jS I < I provided p ^mir, where m denotes 
zero or a positive or negative integer. Excluding the values p — mn it 
follows that 

C -f- iS — cos Pj{i — e*^cos p)- 

In order to make the denominator real, multiply numerator and denomi- 
nator by the function conjugate to i — e*^cos p. i.c. i - e" cos B Thus 
C -f *5 

- cos ^ (i - z - cos p)l{(i - e^P cos P) (i - e~- cos p)} 

« cos p {«*(« + cos p}l{i - {e'^P e~ cos p + cos^p} 

- cos p {e^ (« + ^) _ 2 ^ 

= cos p {cos (a 4- P) f t sin (o 4- i3) — cos a cos p ~ t sin a cos j3)/sin*jS. 
Now is is equal to the imaginary part of this expression. 

Hence S ^ cos p {sin (a 4- j?) - sin o cos P)lsm*p. 

= cos p {sin a cos )9 4- cos a sin p~ sin a cos j8}/sin*j3 
= cos p sin p cos o/sin^jS — cot p cos a. 
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(2) Expand 5m <^/(i — 2X cos ^ x*) in ascending powers of x and prove 

lhal the remainder after n terms is 

I 1- 2*cos ^ + ;r*- I [Cam*. Sc*.] 

Now - 

I- 2WC03^+W« 

I e'^ - e~ 

(i - xe^^) (1 - xe 

Expressing as the sum of two partial fractions and expanding by the 
binomial theorem, we have if f;r | < i, 

(i - ‘ _ '^.e~ (. „ 


2 i 


P ^ - n ,4 

n o 


w o « — o 

The remainder after n terms is 

E x^eM + ‘) - \ ? xfg-- {n -f i) i(f>. 

r-n r^n 

Each of the series is a geometrical progression, the common ratios being 

ic ^ and xe Since | e^^ I ~ I c | — i, it follows that if I I < i 
the remainder is 

I I («+ 1)1^ 

, _ xe}^ 2t , _ ip 


i — xe 

^ ^ 0 _ xc^^^ — + *) 4. jigg—nip 

21 I — 24? COS p X^ ~~ 

= 4?"{sin (« + I) ^ _ 4? sin n ^}/(i - zx cos p + x*). 

10*92. The Binomial Series 

Examples. — (i) Find the sum to infinity of the series 

I + 2 cos a. cos a }- 3 cos 2a.cos*a + 4 cos 3a. cos® a f . . . 

[Camb. 5 cA.J 

Denote the given series by C and consider the corresponding sine scries. 
5 = 2 sin a. cos a + 3 sin 2a.cos*a + 4 sin 3a.cos®o 4- . . . 

*1 , ^ 00 

Ihen C + iE ^ 2 : (r 4 i) cos.racos'a 4 - * 2 ! (r 4 - i) sinra-cos-^o 
y - o r 1 


I + r (r 4- i)/*®cos’’a = 2 ^ (r -h I)^^ 

y - I r = o 


- (I - 2)"=. hi < I. 


where 2 = «*® cos a, 
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The condition | i | < i will be satisfied provided | cos o | < i, i.c. 
a *m7T. m denoting o or a positive or negative integer. Excluding the cases 
a = mn, 

C + = (I - cos a)“* 

— (i - c~*®cos o)V{(j — <5*®C0S a) (i — e~~ *®COS a)}* 

= (i — cos* a + i sin a cos a)*/{l — cos o (tf*® + + cos*a}* 

sin*a (sin a + » cos a)*/sin*o 


— (siri*a -f- 2 * sin a cos o — cos*a)/siii*a. 

Equating real parts, C ~ (sin*a — cos* a)/sin*a = i — cot*o. 

It should be observed that if | cos a | = i, i.c. a = mn the given series 

obviously diverges. 

• 

(2) I'iftd the sum to infinity to the set ies 

I I ^ 

1 + i cos 26 cos 4^ + - -- cos 60 — ... 

* 2.4 ^ 2.4.6 


Write C =r. 


I + i cos 20 — COS 40 + 


cos 60 - 


5 — J sin 20 sin 40 ----- sin 60 — ... 

2.4 2.4.6 

It f) 

where z = 

^ I -.-r z + - 3! 

- (I -f- s)^*. 

Hence C [- iS — (i -f - (i -f cos 20 + t sin 2 0 )^ 

— (2 cos*0 + 2 > sin 0 cos 0)^ 

= (2 cos 0)i (cos 0 -}- i sin 0)^ 
= (2 cos 0)i (cos J0 + « sin ^0). 

Equating real parts, C — (2 cos 0 )^ cos i0. 


10-93. The Exponential Series 

Examples. — (i) Prove that if x is real 

sin a -f- ^ j s»in 2a -f . . . -f sin Ma + . . . = “ sin {x sin a). 

[Camb. Sch.] 

* The binomial series i -f M2 -f -J- z* 4. ?] z* -f . . • 

2 1 3 * 

converges absolutely at all points of the circle of convergence ( 2 | ^ i 
provided n > o. 
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I.et S denote the given series, and write 

C = I + ^cos a -} cos 2a + . . . + cos na . 

* • Hi 

Then C + *5 r= I -f (cos a + i sin a) i (cos -2a + t sin 2ee) + . . . 

-I- , (cos Ma 4- isio Ma) -f . . . 

j^gia 

^ e , for all values of x and a, 

gX (cos a + f sin 2r) ^ ^ cos a Jx sin a 
^ ^x cos a (^ ^ 

Equating Imaginary parts. 5 ^ “ sin {x sin a). 

(2) Show that the sum of the series 

I — ^ j cos - ^ cos 4^ — cos 604-... 
n cos {cos $),cosh {sin 6). Hence obtain the sxmt of the series 

' ^ 4 ! 8^ ” iTl + • • ' i 1’26 t. 

[/*/,5c. Prelim.'^ 

Ect C denote the given scries, S the corresponding sine series. Thus 
5 = - sin 2 d -f ^ sin 40 - sin 60 4- . . . 

Then C 4- t5 1 - 4- 4- . . . 

— i ~ 0^1 ' where z - e^^, 

= cos 2 = cos (c* ^). 

Hence C — iS cos («”" * — cos (1/2). 

Adding 2C = cos z + cos {i[z) — 2 cos ^ (^z f * ^.cos i ^2 — * j. 

Now J (2 4- ^ i 4- *^) - cos 0, 

i (^ - “) = i ^ * sin 0. 

Hence C = cos (cos 0).cos (1 sin 0) = cos (cos 0).cosh (sin 0). 

El given scries write 0 — Jrr. Then 

[ 1 I j j j 

- ^ , cos - cos TT - - -j cos + g I cos 2’^ - cos |.r 

+ ,71 cos 3 » - . . . 

— cos (cos Jtt) cosh (sin ^w), 

i.e. I - +J]~ — ! + • • • = cos (i/V2).cosh (1/^/2). 


T- A., II. 


24 
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Now l|^/2 = 07071 .... and 07O71 radians = 40® 31' approx. Thus 
cos = 07602, and the value of the series is 

07602 X 1-261 - 0-950 approx. . 

10*94. The Logarithmic Series 

Examples. — (i) If j ^ | <1, find the sum to infinity of the series 

X cos 9 — cos id 1- \x* cos ^9 — ... [Camb. Sth.] 

CO n * CO ^ 

Write C — 2* (— 1)"*’ cosnd, 2 1)" ’ -~sinn 9 . Then 

I « n-i « 

00 

C "h ^ ( — i)"'^ (cos n 9 -1- i sin nO) 

n i ” 

^ ® Loi; («.»)“ (, + *,.»). . 

,..^1 " 

Hence C - iS -- log (i + xe~ 

Adding, iC -■ log (1 -f 1 log ([ -h xe ~ 

- log {(i -1 Xf^^) (i + xe~ 

^ log {1 + X 4 e~' * h x'^} = log (i I' 2 x cos 9 | T-’). 

(2) If c — cos ^9 — i cos* 9 . cos i 9 I cos* 9 . cos ^9 — to infinity, pmc 
that tan 2C — 2 Cot* 9 . [Camb. Sth.] 

Let s denote the series 

cos 0 . sin 0 — j cos’ 0 . sin 3 ^ 4- ^ cos® d . sin 5 0 — ... 

Then c 4- u ~ cos 9 — I cos 0)* + 5 ^ cos &)* - ... 

== 2 - J2’ I- iC® - . . . . 
where z = cos 9 . Now if I 2 I < I, 


J log J ^ = ar 4- lx* 4- lx* 4 • . 

.4- — -.v»««4 -... 

in — 1 

Write X — iz.* Then 


I 1 I 4- , i* 

2 t I - tz 3 5 


2 - J2’ 4- ^^®-+ . . 

, . -h - 2*"-® 4- . 

in — I 

Thus c h is — *. log ^ 
1 

: ie*^ cos 9 

: — tc* ^cos 9 


* The series converges absolutely if j 2 | < i, • i.e. | cos 0 ) < i. 
there is absolute convergence except for 9 — m-n, whence m denotes u or a 
positive or negative integer. At points on the circle of convergence the seiii"' 

will converge except at the special points u = ±1, i e. tV ^cos 9 ~ T ‘ 
But when 9 = mn, ^ and cos 9 are real, so that ie^^ cos 9 is purely imagin- 
ary and can never be equal to i *• It follows that the series will converge 
for all values of 9 . 
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Hence c - 


Adding, ic = 




I , I 


id 


cos 6 




cos 6 . I - ie 

log — ^ 


i0 


I -f ie 


-id 


cos S I 
cos 


- . log 


(i -f ^ cos (1 + ie *^cos ( 

(I _ ie^^cos 6 ) (I - ie~ m. , 


cos 9 ) 


I 1 + i cos 6 (g*^ -f g (^s*d 

2* ^ I _ i cos 9 (e*^ 4- g" *^) — cos*0 


I . sin*^ 4- 2 * cos* ^ _ I j I 4- 2t cot*0 
2 i sin*^ li cos* 9 ~ 2 i 1 — li cot*l9 


I + COt*(? .. 

Hence — . . = <5** 

I — 21 cot* I? 


i.e. 2 Cot*fl 


i I 

i '+ i 


1 

I g»<* 4-7"-*<» 


tan 2 c. 


10-95. Recurring Series 

Examples. — (i) Find the sum to n terms of the series: 

1 . 3 f 05 9 4 - 3 . 5 005 2 0 4- 5.7 cos 3^-1- ... 

If Uf denote the rtli terra of the scries, 

- {ir — 1) {ir I' i) cos rd = (4r* — i) cos r 9 . 
n n 

Write C— X (^r* -- 1) cos S— £ (4f* — i)sinr 9 . Then 
r - i r ~ 1 

n n 

C -\ iS -■ 2 ' (4r*-i)/‘^- 2 (4r»- i)2», 

> T r — ■ I 

\\liere z = For brevity we write C 4 - — s. Then 

^ ^ 3 ^ + * 5 ^* + 35 ^’ H . . • f ( 4 w‘ - 0 

(1 - z) s -= 32 4- 122* + 202* 4- . . . + (8» — 4) — (4«* — i) 2"+^ 

(r 2)*5 - 32 4 - 9-* -f 82* 4 - . . ■ + «>’• 

- (4n* F 8« — 5)2" + ' 4 - (4«* ~ i) 2"+* 

3f F y2» F _7~ ^ ~ 5^ + ^4^** ~ ri 

C F iS - {3« 4 - 02* - 2* (4«» F 8« F 3 ) 

F {8«* F Sn - 0) 2" + * - (4«» - 1) 2"+*}/(i - 2)*. 

Now 1/(1 - 2)* ^ 1/(1 - e^^y ---- - e-i^^l(e^i^- e~ 

-.2“ 2»’^/8fsin* i<?: 

C F iS = {3g“i*^ F e^^^- (4M* F 8« F 3) g^” 

F (8n* F 8n - 6) g ~ (4«* - i) g(’* "I- 't) *^)/8* sin* 
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Equating real parts, we have 

C -= { - 3 sin J 0 -(- 6 sini<? — 3 sin j$ — + 8n + 3) sin (« — j) 0 

+ (8n® 1 8 m — 6) sin (m -f i) — {4M* — i) sin (« + |) d}/8 sin^* ^d. 

= {— 6 cos 9 sin ^9 ~ {4M’* -j- 8« -f 3) sin (« — i ) 9 

^ {8m* -t- 8 m — 6) sin (m J) ^ — (4«* — i) sin (m -f 1) ^}/8 sin* 19 . 

(2) If C X cos 9 + 2A* cos -f . . . P M.V'* co$ >1 9 . and 

S - X sin 9 1 - 2X^ sin 2 0 4 -... + ma" sin mO + . . . | 2^ | <1, 

I .L i ( l + 2r*) cos 0 — 22? rr j r, c . 

show that V ^ • A ‘ [LoMrf, B.Sc.l 

S (t — x‘) sin 9 . •- 

C + iS — xe^^ I ixh^^^ + • . ■ + nx^e^^^ f • . . 

* ifi 

^ S M2", whore z = .VC**'. 

n - I 

This is a recurring scries whose .scale of relation is (i — 2)*. Summing in 
the usual way we see that the sum is 

2/(1 -- 2)*, 1 2 1 < I. i.o. c; + is -- xe^^lii - xe^^Y, \ x \ < i . 

Hence C— iS xe xe~^^Y and ^ | . 

Applying componendo and dividendo, 

C _ - xY I- (i — xe^^Y 4- i) (i -I- x') - ^xe}^ 

— xY — (i " xc^^Y (1 - x^) — i) 

_ ie' ^ + e ~ * ^) (f I x^) 4.r _ (r 4 2;*) cos 9 2x 

{i^~x^) - e- ® 

giving the required form. 

EXERCISES X 

58. Find the sum to n terms of the series 

cos a cos 2 a + cos 2 a cos 3 a + COS 3 a COS 4a + ... [Camb. Sch ] 

50. Prove that if x is real and numerically less than unity 

I — x^ 

I + 22; cos 9 + zx- cos 2O + ... + 22'" cos mO + . . . =- 2* , ». 

I — 2X cos 9 -f- X 

[Camb. Sc/t ] 

60. If I 2r I < I, sum to infinity the scries 

cos 9 + X cos ^9 -j- x^ cos ^9 -i- ... -j- x” cos (2 m + i) 0 ! . . • 

[Camb. Sc/i.] 

61. Sum to M terms the series whose rth term is 2.'’’cos»'0. Prove that, 

if 2” = cos 9 , tins sum is sin cos"+‘ 0 /sin 9 . [Lond. 

62. (i) Sum to n terms the series whose rth term is cosrasec'’a. (ii) Sum 

to infinity the series whose rth term is (i/r !) sin ra. [Lond. B.^L] 
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63. Sum to infinity 

cos 0 — ^ cos 30 + cos 50 — * •- -^cos 7 0 1 -,,. 

[Camb. Sch.] 

64. Find the sum to infinity of the scries 

« sin fl + " + '> sin 20 I- " + '> <" sin 3 » + . . . 

1.2 1-2.3 

[Camb. Sch.] 

65. Prove that 

sin 0 -f sin 30 1- sin 50 |- . . . to infinity sin (sin 0) .cosh (cos 0), 

[Camb. Sch.] 

66. Show that the sum of the infinite series 

, cos 0 , cos 2 0 , cos 3 0 , . cos 0 , ■ n. 

I + -j-j- + - , -f- yi I- • • • ^)- 

67. Show that the sum of the infinite series 

i sin 20 f I sin 40 | ^ sin 60 f ... is in - |0. 

[N.Sc., Prelim.] 

08 . Show that the sum of the infinite series 

I cos 2 0 f i cos 40 j- H cos 60 -f . . , is i log 

Oq. If \x\ < i, find the sum to infinity of the series 


sin 0 f X sin 2 0 x- sin 30 -f . . . 

70. Sum to infinity the series 

X sin 0 -}- 2A® sin 2 0 3.V’ sin 30 


[Camb. Sch.] 


[Loud. D.Sc.] 


71, Find the sum to n terms of the series whose (r -f i)th term is 
f<rCos (a -f rjS), where the coefficients are in arithmetic progression. 



CHAPTER XI 

DETERMINANTS 

I N this chapter we discuss properties of a class of functions called 
determinants, which are of great im|X)rtance in many branches of 
mathematics both pure and applied. With a knowledge of the 
properties of such functions many simplifications may be introduced 
and results represented in more compact forms. 

Thus, e.g. consider the problem of eliminating x, y, z between 
the homogeneous linear equations 

+ i>iy + V = 0 
-j' ^2^ + ^2”^ — ^ 

+ Ky f 

where we suppose that x, y, z are different from zero. From the 
last two equations we obtain, from the rule of cross-multiplication 

X y z 

^ = . z. : k, say. 

<3^2 ^2^3 ^3^2 ^^2^3 ^3^2 

Since x, y, z are different from o, k^o. Substituting these 
values of x, y, z in the first equation, it follows that 

^ {^?l(V3 - ^^2) f - «3^2)} = 

Since ^+0, the required eliminant is 

^l(^2^3 “ ^3^2) ^ ^l(^2^3 “ ^3^2) T ^l{^U^3 “ ^3^2) ” 

It will be shown later from the theory of determinants that 
this result may be written down immediately in compact form. 

IMl. Formation of a Determinant 

We now consider how a determinant is formed. Let us take 
the nine quantities a^, a^, a^, h^, b^, b^, q, C2, and arrange them in 
a square with three horizontal rows and three vertical columns 
as follows: 

a^ b^ Cg 
^3 ^3 ^3* 

This we may call a square array of the letters, and since there are 
three letters in each column and row, say that it is of the third order. 
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Now form all the products of the three letters a, b, c, keeping 
the alphabetical order and attaching suffixes corresponding to the 
permutations of the numbers i, 2, 3. Since there are 3 ! permuta- 
tions there will be 3 ! products. They are 

a^h^c^, 

It is now necessary to attach a sign to each of the pnoducts and 
(his is determined by the order of the suffixes. We speak about the 
order i, 2, 3 as the natural order, and the product with the suffixes 
attached in this order is given the positive sign. The signs of the 
other terms are determined by considering the number of changes 
in tlu^ new order of the suffixes necessary in order to obtain the 
natural order. 

An interchange of two adjacent suffixes may be spoken of as an 
inversion of the suffixes. Thus 123 is obtained from 132 by 
one inversion, viz. by interchanging 2 and 3. Again, 123 may 
be obtained from 231 by two inversions. Thus: 231, 2 i 3, i 2 3. 
\\c may look upon “ inversion ” from a slightly different point of 
view and say that an inversion occurs when any higher number 
I'iccedcs a lower one among the suffixes. Thus regarded from this 
angle there are two inversions in 2 3 i because 2 precedes i, and 
3 j)recedes i. 

We have the following lule: The .sign of any ter in is positive or 
negative according, as the term contains among its suffixes an even or 
odd number of inversions. ■* 

With this convention the signs to be attached to the six pro- 
ducts considered above are as follows: 

The algebraic sum formed by these six quantities, viz. 

is defined to be the determinant formed by the nine quantities a^, 

a.^, 61, ^2, 63, q, Cg, C3 and i s written as 

«i 6, Cj 

a^ b., ^2 

«3 h h 

Any one of the nine letters, a^, a^, a^, b^, . , . , may be called 
an element or constituent of the determinant, and any one of the 
six products (with the proper sign attached) used in defining the 
determinant, a term of the determinant. 
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11 * 12 . General Definition of a Determinant 

Let a,b, c, . . .k denote n numbers and consider the numbers 
obtained by attaching the suffixes i, 2, 3, . . . n. Thus 



«i 

i'l . . . . 


b. 


a^ 

^3 

h •• 

.. k. 

an 

K 

Cn . . 

.. k„ 


Then the determinant of the «th order determined by the n- 
numbers is defined to be the sum of all the products, each with the 
proper sign attached in accordance with the rule of inversions, which 
can be formed by writing the letters abc .... k in their natural 
order and arranging the suffixes in all possible ways. The determinant 
is represented as 


ax 


Cj 


.. k, 

az 

l>3 

c.^ 


. . ^2 

as 

l>3 



^3 

a„ 

b„ 



■ • ^r» 


When the determinant is considered in this general form it may 
be conveniently represented by the notation: 

(^1^/3 or U f UiL^c^ 

Each of the n^ numbers is called an clement (or constituent) 
of the determinant. Any one of the products in the expansion of 
the determinant, with the proper sign attached is called a term of 
the determinant. The diagonal element . . .k^ Is called 

leading or principal term, the diagonal itself being called the leading 
or principd diagonal. 

The expanded form of the determinant has n I terms for the n 
numbers i, 2, 3, . . . n can be permuted among themselves in n ! 
ways. 

Further, half the terms have the -f sign attached, the other half 
having the - sign. 

For we can arrange the terms in pairs so that if one is positive 
the other is negative, and vice versa. This may be seen by consider- 
ing the last two suffixes of any term. Keeping the first w - 2 
suffixes fixed, interchange the last two. We obtain a new term 
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which is of opposite sign to the original term, for it is obtained by 
one inversion. Further, there are only two terms in which the 
order of the first n - - 2 suffixes is fi.xed. 

It should be noted that every term of the determinant when 
expanded contains one, and only one, element from each row and from 
each column. 

Examples.— (i) Find the sign of the term ar, VW/ t/iA’s determinant 

of the yth order. 

It is necessary to consider the number of inversions. The order of the 
siiHixcs is 5342716. Corresponding to 5 tlicre are 4 inversions since 5 precedes 
1, 2, 3, 4. Corresponding to 3 there are 2 inversions, since 3 precedes 2 and i. 
Similarly to 4 corresponds 2 inversions, to 2 corresponds i, while to 7 corre- 
spoiuls 2 inversions. Hence the total number ol inversions is 
4' I- 2 + ^ + I + 2 - II, 
and the sign to be attached is — . 

Tlic eleven inversions may be repre.sented in full as follows. Interchange 
1 and 7, then i and 2, tlum i and 4, i and 3, i and 5. Thus 

534217^’. 5341276. 531427b, 513427^. 153427b- 

Now interchange 2 and 4. then 2 and 3, 2 and 5, giving 

153247b, 152347b. 123347b. 

I ll' ll interchange 5 and 3, 5 and .4. and 6 and 7. giving 
1235476, 1234576, 1234567. 

(2) If the letters retain their original order and any two suffixes are inter 
changed then the sign of the term is altered. 

I'or suppose that the two suffixes involved are r and s, and that between 
the two elements considered there are p elements. 

Keeping r fixed, then by p \ t inversions we can obtain the order sr, 
s and r being adjacent; then by p more mversions w'O can move r into the 
position originally occupied by s. Thus the interchange c)f the two letters 
is equivalent to 2/> T i inversions. Since this is an odd number the sign 
of the term is changed. 

Tlie result of this example can frequently be used to determine niore 
quickly the .sign of any given term. Con.sider the term U5^;,CifV7/i^o [Ex. i.] 
The given order is 5342716. Interchange i and 5, 2 and 4, 2 and 3. 0 and 7, 
5 and 6. Thus 

1342756, 1324756. 1234756, 1234657, 12345O7. 

Since there arc an odd number of interchanges the sign is - , as the sign 
corresponding to 1234567 is These five interchanges correspond to 
eleven inversions. 

(3) If the suffixes retain their original order and two letters are interchanged 
the sign of the term is altered. 

This is equivalent to the letters being retained in their original order and 
the suffixes interchanged, and the result follows from Ex. 2. 
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Thus, suppose the original term is and that h and e are inter- 
changed. The new term is = a^b^c^df^e^ and this is obtained frotn 

the original term by interchanging the suffixes 3 and 5. Thus tiie sign of 
the new term is opposite to that of the original term. 

11 21 . Interchange of Rows and G)liimns 

We now prove some im|X)rtant properties of determinants. 

Theorem I. • -If two rows or two coJumns of a determinant arc 
interchanged, the determinant is unaltered in absolute value but is 
changed in sign. 

The interchange of two rows is equivalent td the interchange 
of two suffixes. The result then follows immediately from § ii-i2. 
Ex. 2. On the other hand, the interchange of two columns is 
equivalent to the interchange of two letters. Hence from § 1112, 
Ex. 3 the determinant is changed in sign. 

lt- 22 . Expansion of a Determinant 

From § ii-ii it follows that the determinant of the third order, 
£ ± he written in the form 

ay - V 2 ) + ^2 (Vi - ^^ 3 ) !• (h 

Now “ ^S^'2 — 

Hence U -± + a^A^ -f 

where Ay, A A diVe determinants of the second order. This result 
is a particular case of a more general property which is as follows; 

Theorem II.— If A ^ T: is a determinant of 

the nth order, then A can be expanded in the form 
OyAy + ^ 3^3 T ■ • ■ + 

where Ay, A2, A3, • - • . are determinants of order (n — i). 

Consider first all those terms which have Uy as a factor. 
know that each term of a determinant contains one, and only one, 
element from each row and from each column. Thus all terms 

which ha^^e aj as a factor cannot have a^, <i„, by, Cy, . . ■ 

as factors. 

Regard Oy as fixed. Then all the terms which have Uy as a factor 
will be obtained by considering the letters b, c. ... k and all the 


1 62 

^2 ^'3 

by k. 

Cl Cj 


- Vj 


h , 

' ^\^2 “ b<fy ■ 

^3 M 
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permutations of the (» — i) numbers 2. 3, 4, Thus there 

_ i) ! terms which have as a factor. Thus 

Ml == «i ^ Vs • • • 

^2 ^2 . . . . ^2 

63 Cj . . . . ^3 

ynd ^ Ai ^2^3 . . . = 

• • • • 

To find the value of .42 interchange the first and second rows. 
This has the effect of changing the sign of the determinant. Arguing 
as before it follows that 

63 C3 . . . . 

A2-= 


Pn O, •• •• fin 

Similarly ior A^, A ^ /f„. The determinants A^, A 2, A^, 

4 „ are called the cofactors of «i, ^3 respectively in 

the expansion of the determinant. 

W'Ik'u the dcvelo])ment of the determinant is written in the form 

A Ml + t- Ma -I- ■ . • 4- a„A,, 
it is said to be expanded along the first column. By interchanging 
columns it is clear that we can expand in a similar way along any 
column. 

Similarly we may expand the determinant along any row. Thus, 
f if we expand along the first row, 

A “ 4* ^ 1^1 4 <’if 1 4- . . . 4- 

where Ai, Cj, . . . , are determinants of order (n ~ i). 
Ihiis, e.g. 

^2 ^2 ^2 
^3 ^3 ^3 

- - 


I t'n dn 

( X .2 ^2 ^2 

"j *3 ^3 

Ci= 



«n K i, 


k, 


and so on. 
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11 ’SI. Minor Determinants 

Let A denote a given determinant and suppose that in it we 
remove a certain number of columns and the same number of rows. 
It is assumed that the elements in the other rows and columns 
remain unaltered. What is left is a new determinant. Such a 
determinant is called a minor determinant of the original 
determinant. 

If only one column and one row are removed the resulting 
determinant is called a first minor, while if two of each are deleted 
we obtain a second minor, and so on. 

The minor obtained by deleting the first row and the first column 
Is called the leading first minor. It is convenient to adopt the 
following notation for first minors. If denote any element of a 
determinant, then the first minor obtained by deleting the column 
and the row through h,. is denoted by A a • the leading 

first minor is Aa^- 

The results of § ii-22 may now be e.xpressed in terms of minors 
instead of cofactors. Consider first the form. 


A = -f 1 Ma 


f . . . + n- 


’h 

^2 

J, .. .. 

k. 

h 


d, .. .. 


K 


d,, . . . . 

k'n 


Aa. 


Cl . . . . ^1 

C3 d .^ . . . . ^3 



n ' ' ' ' 


In general { — i)"-* Aa^- 

Exjiresscd in “minor” notation: 

A = "T ^^sArtg “ • • • 1 ( ~ l)” ^^nAa^- 

In a similar way we can write down the expansion along nriv 
row or column in terms of the corresponding minors. 


Examples— (1) Expand the determinant 


a h g 
h b f 

S f c 
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Expanding along the first column 


a 

h 

g 

l> f 


^ g 

h 

b 

f 

" a 

- h 

i- g 

tl 

f 

c 

f c 

f c. 

b f 


- « {hr - p) - h {hr ^ ff^) + g {hf - />4-) 

— abc 4- 2fyh — ap — bjy^ — ch^. 

(2) Expand the determinant {a^b.^c^d^) in terms of the elements of the fourth 
foltimn. 

^1 dy 

The determinant is A “ ^ 

(*A 'h ^3 ^3 

(h '^1 (U 

A - dj), + d^L)., -I- d.J)^ I dj), 

- ! - ^AA,/^ I- - ^AArf^)- 

We know that 


and it is first necessary to determine the correct sign. Interchanging columns 


n, ft, 

d, r, 

c/, d^ 

ft, C, 

di 

c/, ft. 

r, 

Uj ftj 

d-i ('2 

a. 2 d.. 

b.2 <2 _ 

da 

c/, ft,. 

('2 

^3 ^3 

da 'a 

a. 2 d^ 


da 

^3 ^.3 

1 3 

«4 ^4 

di '4 

. (U d^ 

bi Q 

di 

c/4 ft. 

di 

"'xpanding along the first column we 

sec that 




— d^ A A 

A 

da A,i.^ 4- d^t 

'“4 




«a ftj 


|c/, ft, r. 

C7, ft, f, 


a, ft, r, 


— c/3 ft3 

^3 Ed. 

J 1 ^^3 ft.’j C 3 ~ 

- c/3 c/j ftj r., 1 

di 

«2 b.2 C., 


«4 ^’4 

di 

1 ('i h (4 

«4 b^ c^ 


f/3 ft, 



The third order determinants may now be expanded in the usual way. 

It should be noted that we can determine the sign to be attached to Art 
without going through the process of interchanging columns. Begin with the 
leading element and count along the row, taking | and — signs alternately 
b'ginning with + . Thus to a^ we attach 4 . to 6, — , to q | , to d^ — . The 
required sign is — and 

A -- ~ A ii^ 4 d.^ A cf^ — ^3 A l- ^4 A 
the reader will observe that this process is a general one and is equivalent 
to the pirocess of interchanging columns. 


{]} Evaluate 


3 3 4 

1 .■> 
10 5 (} 


lUmd. B.Sc ] 


■denoting the determinant by A and expanding along the first column, 


3 (24 - 25) - 6 (t8 -- 20) 4- TO (13 — 16) 
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(4) Prove that if u„ denote the determinant of nth order 

a I o o 

I a 1 o 

o T a 1 

o o I a 


a I o 

I a I 

o I a 

then — au„ + = o. Hence, prove that 

- r^^)iip - <i)> 

where p and q are the roots of the equation — ax i ^ 0. [Camb. Sch.] 
Consider and expand the determinant along the first column. Then 
Wn+i=^aA',. - A'',.. 

where two nth order determinants. 



A"„ 


Expanding along the first row it is clear that A*n — 

Hence au„ 

a 1 

Now n, Uj - ^ a'^ — i. 

I a 

Next consider the formula «„ - q"''')l(p— q). When n - 1 

and 2, we have 

Mr iP* - f)liP ~ (I) ~P + 

Uj - (p^ ~ q^)l{p - ^) =/>> + />? + q^ 

Since p and q are the roots of x^ — ax T i — 0, we have p q - a. 
pq — i. Hence 

pi (_ pq -^qi - {p f qy -- pq ^ a- i. 

It follows that the result is true for « — i and 2. The general property 
may now be proved by induction. Suppose that it is true for n ^ r ~ i and 
n = r so that 

Mr-1 ^ iP' - f)liP - ?)■ "r -= iP^^^ - r^'^liP “ q)- 
Then - au^ - — (/> -f q) Ur — ^r-i 

- HP + g) iP'^^ - ^y”") - iP^- r)\l{p - g) 

= {/>’■+• - d- pg {p ^ " g^) - iP^ - g')}Kp - q) 

(p''+‘ - q^**)j{P - <7). since pq ^ 

Hence the result is true for n ~ r h i. Since it has been proved for 
n - I and « - 2 it follows that the result is true in general. 
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11*32. Further General Properties 

Theorem 1 1 1. —The value of a determinant is unaltered by 
changing rows into columns and columns into rows. 

C|^ . . 

^2 ^2 ' * ‘ * ^2 

^3 ^3 ^3 • • • • ^3 


• • • • 

Clr^ (I2 
hi ^3 

Cy C2 C3 


A’, Ag A3 

Then A' is obtained from A hy interchanging the rows and 
columns. 

The leading terms same in each case. The 

terms in A ^ire obtained from . . . A„ by retaining the order 
of the letters and permuting the suffixes in every possible way. 

'Fhe terms in A' are obtained from ai62C3 . . . A„ by retaining, 
the order of the suffixes and permuting the n letters in every 
possible way. 

Thus it is clear that as far as numerical values are concerned 
the two processes give rise to the same « ! terms. 

Further, the signs of corresponding terms must be the same. 
For in the case of A fhe interchange of two suffixes produces a 
change in the sign, while in the case of A' an interchange of two 
letters produces a change in sign. Hence A - A'- 

Theorem IV. Tf, in any determinant two rows or two columns 
are identical the determinant is zero. 

Let A denote the determinant and supjx)se that two rows are 
identical. Then the determinant is unaltered when the rows arc 
interchanged. But the interchange of two rows changes the sign 
of the determinant. (Th. I., § ii* 7 .i.) 

Hence A ^ — A- 

This is only possible if A “ o- Similarly for the case of two 
identical columns. 


bn 


K 


Write A = 


A'- 
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Example. — Show that 

rt* 

a* 6* f* = _ (i _ f) (c a) {a ~ h) {he + c<* + ab). 

i I I 

[Lond. li.Sc.] 

If a — h, the first and second columns become identical and hence 
the determinant vanishes. Hence {a — 6) is a factor of the determinant. 
Similarly {b — c), {c — a) arc factors. 

Clearly each term of the determinant is of the fifth degree in a, b, c. Further, 
the determinant changes sign if two letters are interchanged, for this is equiva- 
lent to interchanging two rows. 

Again, the product [a -- h) (b ~ c) {c - a) changes sign if two of the 
letters are interchanged. Hence the other factor of the determinant must 
be symmetrical and of the second degree in a, b, c. Hence 

a* - {a - b) (6 - c) {c - a) {A (a* | A® f c*) + /x {ab f- be -|- ca)}. 

i i 1 

where A and ^ arc numerical constants. 

To find A, /X we observe that in the determinant the highest power of a 
which can occur in any term is On the right hand side there is a term 
in a*, viz. — Aa*(A — c). 

Hence A = o. Again, the leading term in the determinant is a’A*. On 

the right hand side the corrcspoiuling term is -- /xa*A*, Hence /n — i. 

Theorem V.-~If every element in any column is multiplied by 
the same factor, the whole determinant is multiplied by that factor. 

This result follows immediately from the property that every 
term contains one, and only one, clement from any row or any 
column. 

Combining (IV) and (V) we have the following result. // a 
determinant has two rows or two columns which differ only from one 
another by a constant factor, then the determinant is zero. Thus: 


ma^ 

nh^ 

Cl 

Ui bi 


ma^ 

nb^ 

Cg == mn 

a^ b^ 


ma^ 

nb^ 




ma^ 

nhy 

Ph\ 

rti bi 


ma2 

nb^ 

II 


h 


nbs 

P^z 1 

^.1 ^3 

h 

Examples. — (i) 

Prove that 



a 

b 

c j 

I I 

1 

^1 



afic hyca 

CjoA 


b. 

. abc 

c. 

ajbc b^ca 

c^ab 
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Multiply the columns of the first determinant by be, ca, ah respectively. 
Then 


abc 


abc 

bca 

cab 

a, 64 Cl 

* 

ajbe 

b^ca 

Ciab 

<2, 6, Cj 

a*6*c* 

(2,6c 

b^ca 

c^ab 


a^c bica c^ab 
a, 6c 6j,ca c^ab \ 

on dividing the first row by abc. 

It is clear that the process employed in this example is a general one which 
may be used to reduce any determinant to one in which the elements of any 
specified row or column are each unity. 


I 

abc 


(2) Prove that 


0 I 

I 

I 


0 

a 

6 

c 

I 0 

c» 

6* 


a 

0 

c 

6 

I c* 

0 

rt* 

’ 

6 

c 

0 

a 

I 6* 


0 


c 

6 

a 

0 


Consider the problem ol !»educing the second determinant to one whose 
hrst column is unity. Multiply the second row by be, the third by ca, and 
the fourth by ab. We obtain 


_ 1 


9 

a 

6 

c 


0 a 

6 

c 

abc 

0 

6c> 

6»c 

_ I 

1 0 

6c» 

b*c 

abc 

ac* 

0 

ah 

~ abc 

I oc* 

0 

a*c 

abc 

a6* 

a*b 

0 

I a6* 

(2*6 

0 


0 I I I 
_ I o c3 6» 

1 c* o a* 

I 6* a* o 

on taking the factor a from the second column, 6 from the third and c from 
the fourth. 


11*41. Addition of Determinants 


Theorem VI. — If every element in any column or in any row 
can be expressed as the sum of two quantities, then the given deter- 
minant can be expressed as the sum of two determinants of the same 
order. 

Consider the determinant 


A = 


bi Cl 
^2 ^2 
^3 ^3 


T. A., n. 


25 
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and suppose that each element of the first column can be expressed 
as follows: 

Oi — «i' -j- fli", ^2 ~ ^ 2 ' “h ^ H “H > • • • 

W h 

^2 

C:x 


Then A - 


+ 


Oj"' \ Cj 
(I 2 C 2 

C 3 


For expanding A along the column, we have, with the lisual 
notation, 


— ^ 1 ") -|- (a2 + a^) A 2 A- (^ 3 ' 4" O "^3 4" • • • 

' ' {^\^\ 4* (I'lA'i "f 4' • • • } 

4~ {^\Ai + a{A2 + (i^A^ 

- Ai H- A 2 

, where Ai and /\^ are two determinants given immediately above. 
The method clearly applies to any row or column and thus the 
theorem is proved. 

Further, the n;sult extends directly to more than one row or 
column. Suppose, e.g. that we have a third order determinant of 
the form 

fli + «! 4- ft Cl -f yi 

^2 A- <*2 ^2 4~ ft ^^2 4~ 72 

(h 4- 03 4- ft C 3 + 73 

By repeated application of the theorem we obtain 


4- ft 4- 7i 


ft 4- ft Cl A- 7i 

H ft 4- ft C 2 1 - 72 


®2 ^2 A- P 2 A- 72 

^3 ft 4* ft h 4- 73 


®3 ft 4” ft C 3 -f 73 


di bi Cl A- 7i 


«i ft ^ 4- 7i 


“1 Ci + Yi 

di ft ^2 4' 72 

4- 

«2 ft ^2 4“ 72 

4- 

“j + Yi 

^3 ft ^3 4" 73 


^3 ft ^3 4" 73 


“s ^3 + Yi 
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«1 

A ^1 + Yi 


^1 Cj 

+ 

02 

^2 + Y2 


^2 ^2 


Og 

^3 + Ys 


63 Cg 


, r seven other 7 
Icleterminants; 


The eight determinants may be expressed concisely as follows : 


+ {(^Ays) + + (“iftVa)' 

Again the theorem may be applied any number of times to the 
same column or row. Thus, e.g. 


- K + W" h 1 



^2 ^2 — ^2 " 1 “ ^2 ^2 

= 

C2 

^3 ^3 ^3 d' ^3 ^3 


^3 ^3 ^3 



K 




ft,'" 


^2 

^2 

^2 

4- 

«2 



«3 

^8 

^3 


«3 

/jg'" 

C 3 


Bxaniples.—{i) Show that 


I cos a — sin a cos a i- sin a 


I cos a sin a 

i cos p — sin p cos p -j- sin p 

= 2 

1 cos p sin p 

I cos y — sin y cos y i- sin y 


I cos y sin y 


[Land. B.A.] 

The determinant on the left hand side may be written as the sum of 
four determinants : 


I cos a cos a 

I cos jS cos g I- 

I cos y cos y 


cos a sin a 
cos fi sin g 
cos y sin y 


+ 


I — sin a 
I — sin j 9 
I sin y 


cos a 
cos /3 
cos y 


+ 


I — sin a sin a 

1 — sin /3 sin g 

I — sin y sin y 


The first determinant is zero because two columns are identical. The 
fourth determinant is also zero, for when the factor — i is taken out of the 


second column, two columns are identical. The third determinant is 


I sin a cos a 


I cos a sin a 

I sin P cos P 

— 

I cos P sin p 

1 sin y cos y 


l cos y sin y 


on interchanging the second and third columns. Hence given determinant is 
I cos a sin a 

2 1 cos p sin p 

i cos y sin y 


( 2 ) The roots oj x* = ^px + q are Xj, Xj, x,. x^ and 

V V W-fl V M + l ] 


Ar,«+» 

:^n+l ;^^n+a 

' fl+l v fl-j-S 


Find the values oj AJA^ and AJAi in terms of p and q. 


[M.T.] 
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Substituting — ^pXi q,i ^ i, 2. 3, 4, it follows that 


A, 


I + q + qx^ ^px^* + qxy^ 

» 3^^^* I- q t' qx-i 3f>^2’ -f qxi^ 

i ipXi + q 3 PXs^ + ipx,^ 4- qx^* 

I 3/>^4 + q 3 pXi* + qxi 3/>V + 9^4® 


may be expressed in the sum of the determinants 


I 3 pXx 3pxi* + qxi ipxi^ + qx^' 

» 3pXi 3pXt* + qxi 3pXi^ + qXi^ 

i 3PX3 3 pXa' + qXi 3/>V + 9^8' 

I 3pXi 3pXi' 4 - 9^4 3 />V d qxi' 


I 9 3/>^i* + qXi 3pXi* 4- 9 ^ 1 * 

I 9 3^^2’' + 9^4 3pXi^ 4- 9 ^ 2 * 

I 9 3pXs^ 4- qx„ 3px^^ 4- 9 ^ 2 ' 

« 9 3P^4* f qXi . 3/’^4* + 9^4* 


The second determinant is zero because when the common factor 9 is 
removed, the first and second columns are identical. Similarly we may 
express the first determinant as the sum of four determinants, three of which 
vanish in a similar way. The one which does not vani.sh is 


I 3pXx 


3A»i* 


I ATj 


r 3px» 


3?V 

=. 27/>> 

I ^2 

^2* 

I 3/>^8 

3/'*.* 

3#>V 

1 

X»* ^8* 

i 3/>^4 

3/>*4‘ 

3/>*i’ 


I ;r4 

^4* V 


Hence AJA^ =* lyp^. 
Next consider 


I 

3 />*i* 

4 - 

qxi 

3pxi* 

4 * 

9 ^ 1 * 

3pxx^ 4 - qxx^ 



I 

3 fV 

4 - 

qxt 

3pXz^ 

4 - 

9 ^ 2 * 

3pXz*‘ 4 - 9 ^ 2 ® 



I 


4 - 

qxz 

3pXz^ 

4 - 

9 ^ 8 * 

3pXz^ 4 - 9 ^a“ 



I 

sfV 

4 * 

qXi 

3pXi^ 

4 - 

9 ^ 4 * 

3pXi^ 4 - 9 ^ 4 * 



I 

3 M‘ 

4 - 

qxi 

3pxx^ 

4 - 

qx,^ 

9 ^ 1 ® -h 9 />*A', 

-f 

3pq 

I 

3 P*.* 

4 - 

qxt 

3px^ 

4 - 

9 ^ 2 * 

9 ^ 2 * 4 - 9p^x^ 

4 - 

3pq 

I 

3 /> 2 ^>* 

4 - 

qxz 

3pXz^ 

4 - 

qxz^ 

9 ^ 8 * -h 9/>*^8 

4 - 

3Pq 

I 

3 f 2 ;.* 

4 * 

qXi 

3px,* 

4 - 

qx,^ 

9 ^ 4 ’ 4 - 9P^X, 

4 * 

3pq 

1 


4 - 

qx\ 

3px^^ 

-f 

qxx^ 

qxi^ 4 - 9p^x^ 



1 

iP^i' 

+ 

qx% 

3pXz^ 

4 - 

qx* 

qx* I- qp'^x^ 



I 

3 P*,* 

4 - 

qxz 

3pXz^ 

4 - 

9 ^ 8 * 

qxz* 4 - 9 />*^a 



I 

3 M' 

4 - 

qXi 

3pXi^ 

-f 

9 ^ 4 * 

9 ^ 4 * 4 - 9p^x, 





since the determinant 

I 3pXi* 4 - qxi 3pXi^ 4 - 9 ^ 1 * 3pq 

I 3pxt* 4 - 9^2 3pxt^ 4 - 9 ^ 1 * 3pq 

J 3Px,^ + 9^3 3pxz* 4 - 9 ^ 8 ® 3pq 

1 3 pV + 9^4 3 /’V + 9 V 3pq 


for on removing the common factors ^pq, two columns become identical. 


Again: 


A, 


I 3M* 3M’ + 9V 9V + 9/J*^i 

I 3 pXt'^ 3 pXi^ + 9^8* 9^2* + 9 p^x^ 

I 3pXz^ 3pxz* 4 - 9 ^ 8 * 9 ^ 3 * + 9p^x^ 

I 3pXi^ 3pXi^ 4 - 9 ^ 4 ’ qxi^ + 9p*x^ 


+ 


qxi 3pXi* 4 - 9 ^ 1 * 9 ^ 1 ’ 4 - 9P\ 

qx% 3px^ 4 - 9 ^ 2 * 9 ^ 2 * 4 - 9p^x^ 

qx% 3px^ 4 - 9 ^ 3 * 9 ^ 2 * 4 - 9/>*^8 

9^4 3px^ 4 - 9 ^ 4 * qx^ 4 - 9/>*^4 


I 
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1 qxy^ 9/>*^i 

1 3 />^a“ 3 /’^a’ + 9 />“^a 

I IpXi^ ipxa^ 1 ()p^x^ 

1 ZpXi* 3pXi^ qx,^ + 9p'x^ 


* qxy 3px,^ I qx,* qx^^ 

1 qx.j, spx^^ 4 - qx^^ qx^^ 

i qx^ iPx,^ 4- qx^* qx^^ 

I qxt - 1 - qx^^ qx^^ 


since the two (leterniinants which have been split off are zero as before, 


1 ypXy^ 

3pXy^ 

9P^X^ 


1 qx^ 

qxy^ 

qxy^ 


3px,^ 

9p% 

4 

I qx.. 

qxt^ 

qxz^ 

1 3pXt^ 

3pXiy^ 

9p^x^ 


I qxn 

qxti^ 

qx/ 

i 3pXy^ 

ypxy^ 

iyp^x^ 


1 qxt 

qxi' 

qxi* 


In this last step two more zero determinants have been removed. Hence 

Xi 

= «■/>• I : ■;*. li l'\ + «’ 


Now 


I .iTi* Xy^ ,r, [ -Vi^ Xy ,ri=» 

1 x^^ x^ — - 1 .r^* x^ a' 2 ® ~ 

I .^ 3 =^ .iTa’ AT, 1 .rj* . 1^3 X:,^ 

\ X^^ X^ 1 ^4* X^ X^ 

It follows that /fft - (Si/)‘ 1 q^) 


1 X,, X^ Tj 

I xl .y,* x^^ 

I x^ x^^ x^^ 


We now prove some properties which are of frequent applica- 
tion in the evaluation of determinants. 


Theorem VII. — A determinant is unaltered if to each element of 
any row (or column) is added the corresponding element of any other 
row (or column) multiplied by a given factor. 



i, c, 


'<h 

-f mh^ 


Cl 

(■h 

h <-2 


^2 


b. 

Co 

a^ 

^3 


^3 

-f mhy 

*3 



where m is a given number. 

The result becomes obvious when we write the second deter- 
minant as the sum of two others, one being the original deter- 
minant and the other one, which is zero, for it will have two rows 
(or columns) identical after the common factor is removed. By 
repeated application of the theorem it follows that a determinant is 
unaltered when to each element of any row (or column) are added those 
of any number of other rows (or columns) multiplied respectively by 
constant factors. 



«! bi Cl 


<0 

4 - 

h + Ph Cl 

Thus, e.g. 

^2 ^2 <^2 

::: 

+ mh.^ + wcg 

bz -f pCi C2 


^3 ^3 ^3 


^3 + 4 - 

^3 ^3 


It is important to observe that when more than one row (or 
column) is altered by a series of changes of this kind, one row (or 
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column), at least, remains unaltered. Thus in the example just 
given the third column is unchanged. 

Important particular cases opeur when the factors involved are 
± I . The theorem then asserts that we may add or subtract the elements 
of any row from the corresponding elements of any other row with altering 
the value of the determinant. In the process elements of the row 
which is add(Kl or subtracted remain unchanged. Similarly for columns. 

Theorem VIII.— If the elements of a determinant A are poly- 
nominals in a variable x and the determinant vanishes when x — \ 
then X — A is a factor of A- particular the result will be true if 
the substitution jc == A makes tivo columns or two rows identical. 

The theorem follows immediately from the Remainder theorem, 
for A when expanded will be polynomial in x. 

11 ‘42. RuleofSarrus 

This is a rule for the exp&nsion of a determinant of the third 
order. Consider A “• (^i^ 2 ^ 3 )- 



Imagine the first two columns to be repeated after the third 
and draw a system of diagonals as indicated, the direction of the 
diagonals being indicated by the arrows. Count the three diagonals 
sloping down as positive, and the three sloping up (shown in 
dotted lines) as negative. Then form the corresponding products, 
attaching the sign of the corresponding diagonal. Thus 

Comparison with the expansion in § ii-ii .shows that the 
expression is equal to A- 

Examples. — (i) Prove that 

Bb -f Cc Be Cb 

Ac Cc A a Ca 

Ab Ba Aa -f Bb 

^ ^ABC abc + BC {be - a*) {Bb + Cc) 

+ CA {ca - b*) {Cc + Aa) f AB {ab - c*) {Aa + Bb). 

[Land. B.Sc.] 
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The elements of the determinant are set out as above. 


Bb 4” Cc 

Be 

Cb 

Bb }■ Cc 

Be 

Ac 

Cc A a 

Ca 

Ac 

Cc 4- Aa 

Ab 

Ba 

Aa Bb 

Ab 

Ba . 


If A denote the determinant, then 
A = (B6 -f Cc) (Cc + Aa) [Aa + Bb) + ABC ahe ABC abc 

- ACb* (Cc + Aa) - BCV (Bb + Cc) - ABc^ (Aa + B6). 

Now (Bb + Cc) (Cc A a) (A a f Bb) j 

= (Abab + BCbc f ACac + B^b^) (Cc + A a) 

= ACac (Cc + A a) + A BCabc + B^CbH -f- A^Ba^b 

-}- BC*6c* -ir A BCabc -f ABW 

=s ACac (Cc -{- yfa) -f A Bab (Aa -{■ Bb) -4* BCbc (Bb Cc) + 2 A BCabc. 
Substitution of this result gives the required form for A* 



U-43. Illustrative Examples 

In each question the given determinant is denoted by A 

I (b -f- c) 


(i) Prove that 


c* 


a* a* 

(c 4- a)* 6* 

' (a + 6 )» 


— 2 abc (a h + c)^, 

[Madras, B.A .] 

Subtracting the second column from the third and the first from the second, 


(b -}- t:)« a« - (b + f)* 

b* (c + a)* — 6* b* — (c <»)* 1 
c* o (ad- b)* — c* I 

(b + c)* (a — b — c) (a + b c) o 

6 * (c A' ^ b) (a b -\- c) (b — c — a) (a + ^ + c) 
c* o (a + 6 - c) (a -j- 4- c) 


(a 4- 6 4- c)> 


(b + c)* a — b — c o 

6* a ~~ b c — a4"^ — ' ^ 
c* o a -{■ b — c 
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Subtract from the first row the sum of the second and third rows. 



26c — 2C 

— 2ft 4- 2C 

A = (a + 6 + <■)• 

ft* a — ft 4- c 

— a 4- 6 — c 


c* 0 

a 4- ft — c 


ftc — c 

— ft 4“ c 

= 2 (a + fc + c)* 

ft* fl — ft 4- 

— a 4- ft — c 


c* 0 

a 4 - ft — 


Then 


Now add the second column on to the third and we have 


2 (a -f 6 + /:)* 


be ~~ c — b 

6* a — b -\- c o 
c* o a f b — c 


Multiply the third column by c and add to the first. 


A =» 2 (a + 6 + c)* 


6 * 

c (a -f 6) 


b c 


-b 

o 

a -f 6 — 



Expanding along the first column, • 

A = 2 (a 6 f c)* b^c {a b — c) c {a b) b {a — b -{■ c)} 
* 2bc (a d- ft -I- c)* {ft (<i + ft - c) -h (a }- ft) (a - ft -}- c)} 
ass 2abc (rt + ft -f c)®. 


(2) Show that 


cos {x -f y) 
sin {x “ y) 
sin 2x 


.sin (x -f y) 
cos (x — y) 
o 


- cos {x 4- y) 
sin {x ' y) 
sin 2 y 


Subtracting the third column from the first, 


- sin 2{x 4- y) 
(Lond. B.Sc.] 


A - 


2 cos {x 4- y) 
o 

sin 2x — sin 2y 


sin {X 4- y) 
cos \x — y) 
o 


- cos {x 4- y) 
sin (x — y) 
sin 2y 


2 cos (x 4- y) 
o 

2 cos (at 4- y) sin {x — y) 


sin {x 4- y) 
cos {x — y 
o 


— cos {x 4' y) 
sin {x — y) 
sin 2y 


= 2 cos [x 4- y) 


o 

sin {x — y) 


sin {x -f y) 
cos {x - y) 
o 


- cos [x 4- y) 
sin {x — y) 
sin 2y 


Multiply the first row by sin {x — y) and subtract from the third, then 

A = 2 cos (.V 4 - y) 


X 


I sin {x 4- y) 
o cos {x — y) 
o — sin {x 4- y) sin {x — y) 


= 2 cos {x 4- y) 


I sin {X 4* y) 
o cos {x — y) 

o — sin {x 4- y) sin {x — y) 


- cos {x 4 - y) 
sin {x — y) 

sin 2y 4- sin {x - y) cos {x 4- y) 


- cos {x 4- y) 
sin {X ~ y) 

sin (.r 4- y) cos (;r ->■ y) 


X 
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■ = ico,(, + ,)sin(, + ,) Z%-^)\ 

—■ sin 2 {x + y) {cos* {x — y) + sin* {x — y)} ■= sin 2 (;r + y). 


(3) Evaluate the determinant 


rt* rt* a 

P P b 

P P c 

d 


[N.Sc. Prelim.'] 


We give two methods of evaluating this determinant. 

(a) Subtract the first row from the second, third and fourth rows and then 
expand along the fourth column. Thus 


a» 

a* 

a 

I 


P - a* 

P - a* 

b — a 

P - a* 

fc* - a* 

h — a 

0 


P - «» 

C* - fl* 

(■ — a 

a* 

P — a* 

c — a 

0 


d^- a* 

d^ - a* 

d — a 

d* - a* 

d*- a* 

d — a 

0 






(fe ~ a) [c — a) {d — a) 


a^ ab P a -f- b i 

a* ac P a \- c i 

a* 4- ad f rf* a d 1 


Now subtract the first row from the second and third and expand along 


the third column. 

^ ^ {b - a) {c - a) {d - a) 


a* ab a^ a h i 

P 6* 4- ac — c — b o 

<i* — P + ad — ab d — b o 


*= — (6 — a) (c — a) {(i — a) 


(r — fc) (a -f 6 + c) c — & 
(d — b) {a h d) d — b 


[h - a) {c ~ a) (d - a) (c - b) (d - b) 


a + 6 + c 
-j” ^ ^ 


- (6 - a) (f - a) ((/ - a) {c - b)^ {d - b) (r - d) 
{a — b) {a — c) {a — d) {b -- c) (b — d) {c — d). 


(6) Alternative Method.— 1 1 in A we write a = 6 the first two rows become 
identical. Hence (a — b) is a factor. Similarly (a — c), (a ~ d), (6 — r), 
(6 — d), {c — d) are factors. Further it is clear that each of the terms in the 
expanded determinant are of the sixth degree in a, b, c, d. Also if we inter- 
change any two of the letters, the determinant changes sign, for the process 
is equivalent to the interchange of two rows. Hence 

A - h {a — b) {a — c) {a ~ d) {b — c) {b — d) (c — d), 
where A is a numerical factor. 

The leading term in the determinant is a*Pc. The corresponding term in 
the product form is Xa*b*c, Hence A = i and 

A = (a - &) (a “ c) (a - d) {b — c) (6 - d) {c - d). 
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(4) if Cii "= - (^iK *. j - 

determinant 


2, ... 5, show by consideration of the 


b, b, 

bo bo 


that 4* ^ 18^48 4" ^i 4 ^as ~ 

Show further that if +0, and 


<' 84^86 .= o\ 

■ — of 


^ 18^15 + ^ 28^25 4 - < 

then f,jC ,5 4- ^sa^'as 4- <"42^48 ^ o* 

Subtract third row from first, fourth row from second. 


[M.T.] 


Then 


A - ^ 

I 0 63 b, 

Again expanding A along the first column 


o 


A «i 


- ^ 


^2 ^8 ^4 




- a I [b^c,^ - + b^Ci^] - 6| [flafj4 - a,c,4 + a4C„] 

=-= <'34<^ia ~ ^24^13 4" <^83^14* 

Since f24 = — ^43 it follows that 

^12^^84 + ^13^42 4- C,4^88 = 0 (l) 

From <"(4Cj5 -|- C24C26 I’ ^34^35 ^ 18^15 4* ^ 18^25 “I" ^43^45 ^ ^ 


and C84 = r- C43, 


— — — , from (i). 

u'^aa ^ 13^24 


^24^46 ■ ' ^ 83^35 ^35^13 I ^14^45 ^ u'^ aa “ ^13^24 ~ ^18^34 

• ♦ '"ift^ia “ ^34^45 ^23^38 ^18^16 'I" ^32^35 4* <- 42 ^ 


(5) Show that 


+ A' a \- X a \- X a + X a x 

h -\^ X a-l-;r a ■]■ x a |- x 

b X b ■]r X /a 4-^ a + ^ a ]■ x 

b V X b I- X b ^ X t^ X a + X 

b + X b + X b + X b f- X x 


is of the form A + Bx, where A and B are independent of x. Hence, by giving 
particular values to x, prove that 

A ^ {af [b) - bf {a))!{a - b). B [f [b) - f [a)]l{a - b). 
where f {t) - (/, - /) (/, - t) {/, - /) (^4 - t) {t^ - /). Also find the values of 
A and B when a b. [Lond. B.Sc ] 


Let A {x) denote the determinant. Subtracting the first column from the 
second, third, fourth, and fifth columns. 


/i 4 - ^ a — ti a — t^ a — a — t^ 

b X tf — b a ~ b a — b a — b 

b I- X o tf — b a — b a — b 

b + X o o tt — b a — b 

b A- X o o 0 /, - 6 


(i) 


A 
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Expanding along the first column it is clear that A is of the form^ -f Bx. 
9 li A and B have the given values it follows that / (a) and / (6) must 
satisfy the equations 

A — aB — f (a), A — bB = f {b), a =#6. 


Thus it is sufficient to prove that when x — a, ^ (x) = f {a), and 
when AT = -* 6. A W -- /(^)- Substituting x = — a, 


A ( - a) 


a o o o o 

h — a — a o o o 

b — a b ~ a - a o o 

b — a b - a b ~ a — a o 

b — a b — a b -- a b — a — a 


Expanding along the first row we obtain: 


A (“ a) -- {/j - a) 


— a o o o 

b — a — a o o 

b — a b -• a — a o 

b — a b - a b — a — a 


Continuing this method of expansion it follows that 

A (- a) - (9 - a) (/a - a) {i, - a) (i, - a) (/j - a) - / (a). 


Similarly by substituting at ~ 6 it is easily seen that 


If a ~ b the determinant becomes 


F{x) 


/j -h X a a fAT a Fx a -j- x 

a F ^ ^2 + ^ rt-j-Af a \- X a X 

a \ x a-f-AT a X a \- x 

a -h X a F X rt 4- AT \- x a ^ x 

a-\-x a 1- X a 1- x a + at + a? 


M-b)^f{b.), 



h “ 

a o o o 

o 


0 

— a o o 

o 

F{- a) 

o 

o 

{ 

c 

o 


o 

o o <4 — a 

o 


o 

o o o 

A - a 

-- { 

A - a) {/a - a) (/» - a) - a) (/j 

- a) 

Thus A ~ aB = 

= /(«)• 

Again from (i), if a — 6, 




I a ■” A a ~~ /| a 

a - 


^ 1- 

I /j — rt o o 

o 


X 



F{x)-x 


I O — (1 o 

o 


" + 

I o • o /4 rt 

0 


X 





I O 0 O 

t- (7 


;r ^ 

‘6 ” 


1 

I rt -- /j a — 9 rt — /j 

a “ A 

lim. 

I /g — rt o O 

I o A ~ a o 

0 

o 

A?-»« 00 ■ 


1 

o 

o 

0 



1 I o o o 

U~ a 
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Since J''{x) — A -j- Bx it follows that this determinant gives the value 
of B. Expanding along the first column, • 



f J — (? o o o 


B - 

o - a a o 

O 0 /4 — (? 0 

0 0 o U — a 

~{a - t^) 


-h (a- t,) 


+ (« - ii) 


- a o o 

I o - a 




/j, — rt o o 

o o - tl 


/a 


O — rt o o 

o o - a o 

^ {/j ~ a) (/a — «) iU ~ «) (^5 - n) }- (/, — <i) (/., — «) (/* • - a) - a) , 

4- ih - a) iU - a) (/, - a) (t^ - a) [■ ~ a) (/j - a) (t, - a) {t, - a) 

-f- (/i - (?) /j — a)(/3 - (?) (/^ - a). 

Then A is given by f{a) aB. 

(6) Evaluate the determinant 

I 4 (?j (/a (?a 

(?i I f (?g (73 

£?1 (?3 14- a, (?4 


a? a, (?a . . i 4 

Adding all the columns to the first, 


A - 


[N.Sc. Prelim] 


1 d" iSUf 


^3 

"4 

. . (?„ 

I -f" Pla f 

I d- tfj 

^3 

(?4 

(/„ 

I d- 

(?3 

I -h «3 

«4 

«n 

1 4" 

«a 

«8 

(?4 

. . 14"^ 



I 

«* 

«3 

«4 

(?„ 



[ 

I -f rt, 

«3 

«4 

«« 


I d- Sa,) 

I 

a, 1 

1 d- 

«4 




1 


«s 

«4 

.. Id-fln 



Now subtract the first row from each of the other rows. Then 

I “ 

A (I d- -z:??^) 


= (I d- Sa,) 
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on expanding along the first column. Since the new determinant has each of 
tha elements of the principal diagonal equal to unity, and all the other 
elements zero, it follows that this determinant is unity. Hence 

A — I + — I ‘h «i -f- «a f + + (in- 

11*44. Equations involving Determinants 

We now consider some examples of equations expressed in 
determinant form. As in § 11*43 the given determinants are 
denoted by A* so that each equation takes the form A “ 0. 

A* — rt* A* — 6® X* 

(i) Solve {X - a)* (x - (x - =0 

(X -h a)> {x -i* {x - 1 - c)^ 

for X, where a, h, c are unequal. [Carnb. ScA.] 

Adding the second row to the third, 

x^ — a® ;r* -- 6® x* •- c* 

A — {x ~ aY {x — bY (x — cY 

2 x (at* 4- 3a*) 2 X {X* + 36®) 2 X {x^ + 3 r®) 

X* — rt® A.® — 6* AT* — c* 

2X (AT *- aY (x — 6)* (x — rp 

AT® 4 3a® AT* 4 - 36* AT* 4 - 3c® 

Adding the first row to the third, 

xt ^ a* AT® - 6® AT® - f* 

A - 4Af (AT - aY {x - bY {x - cY 
AT® 4 - a* I- 

Subtracting the first column from the second and third columns, 

X* — a® a* — b* 

A = 4^ {x -- aY {a — b) (3Ar* — 3aAr - ^hx 4 * 6* 4 - + a^) 

AT* 4* a® . 6® — a* 

a® - r» 

’ (a - c) (3Ar® - 3a.v - 3tAr 4- c* 4 - +<**) 

6®-fl® 

AT* — a® a i- b 

» 4Ar (rt — 6) (<z — c) (a; — a)» 3A'® — 3aAr — 3ftAr 4 ft® 4 a6 4 a* 

A:»^ha® -(a 4* ft) 

a 4- 0 

3Af* — 3aAr — 3CAr f c® 4 - ac 4 " 

- (c 4- «) 

Adding the first row to the third, 

AT* — a® a 4- ft 

A = 4^ (a - ft) (flf - c) (x - a)® 3.r® - 3flAr - ^bx 4 - ft* 4 - aft |- a® 

2Ar® o 

a 4- c 

3Af» - 3aAr - 3fAf 4 - c® 4 - ac 4 - 

o 

= 8Af* (a — ft) (a — c) I __ ^ 4. 4. 

a I- c 

3Ar* — 3aAr - 3fAr 4- c* 4 - oc 4 - a® 
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= 8x^ (a — h) {a — c) 


a h 

IX* —lax — ibx -f 6* -j- a6 a* 

c-b I 

ihx — yx ^ c* — b* ac — ah \ 


= 8*>(« -b)(a- c) (c - ft) I 3^, _ _ 3‘‘{,+3_\. 

. I 

- IX -1- a -f 6 -f c 

= Sjt* (a — b) {a — c) {c — b) {— 3.ir* -f ab 4- 6c + ca). 

Hence the required solutions arc o, o, o, ± {J {ah + 6c + 


(2) Show that — (a + 6 -}- c) is one root of the equation 

\ X + a b c 

6 X c a 
c a X \- b 

and solve the equation completely. 

Adding the second and third rows to the first, 

I 2: i' rt I 6 |- c -f- a i- 6 f- c -|- a 4 - 6 + c 
6 ;r 4- c . a 

c ax -Y b 


[Lond. B.Sc.] 


= {x -Y a h c) 


X c 


X b 


Hence = — (a 4 - ^ is one solution of the equation. Now subtract 
the first column from the second and from the third. We have 


{x f- a + b -i- c) 


I o o 

6 X + c — b a — b 
c a — c X -Y- h — c 


X Y c — b a — b 
a — c X -Y b — c 


^ {x + a -Y b 4 - c) 

— (2: 4- « + & f 4- ab 4- 6c 4- ca). 


Thus the roots of the equation arc 

2? = — (a 4 - 6 4 - c), 4 : -y/la’ 4- 6* 4 - c* — a6 — 6c — ca}. 


6® - a* 6« 6 
c* — a* c* c 


(3) Solve the equation 
Subtract the first row from the second and third. Then 


o, where b, c are unequal. 

[M.T.] 


6 » 


h* -X* b-x 
C* — X* C — X 


{b-x) {c - X) 


X* — a* X* X 

6® 4- 62? 4- 2r* 6 4- 2r I 
C* ^ CX i- X* c f- X I 
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Subtract the second row from the third, 

i AT® — a® A.® X 

6* + bAf -f AT® b 4- AT 1 

c* — b* 4- CAT — bx c ■ b o 

^3 ^2 ^ 

— {h — x) {c ~ x) {c — b) b® 4 bAT 4- b x i 
b c 4- AT I o 

Expanding along the third row, 

^ (b - x) {c - x) {c - b) {(b c + x) (- bAr) 

— (a;® — a® - - b®Ar ~ bAr® — at®)} 

== (b-x){c- X) {c - b) (a® - bex). 

Hence the solutions of A o a-rc x ~ b, c or a^jbe. 

I + X % 3 4 

(4) Solve the equation ^ ^ ^ ^ ^ ^ ^ - o- 

I 2 3 4 4 - at 

[Mcniras, D.Sc.] 

Subtract the second row from the first and from the thinl and fourth. Then 


AT 

— X 

0 

0 I 

— I 0 

A — ^ 

2 -i-X 

3 

4 _ 1 

2 1 AT 3 

^ 0 

— X 

X 

0 0 

— 1 1 

0 

— X 

0 

X 0 

- 1 0 

Now subtract the first row 

from the second. . 

Then 

1 I 

— I 

0 

0 3 

i- 3 4 

> 

II 

0 0 

3 f-x 
— I 

3 

1 

4 ,^8 - 

0 — 

I I 0 

I 0 I 

lo 

— I 

0 

I 



Add the first column to the third and expand along the third row. Thus 
3 + ^ 3 7 + x 

-I I -I - A.® (- 3 - 7 - at) - AT® (at I- 10). 

— 10 0 

Hence a? = o, o, o or — 10. 


EXERCISES XI 

I a a* 

1. Show that a® I a (a® — 1)’. 

a a® I [Land. B.A.] 

» 

2. Evaluate the determinants 


1 I I 

I 

I 

1 

a b c 

, (ii) b ( c 

c 4- a 

a 4- b 

a® b» c* 

b® + c® 

c® 4- rt® 

a® 1 b® 


[Land. D.Sc.] 

I a a® 

3. Express i b b® as a protiuct of linear factors in a, b, c. Hence 

ICC® 
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prove that, if a 4' jS -f y ™ 


I sin a sin 3a 
1 sin p sin 3j3 
I sin y sin 3 y 


16 sin a sin p sin y sin ^ {P — y) 

sin J (y - a) sin i (a - /?). 


10 17 4 

4. Evaluate 5 1 1 7 and prove that 

3 19 6 


a b c 
be d 
I — X x'^ 


ax b bx + c 
bx -i- c ex ^ d 


5. If ;r, y and z are unequal and 

X* {x -I- fl)* {x - a)® 
(y -f a )3 {y - a)^ 
z* (z + a)» (z - «)* 

prove that a'* (,v -|- y -h z) ~ p^yz — o. 


zrz O 


[Land. B.Sc.] 


[N.Sc. Prelim] 


X ■\- la 

6. Express a + r 
a t- r 

factors each linear in x. 


a 1 - 1 
X f la 
n* f- I 


a I" i 
a* I I 
X I 2a 


as the product of the three 
[Lond. B.Sc] 


7. Show that X 1 - 1 is a factor of the determinant 

X ^ i 2 3 

1 ^ 1 I 3 

3 - 6 ;r h 1 

and factorise it completely. 


[Lond. B.Sc] 


8. Prove that 


^ Ui a, 

aj X a, 
aj rtg X 


- [x- a,) {X - a,) (;r + a, + a,). 


Hence find all the values of 6 satisfying the equation 


sin 0 sin id sin ^9 

sin id sin d sin 30 — o. 

sin 2 0 sin 30 sin 0 [Lond. B.Sc] 


9. Prove that, if to the terms of any column of a determinant linear 
multiples of the corresponding terms of other columns of the determinant 
arc added, the value of the determinate is unaltered. Show that 


a» n {at - aj) 

Flat n{a — a,)* 


(a - aJ-* (a - a,) * a, 

(a - a,)-* (a - a,)-! a, 

(a - a,)'* [a - a,)-i a, 

Write out the terms of the product in the numerator, and give the resulting 
expression its correct sign. [M.T] 


10. Expand and evaluate the determinant 

bh* be b c 
c*a* ea c + a 
a*b* ab a 4- 6 


[Lond. B.Sc] 
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II. Show that 


ai + A 
h + B 


b, b. 


A fl, 
B 6, 


Find the coefficient of the first power of .Y in the expansion of the 
determinant 

I 4 - AT tn sk _ 

m d- i (i — s) + *Y I (i d- s) tnk 

sk i (i + f i (i — 

[Land. B.Sc., Eng.] 

12. Prove that 


a* (s — a)® (5 ~ a) 

{s - by 6* (5 - by 

{s — cj* (.V — c)* 

where 25 =: a + 6 + 


^ 2s* (s — a) {s — h) (5 — c) 

[Camb. ScA.] 


13. Prove that 


{X 4 I) {X -I 2) X I 2 1 

(x 4 2) (X 4 . 1 ) at 4 3 I 

+ 3 ) + 4) '^ + 4 I 


[Land. B.Sc.] 


If Prove that (A 4 /x} (be 4 ca 1- ab) 1- A/i (a 4 6 4 c) 4 ^abc is a 
factor of the determinant 

a® ' b'' <4 

(a 4 A)® (b I A)® (c 4 A)® 

(a 4 {b 4 m)’ t m)’* 

and find the other factors. [Canib. Sch.] 


1 ^ + 3^ 

y 4- 2 

z -\- X 1 

,v y 

Z 

15. Prove that \ y z 

2 -i- A? 

4 - y 

---- 2 y 2 

X 

124 - 1 ^ 

A? 4 y 

y 4 2 1 

2 X 

y 


[Lond. B.A.] 


16. Calculate the determinant 


1234 

2341 

3412 

4123 


[Madras, B.A.] 


17. In n denote a positive integer, show that (6 — c) (c — a) (a — b) is 
a factor of 

I 1 I 

a b c 

c"+® 


and that the remaining factor is the sum of the homogeneous products, of j 
dimensions, of a, b, c. Deduce an analogous theorem for f 


I I I I 1 

abed 
a® A® c® 

^n+3 fen 4 3 fn** </"+* 

<ind proceed to a generalisation. 


18. Evaluate 


T. A., II. 


I 4 Xi 

1 + 

Xi ar, 


jTa Xt 

I + ^4 

ar, I 4 ^4 


[CamA. SfA.] 


26 
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19. (i) Evaluate the determinant 

(ii) Prove that 


0 I I I 

1 o I I 

I I o 1 


o X y z 
X o z y 
y z o X 
z y X o 


- - + y i- z) {y + j 

[z -i-x 


20. Prove that 


a* a* a I 

3a* 2a I O 

iS* ^ I 
3/3* 2/3 I o 


- (a - 


21, Show that the determinant 

= {a \ b + c^^d){a-b c-d){{a--c 


abed 
d a b c 
c d a b 
b c d a 


22. Show that = o satisfies the equation 

I 3 5 i ^ 

7 8 + ^ 9 

5 -f AT 2 \-x - I 

and solve it. 


=s o, 


23. Prove that x — i is a root of the equation 

\x^\^ 2 3 3 

3 ^1-4 5 , 

3 5 4 I 


and find the other two roots. 
24, (i) Solve the equation 


X \- i - 3 

- 5 ^ ‘ 


(ii) Show that the determinant 
b c 


— X 

b c — - 
c — X b 

where i, w}ai* are the cube roots of unity. 


{x — b — c) {x ~ wb — oi^c) {x - 


25. Solve the equation 


3 — 2 X 2 6 

4 -A? 4 12 

i -X I 4 


26. Prove that one root of the equation 
ii ~ X — 6 2 


- 6 
2 

is 6, and find the other roots. 


10 — AT — 4 
-4 6 ~x 


i-x) 

-y){x + y ~ z). 
[Madras, B.A.] 

[Camb. Sch.] 

:)* f (b-^dy}. 
[Land. B.Sc.] 


[Lond. B.Sc.] 


[Land. B.A.] 
o. 

■ a)*6 — wc), 

[Lond. B.A.] 

[N.Sc. Prelim.] 


[Lond. B.Sc.] 
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a X a — X a — X 

27. Solve the equation a — x a -\- x a - x — o. 

a — X a — X a l x [J.ond. Ti.Sc.] 

X c X b {- X 

28. Expand the determinant c x x a -\- x 

b ^ X a y X X 

and find for what values or value of x it vanishes. [Land. B.A .] 

29. If a, b. c, have all different values and 

a a® a’ — i 

b 6® ft* - I - o, . 

C C* C* — I 

prove that abc — i. [Lond. B.Sc., Eng.] 

i + X T I 

30. Find the value of i i I y 1 

1 ; i z 

a I d- 

If a, ft, c arc all different, and ft ft* 1 + ft* =0. 

c c* i d' t* 

prove that abc i- i — o. [Lond. B.A.] 

I 2X f 1 -^x I- 3 3 

31. Solve the equation J | ^ ** I 5 ^ 

3 74; -p 2 3^ 4 - 4 2 [Madras, B.A.] 

I a rt* rt* 

32 . If * ^ - o, show that two of the numbers a, ft, c. d 

\ d d} d} 

must be equal. [Madras, B.Sc.] 

11-5. Expansion in Terms of Leading Elements 

We consider a determinant of the fourth order, but the method 
is quite general. Let A denote the determinant 

a l\ Cl di 
^2 p d.i 
«3 ^3 y ^3 

di 64 Cl S 

where the leading elements rtj, 62 , Cg, are replaced by a, y, 8 in 
order to give special emphasis to them. Ihc expanded deter- 
minant will consist of terms of the following forms: 

(a) those which contain no leading element ; 

{b) those containing one leading element ; 

(c) those containing two leading elements ; 

(d) the term ajSyS. 
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Clearly there will be no terms involving the product apy, 
except the leading term apyh. Hence the expanded determinant 
may be expressed in the form 

A + (fX^a 4 - -f + /^4^) 

(v^ap -f V2^y + VgaS + v^^y -f -f v^yS) -f* a^yS, 
where the quantities A, /x, v do not involve a, p, y, 8. In this 
identity write a = j3 — y— S = o. Then 

0 bi q di 


^2 

^4 


d. 


- A. 


To determine the value of /q, write j8 
d b-^ d-^ 

Un 0 Co da 


= 8 = 0. Then 


84 C4 o 


"• A + /Xja. 


The coefficient of a on the left hand side is 
In a similar way /X2» /^a* Mi found. 


o C2 
o 

Thus 


d, 

d^ 

0 



0 

t'l 

d. 


0 

61 

d. 


0 

h 

Cl 

M2 ^ 

«3 

0 

d. 

, . M 3 

^2 

0 

d. 

. /q ^ 

^2 

0 

C2 


«4 

^4 

0 


«4 

h 

0 


^3 

^3 

0 


To find Vj, write y — 8 — 0. Then is the coeOieient of ap 
in the determinant 


ct /q Cj d^ 

flo P C2 d^ 

^3 ^3 o d^ 

«4 lu ^4 0 


This is clearly the second order determinant 


0 

^^4 


Similarly we find 



0 


0 Cg 


0 

11 


11 


, 1^4 = 



84 0 

• 

i>3 0 


«4 0 


d. 

0 



0 



0 

ft. 

= 







«3 

0 


«2 

0 


Thus the expansion is obtained. 
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It tvill be observed that each of the determinants in the expansion liavc 
the leading elements zero. Such a determinant has been called by some 
writers zero-axial, 

11-61. Multiplication of Determinants 

Theorem IX. — The product of two determinants of any order is 
a determinant of the same order. 

Wo consider the case of two determinants of the third order, but 
will be observed that the mtdhod is quite general. We prove that 


ft Cl 


^1 ft 7i 

a.i fcj Ci 

X 

^2 ft 72 

^3 ^3 ^3 


«3 ft 73 


4- + f’lri + firz ^1^3 -h + CiVa 

= <*2®! + ^2 A 4" ^271 4” ^2^2 4" ^ 2.72 ^2^3 4" ^2 A 4" ^2/3 

^3®1 4" ^3^1 4“ <^371 ^3^2 4~ 4‘ <^372 ^3®3 4" ^3^3 "1“ ^373 

Observe carefully the method of writing down the elements of 
the last determinant. 

The first column involves the elements of the first row of 
(^1^73). and no other elements of second column 

involves the elements of second row of the third column 

involves tlie elements of the third row of (ajj3273). Then the first 
element of the first column is obtained by multiplying tlio elements 
of the first row of («i^->2^3)) 7r second element of the 

first column is obtained by multiplying the elements of the second 
row of (afi^c^) by a^, ft, y^, the third element by multiplying the 
elements of the third row of («i^2^3) by a,, ft, yi. The second and 
third columns are obtained by using a^, 72 and ag. ft, 73 

respectively, as multipliers. The method can obviously be extended 
so as to apply to the multiplication of two determinants of any order. 

To prove the result we use the theorem on the addition of 
determinants. Since each column consists of the sum of three terms, 
the determinant can be expanded as the sum of 27 determinants. 

When this has been done it is clear that each column in each 
determinant will have a common factor. Further, after the 
common factor has been removed, some of the determinants will 
vanish because of two columns being identical. There will be two 
types, those which vanish identically and those which do not. The 
following two are typical : — 


ftft Ci 73 


ftft 

ftft ^273 


^ 2^2 ftft 

ftft ^878 ^ 


^ 3‘^8 ftft 
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Cj 

The first determinant is ^2 ^2 ^2 

. ^3 ^3 ^3 

fej 

while the second is aiGji^s ^2 ^2 ^2 “ c>- 

^3 ^3 ^8 

There will be six determinants of the first type, the other 
twenty-one being zero. The determinants of the first type are 
^ (^1^2^3) ®^lfty2 X (^1^2^3) 4" ^iPlYs (^l<*2^3) 

+ (^ 2 %) + 02^71 + agftyi X (Cj^g^s)- 

Interchanging columns we see that 

(a^cj)^) = - (fliVs). (^l«2^'3) “ (^iVs). (^C2«3) == (^iVs), 

(c^a^b^) = (Ci^gag) - (rtiVa). 

Hence the value of the determinant is 
{^1^273 - ciiAy2 - a2^iy3 -1- 03^172 + a^^ayi - OsAyi) X (^iVa) 
= (ci' 1 ^ 2 y 3 ) X (^ 1 ^ 2 ^ 3 ). 

Since a determinant is unaltered when the rows and columns 
are interchanged it is clear that the product may be represented in 
more than one form. 

We give a brief outline of an alternative method. Consider the 
determinant 

Cl 0 0 o 

«2 ^2 Cg 0 0 0 

flg ^3 Cg 000 

-10 o ai ^1 yi 
0 — I O ^2 72 

O O — I ag ^3 73 

which is easily seen on expansion to be the product 

(^^i^ 2 ^ 3 ) X (aj^ 2 y 3 ). 

To the fourth column add the first multiplied by aj, the second 
multiplied by Pi, the third multiplied by y^. To the fifth add the 
first multiplied by aj, the second multiplied by jSg, and the third 
multiplied by yj- sixth column add the first column 

multiplied by og, the second column multiplied by p^, and the third 
column multiplied by y^. We obtain 
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Ui bi . Cl Aj 

(^2 ^2 ^2 ^^2 

^3 ^2 ^3 ''‘^3 

— I 0 0 O 

0 “ I 0 O 

o O — T 0 

where Aj = aiOi b^pi 4 4yi» ^^2 ~ ^ 2^2 H ^ 2^2 + CiYi> 

A3 — ^301 4 b^Pi 4 ^sVi' ~ ^1^2 *+■ ^i>'2* 

B 2 = d2a2 4 ^^ 2^2 H" ^2y2» “ ‘^3*^2 'H ^3^2 ^372* 

Cj = Uia^ 4" ^1^3 4~ ^lYSf ^2 ~ ^2®‘’3 4“ ^2^3 “I" ^273' 

C 3 -- ^1303 4" ^ 3^3 4' ^'sVa* 

This determinant is easily seen on expansion to be 

^1^1 4“ ^ift 4- CiYi + ^172 ^1^3 4 - 4 - CiY^ 

^ 2^1 4“ ^ 2^1 4~ ^2yi ^ 2^2 4“ ^ 2^2 'b ^272 ^2®3 4 ^ 2^3 4~ ^2y3 

^ 30 ] 4 - Ml + hy\ ^h ^2 4 - M 2 4- <'372 ^3^3 4 - Ms 4" ^'sVs 


Bi Cj 

B, C3 

B3 (-3 

O O 

O 0 

0 0 


Examples. — (i) By muUiplyinf^ lugethn the two determinants 


a h g 


be - /• fg - eh hf - bg 

h h f 


fg - ch ca ~ g* gh- aj 

J? / 


hf — bg gh — af ah — h* 


or otherwise, prove that the second is the square of the first. [Camb. Sch.] 

Denote the first determinant by Ai and tlic second by At* 


A1A2 


A o o 
o A o 
o o A 


where A - abc I ifgh - ap - bg^ ~ ch*, 
i.e. A I Ai - {abc + z fgh - a/* - bg^ — - A|*- 

Hence A» — Ai*- 


(2) Show that if the quadratic form 

ax* + by* f- cz* 4 2fyz + 2gzx -f 2hxy 

is transformed by the substitutions 

X =- /,A' T w,y + n^Z, 
y /jA' + WjY + «j/, 
z ^ /a A' m^Y + n^Z 

into the form 

a'X* + 6 'y* + c/Z* f- 2f'YZ + 2g'ZX + zh'XY, 


a' h' g' 


a h g 


/i /. U 

h' b' r 

= 

h b f 

X 

m, Wj 

g' r c' 


g f ^ 


«i «i 


[A^r.j 


then 
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Consider the product: 

a ft g li /j Is 

h b f X wij Wj Ml, 

g f c Wa nj 

fl/i + A/j + anti H- hm^ + gm^ fi«i + hn^ + ^'«3 I 
= hl^ + fe/j -I* JU *t* I- J*>h I* 4' >3 

/r^i 4- Jh 4- cl^ /?Wi + f^h 4- cnis gn^ + fn^ + cn^ | 

Interchanging rows and columns: 

fi/j 4 his -f- gls hl^ -f bis 4* fli 4" fl% 4" 

flWj f hm-s I gnis d bm^ -1- fnis gm^ + 4- rWg 

an^ 4- hrts 4- gn^ hn^ + bn^ 4 Ph fl»i 4- Ph + 

K h ^3 

Now multiplying this determinant by we obtain 

«1 «2* «3 

aly^ f hl^ls 4* .^^^3 4" hlJs 4- Wj* 4- .ft-Jn 4- ghh 4' 4- 

al^tn^ 4- Minis f gl^m^ t ///jW, 4- M^ms 4- 4- gk^n^ 

4- 

alifti 4- hliHs -f gl^ns I hlsHi |- bpih d-y^jWs 4- ghni 

4- c/a«a 

Now ajt’ -H by* 4- 4" 2/y^ -f- 2 ^i'.v | 2 /ay 

- rt {liX 4- miY 4- n^Z)* 4- (/jA' I >«aV' I- n^Z)* 4- ^ {hX 4- tWaV 4* WgZ)® 
4- 2/ (/jA" 4- fn^y h n^Z) [l^X 4- WaV 4- n^Z) b 2g [l^X 4- ntzY 4- Ws^) 

(/,A' 4- ntiY 4- w,Z) I- 2h (/,A 4- + »i7) {l^X | m^Y 4^ n^Z) 

a'X* + MY* 4* c'Z* -\^ if'YZ 2 g'ZX + zMXY. 

Equating corresponding coefficionls, 
n' - al* 4- bls^ 4- d* I 2^ I- igiPi 4- ihlils, 

h' ^ a/p«i 4- blsttis 4- d^nis -|- y/jWg 4- Pzi^s 4- gk^Hi I- gh'^^i 4- A/iWj 4- M^nii, 


i -I- hpris b 

d^riz 4- y^a'b 

1 Y Pzh 1 g^z>h 

y gii>h 

4- hliHs 4- 

a 

h g 

III* 

•i *2 ‘a 

a' 

h' g' 

Hence h 

h f X 

W, )«j Mlj 

- /t' 

M r 

g 

f c 

Wj «2 W3 

g' 

r d 


(3) P prove by considering the square of the determinant 

I I I 

a ^ y 

a* jS* y2 

4 Sa -- (a - jS)® (i3 - y)® (y - a)*. 

III III 

Now a j8 y X a j9 y 
a* i8» y® a® y* 
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3 a 4 - ^ 4- y ttM 

- y' 1 

Sq Sj^ Aj 

a 4 - ^ 4- y a* 4 - + y“ a" 1 

r IP + y’ 

Aj Aj .Aj, 

a* 4- , T y* 4 - 4- y^ a* - 

1- f y< 1 

*2 S3 


If in the original determinant we write a — ^ two columns become 
identical and the determinant vanishes. Hence (a — ^) is a factor. Similarly 
(j? — y), — a) arc factors. Since the determinant is of the third degree 

in a, j3, y it follows that 

I I I 

a ^ y -- A (a — /J) (^ — y) (y — a), where A is itidep<mdcnt of a.B, y. 
a» i3» y* 

Considering the leading term j3y- and comparing with the corresponding 
term on the right-hand side it is seen that A - 1. Hence 

(« “ - y)My - a)‘^ - X -^3 

.s, .s, 

Tt is clear from the method of argument that this example will generali.se. 
Thus for the case of four quantities it may be seen by the same argument that 

.sj 5 , 

'4 '3 

A'j 55 Sg 

wluu-e Sf. — a*" -f -f y" + 

(4) Using the rule fur the prudiu t of two determinants show that the product 

{x^ -t ys 4- ^3 - 3;ry^) (a-’ | 6=* -f- c'* yihc) 

may be expressed in the fnim -f- [- C* - ylBC. .SVA.] 

If Ai. A 2 denote the determinants 

a e b X z y 

b a c , y X z 

c b u z y X 

then Ai 4- 6® + — ^abc, A2 h T — .ivyr. The product 

A1A2 is the determinant 

ax -j- cz -f- by ay cx *f bz az -f- cy bx 

bx f- az -1- cy by -f- ax -t- cz bz -}• ay H cx 

cx \- bz t- ay cy h bx -i az cz 1 by 4 ax 

Writing A — ax A- by A- cz, B ~ bx f az 4- cy. C -- cx } bz 4* ay tins 
determinant takes the form 

A C B 

B A C « 4- + C» - ^ABC. 

C B A 
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11*62. Reciprocal Determinants 

Consider the determinant A' formed by the cofactors . 4 g./l 3, 
By, /ig, B^, Cy, Cg, C3, which occur in the expansion of the deter- 
minant [uyb^c^. Thus 

A, B, C, 

/\ — ^ 2 B'k^ C 2 

^3 Q 

Ay, A^, . . . are called inverse elements, and the deter- 

minant which is formed by these elements is called the reciprocal 
determinant. 

Uy by Cj 

Thus A' is the reciprocal of A = ^2 ^2 ^2 • i^ ^ similar 

^3 C3 

way the reciprocal of a determinant of any order is defined. 

Theorem X.— If A is a determinant of the nth order, A' the 
reciprocal determinant, then A' = A"“^* 

Wc give the proof for the case n = 3, but the method is quite 
general. Consider the product A A'* Then 

AA'- 

UyAy -j- byBy -f CjCi flj/l g + ^l^^g + g rtj /1 3 byB^ -f f/. 3 

a^y f b^By T CgC’i ag/lg f ^2^2 T ^2^ 2 ^^2^3 + ^2^3 A- ^’2^ 3 

ii^Ay “1“ b^By -f- CgCj UjAit “i" bt^B^ T ^3^2 ^3^3 ^3^3 

Now A 

= O^yAy "T ^1^1 T “ ^2^2 T* ^2^2 d" ^2^2 ^ 3^3 d~ b^B^ -f- Cgf 3 . 

Also ag/lj -f 62^1 d- c^Cy 



ig Cg 

” ^2 ^2 ^2 ” 

«3 ^3 ^3 

Similarly for the other five elements of A A'- Hence 
A 0 o 

AA'= o A 0 = A^ 

o 0 A 
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In general if A is of the wth order, AA' “ A”- Thus 
A' = A”-'- 

Any minor of the reciprocal determinant can he expressed in terms 
of the elements of the original determinant. 

Consider, e.g., a determinant of the fourth order so that 


«1 

K 


di 



Id, 

C, 

D, 

«2 

l>2 

^^2 


. A' = 

A 2 

Ih 

('2 

B 2 



^3 

d2 

A, 


(I, 

D, 

«4 

*4 


d. 


A, 

Id, 

c. 

D, 


To determine the leading first minor in A' multiply A by Ibe 
determinant 

C., D., 

B, C3 D, 

Bx C4 D4 

Then A A" 


A" 


0 

C, 


I 

^2 

Ax Bx Cx Dx 


^2 

^^3 

a^ 




T* ^'162 + d^D^ ^.^A^ + 4" "f ^ 1^3 

^2^2 'i' ^2^2 A- <^2^2 "b ^2^2 ^2-^3 A' h>iB^ 4" ^'2^3 “h 

^3-^2 4" ^ 3^2 A~ ^^3^'2 At ^3'f^2 ^3-^3 'h ^3^3 'I' ^3^' 3 A~ 

^4-^2 A" ^4^2 "h ^4^ 2 “t" ^4-^2 ^4-^3 "h ^4-f^3 "h ^4f^3 A~ 

a^Ax 4- ^f^4 T 4 A- d\Dx 
^^2^1 4 4“ hi^Bx ‘1' C,f2x 4~ ^2"^ “^4 

^3^4 + ^3^4 + ^af 4 1 ^‘A^x 

^4/1 4 4~ h^Bx 4“ ^f-'x I' d\Bx 


0 

A 

0 

0 


0 o 
o 0 
A o 
o A 

Hence 


r-- iiiA^ 


B^ C2 
B, C3 
Bx Cx 


1\ 

B3 

Ih 




Note that the argument assumes that A + o. 

Similarly for the case of other minors. .Examples of the method 
will occur later. 


117. Symmetrical Determinants 

For a discussion of determinants of this type it is convenient 
to take a standard form which exhibits more clearly the symmetry 
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relation between rows and columns. Thus a determinant of the 
wth order may be represented in the form 


^11 ^12 
^21 ^22 
% «32 


^3 • 

^23 

^33 


^2n 

« 3 n 


— ((hi ^22 ^33 * • • ^Tin)- 


Then a determinant is said to be symmetric or symmetrical if 
Uf, = a^r, and to be or skew-symmetrical if 

where r, 5 i, 2, 3, . . . n. In the latter case the determinant is 
zero-axial, i.e. the elements in the leadinj^^ diagonal are zero. For 

«rr ^rr ^ 0. 


Thus 


a h 
h b f 

^ f ^ 


a h g I 
h h f m 
g f c n 
I m n d 


are symmetrical determinants, while 
* I o h M 


— h 0 f m 

-g on 

- / — m — n 0 


is skew-symmetric. 


Theorem XT— The reciprocal of a symmetrical determinant is 
itself symmetrical. For let A„ and be the cofactors a^g, 
of a symmetric determinant. Then since A^g is transformed into 
Agr by interchanging rows and columns it follows that Ag,. 

Thus, e.g., consider the third order determinant 


Then A 


^11 ^12 ( h 3 

^21 ^22 ^^23 

^31 ^32 ^33 



^12 

Chz 


^2 

«22 


^21 

^22 

31 

«22 

^23 


^13 

^23 


^31 

^32 




13 - 


11 * 71 . An Important Case 

We now prove some properties of the symmetrical determinant 


A = 


a h g 
h b f 
g f c 
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If A, B, C, F, G, H are the cofactors of a, b, c, /, g, h, then 
(i) BC - -- aA. CA = 6A. AB - m = cA; 

(x\) GH-AF^fts, HF-BG^gh. FG-CH^hc,, 

It will be sufficient to prove one of each set. Consider first 
CA - G^ = b/\. Now 



G 1 1 

A 

H 

G 

1 ^ 


1 G 

^ 1 

0 

G 

r 

F 

0 

C 



a h g 


A H Cr 

Then A [CA - G^] - 

\h b f 
f 

1 ^ ^ 

0 10 

G F C 


aA 4 - hll -1 gG h aG j- hF A- gC 
hAA-bH+JG b /iG 4- 6/‘ -h/C 
gA I /// 4 -CG / gG-\-fF-\ cC 


A 

o 


h 0 
b 0 
/ A 
Hence CA - 


G^ 


Next consider HF - BG : g/\. 


.hf - BG=^ 


-• bl^K 

- bA. 
Now 


H 

B 


0 

0 I 


H 

B F 

G 

F 


G 

F C 



a h g 


0 0 I 

Hence A (^^F — BG) “ 

h b f 

X 

H B F 


g f c 


G F C 


g aH 4- hB 4- gF aG 4 - hll 4- gC 
f hH -CbB A- JF hG 1- bF 4- fC 
c gH 4- fB 4- cF gG }- fF 4- cC 


f 


o 0 
A o 
o A 


A^. 


Hence HF — BG = gA- 


We now consider the condition that the general homogeneous 
expression of the second degree in three variables may be written as the 
product of two factors linear in the three variables. 
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The general homogeneous expression of the second degree in 
the three variables x, y, z may be written in the form 

ax^ + + 2hxy. 

Consider the equation 

ax^ + + '^fyz -f- 2gzx -f 2hxy = o 

where a + o. Rearranging as a quadratic in x"^, 

ax^ -\-2x(gz hy) -f hy^ -f 2 fyz -f- cz'^ — e. 

The roots of this quadratic in x are 

* = [- fez + hy) ± {(gz -I- hy)^ - a {by^ -|- 2/yz + cr“))-J/(i. 

In order that x may be expressed linearly in terms of y and z 
the expression 

(gz hy)^ — a (by^ 2 fyz cz^) 

must be a perfect square. This expression may be written in the 
form 

(h^ - ab) y* + 2yz (hg ~ af) + (g* - ac) z\ 

In order that this may be a perfect square 
{hg - af)^ (A* - ah) {g‘ - ac) 
which simplifies on division by a, to 

abc 2fgh — af^ — bg^ — ch^ = 0 . 

Now the determinant 
' ^ ^ g 

h b f -- abc + 2 fgh — af^ — bg^ — chK 

g / c 

Hence the condition that the expression 

ax^ -f ^^y^ + + 2 /y 2 + 2gzx -f 2hxy 

may be written as the product of two factors linear in x, y, z is that 
a h g 

the determinant h b f vanish. 

g j 

Example. — Prove that in a triangle ABC 

sin zA sin C sin B 

sin C sin 2B sin A -- o. 

sin B sin .(4 sin zC [Camh. 5cA.] 

Consider the expression: 

£ = ;r* sin zA -f y* sin 2 B + ■?* sin 2 C *f zyz sin A + zzx sin B + zxy sin C. 
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We prove the result by showing that E can be expressed as the product 
of two factors linear in x, y, z. Now in any triangle A BC, 

sin A sin B sin C , , . 

=- , — =:= A (say). 

a b c ♦ 

Using this property, and the identity sin 26 = 2 sin 6 cos d we obtain 
£/2A — ax^ cos A -f fey® cos B 4- cz^ cos C + ayz + bzx + exy. 

Again, a — b cos C + c cos B, 
b ~ a cos C + c cos A , 
c ~ a cos B -f 6 cos A . 

El 2 k - ax‘ cos A 4- fey* cos B 4- C2* cos C 

4- (fe cos C 4“ ^ cos B) yz 4- cos C 4- cos A )zx 
4- (a cos ii 4* ^ cos A ) xy 
— {ax 4- fey 4- cz) {x cos A 4- y cos B I- ^ cos C). 

Hence £ can be written as the product of two factors linear in x, y, z. Thus 

sin lA sin C sin B 

sin C sin 2/i sin 

sin B sin A sin 2C 

11-81. Skew-Symmetric Determinants 

Theorem XII.— In a skew-symmetric determinant 

(^11 ^22 ^33 • • ' ^nn)» ^rs “ ( 

where and A,r are the cofactors of a„ and a,r respectively. 

Now A,r is changed in by changing the sign of every element 
and then interchanging rows and columns. Further is a deter- 
minant of order n — 1. Taking out a factor — i from each column, 
it follows that, 
detenninant 


(_ i)n-i Thus, e.g. in the skew- 


^13 

^23 

O 

«4:i 


Au= - 


U21 

0 

^23 


^21 

^31 

^41 

^31 

^32 

0 

■ ■ — 

0 

^32 

^12 

^41 

^42 

^43 


^*23 

0 

^43 




— ^2 
0 

” ^13 
— ^23 

-«14 
" «24 

== (- I)* 

^12 

0 

^13 

^23 

«14 

^24 


~ <^32 

0 

” ^34 


^32 

0 

^34 




It follows that if n be even the reciprocal of a skew-symmetric 
determinant is skew-symmetric, while if n he odd the reciprocal deter- 
minant is symmetric. 
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Theorem XIII.— A skew-symmetric determinant of odd order 
is zero. 

The determinant is unaltered by changing rows into columns 
and changing the sign of all the elements. But when the deter- 
minant is of odd order this is equivalent to introducing a factor 
(— i)” = — I. Thus the determinant is equal to itself with 
changed sign and so must be zero. 


Theorem XIV. — A skew-symmetric determinant of even order 
is a perfect square. Consider the skew-symmetric determinant 
A4 of the fourth order, 

«i 2 ^13 

=_■ 

^31 ^32 ^33 ^34 

^41 ^42 ^43 ^44 


Then ^11^22 ^12^^21 


All ^12 <^13 -^14 
-‘'^21 ''"^22 -^23 ^24 
0 0 10 

0 0 0 1 


Applying the ordinary rule for the multiplication of two deter- 
minants of the fourth order, and simplifying we have 

(A11A22 — ^12^21) A4 = 


ail ^12 ^13 ^14 


"^12 ^'^13 “^14 

^21 ^22 ^23 ^21 


-^21 ‘^22 -^23 -^24 

^31 ^32 ^33 ^34 


0 0 10 

^41 ^42 ^^43 ^44 


0 0 0 1 


A4 0 0 0 

^ 0 A4 « 0 

^13 ^23 ^88 ^43 

^14 ^24 ®34 ^44 

= A.’K3''44 - «34«43) A4'. since a,, = a,, = o and 

^34 ~ — ^ 43 - 

Now All, ^22 2Lre skew-symmetric determinants of odd order 
and hence are zero. Also Ai^ = - A^i, since the reciprocal 
determinant of A4 is skew-symmetric. 

Hence A4 = and A4 is a perfect squard. 

The argument may be extended to Ae* As* • • • » A2 p‘ 
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11*82. Skew Determinants 

A skew determinant (ajj <133... «„„) is one in which 
= “ ^ar, r, s = I, 2, 3, . . . « and r=¥s. 


Thus a skew determinant differs from a skew-symmetric determinant 
only in that it is not zero-axial, i.e. the elements of the leading 
diagonal are not zero. Such a determinant may be reduced to the 
consideration of skew-symmetric determinants. 


Example . — Prove that the skew determinant 



h 

d 

X 



I - c - ^ x\ 

is equal to x* -] (a* + 6* -|- t* + d'^ e* | /*) I- (^/ be ( cd)*. 

What is required here is the expansion in powers of x. This may be 
obtained directly by expanding along the principal diagonal, i.e. in terms of 
the leading elements, f-et A denote the determinant. Then proceeding 
as in §11-5, 


A ^ A + (/ii -f /ia -f /i, T Hi) X 4 - (v, I v-i f . . . I V,) x^ 4 - X*, where 


0 a he 


0 d e 

— a 0 d c 


— d of 

~ b — d 0 f 

- 

- e - f 0 

— c - • e — f 0 




Each of the determinants are. skew-symmetric. Thus 
= /Ij /I, /I4 ^ o. 

since the determinants are of odd order. The other determinants must 
be perfect squares. 

From § 1 1 81 it follows that 


A “ M, ./«,.)* = I. 


— a d e 

- b of 

- c - / 0 


f{cd{+ aj'-bef]' 


{cd 4 - 4/ — bey. 

I'urther, r, /*, — f-*, d*, — c*, — b*, — a*. 

Substituting the values the required result is obtained. 


11 * 9 . Solution of Linear Equations 
Consider the linear equations 

aiX ^ b^y -i- CiZ (i) 

a^x \- b 2 y c^z == d.j^ (ii) 

V Ky ^3^ = ^3 (iii) 

in the three variables x, y, z. 

Let A denote the determinant Ai the determinant 

(^Va). Aa the determinant (a^d^c^), Aa the determinant (a^h^d^), 
.^1, Bi, , , , the cofactors of a^, a^^b^, ... in A- 

T. A., II, 27 
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We suppose in the first instance that A Multiply (i) A 
(ii) by A 2, (iii) by A^ and add. Then 
X {a^Ai ^^2^2 + ^3^3) I' y (Ml + ^2^2 4 - Ms) 

-f- z (Ml H' C2/I2 T ^3^3) ” “ 1 “ ^2^2 4 " <^3^8 * • • • (*'^) 

Now Ml 4-^242 4 - M3 ^ A* Also 

61 ^1 Cl 

4 * ^242 + ^34.3 = ^>2 ^2 ^2 ~ 

^3 ^8 Ts 


Cl fei Cj 

^\ A \ + M2 + M3 — ^2 ^2 ^2 = 

C3 ^3 C3 

since two columns are identical in each case, and 


Cl 

f^l^i 4* ^2-42 i" ^3^3 ^2 ^2 ^2 Al* 

^3 ^3 C3 


Hence from (iv), x/\ - Ai. i-e. x — Ai/A- A+o- 


In a similar way it may be proved that 

y = A2/A, 2= As/ A. 

Next suppose that A - • o ^^4 that Ai» As* A3 ^ire not all 
zero. In this case the c(]ualions are inconsistent. For suppose 
Ai+o. Then from (iv), ^A = Ai* which is impossible if A = 0. 
It would, however, be possible to satisfy this equation if we admit 
infinite values of x. What can be asserted is that there is no finite 
value of X satisfying the equations. 

Finally suppose that A. Ai, As* As are all zero. Equation 
(iv) may be written in the form 

A^Ui 4 " 42^2 4 ’ 43M3 = 0 
where “ a^x 4- bj.y CyZ ~ r = i, 2, 3. 

(a) Suppose that A^, A^, A^ are all different from zero. In this 
case there is a linear relation between %, M3 and three equations 
are not independent. 

(/;) Suppose 4 i = 0, 4 a +0, zlg + o. Then 

42 

42M2 4 43M3 -- o, i.e. M3 — ^ 

Thus the equations Mg = 0, Mg — 0 are the same. 

In both (a) and (b) there will be an infinite number of solutions 
satisfying the equations. 
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(c) — 0, A^ — o, /43+0. In this case Wg = o. This 

would mean that ^ = o, so that this case is 

excluded. 

In the above argument the letters A2, A 3 may be replaced 
by Bp Bg, Bg. and C\, C^, C3 with similar results. 

The only case not included above is that in which every one of 
the cofactors is zero. This implies that if all the coelhcients of 
X, y, z are different from zero then 

^2 „ ^2 _ ^2 

a 2 C2 ^3 63 C3 ^3 63 C3 

i.e. the three equations are the same. 

The case in which one or more of the coefficients is zero and all 
the cofactors vanish may be discussed in a similar way. 

till 

Examples.— (i) Pfovc that a h c 1 — {b — c) (t; — a) {a — b). 

a* b'^ c'‘‘ I 

Hence solve the equations 

X y z = I 
ax 1 by cz — k 
air 1 h'^y \ c'^z — 4®, 

where a, b, c, k are given, and no two of a, b, c are equal. [N.Sc.] 
The determinant has been evaluated in § iiOi, Ex. 3. Solving the three 
linear equations by determinante, 


X - Ai/A. 

y 

A-JA. 

= A 3/ A. where 

I 

A ^ a 

b 

c — (ft 

- c) {c - a) {a - ft), 

a* 


c» 


I 

I 

I 


A, A 

ft 

c — (ft 

-c){c- k) (A - ft). 


ft* 

c* 


I 

Aa "" « 

I 

A 

i ^ (A 

1 

1 

1 

a» 

A* 

c* 


As « 

ft 

I 

A - (ft 

- - A) (A — a) (a — ft). 

a’ 

ft* 

A* 



Hence x = {c — k) {k — b)l{c — a) (a — h), 

y = {k - c) {a — k)l{b — c) {a - b), 

^ (ft - A) (A - a)l(b - c){c- a). 
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I s rr X , y , 2 X , y , 2 

(2) r-fi ■^cT'A- 

X y z 

— ; [- — f- - -- - = I, prove that 

a + v b-\-v C+r ^ 

(a 4- A) (a 4- /i) (a 4- v)l{a — b) {a ~ c). [Camb. Sch.] 

The value of ;if which satisfies the equations is Ai/A. where 


I I /(ft ] 

- A) 

i/(c 4' A) 

i/(fl 4 A) 

I /(ft 4 A) 

i/(^ 4- A) 

I i/(ft 4 

• ft) 

i/(c 4 ft) , A = 

i/(rt 4 ft) 

1/(6 + ft) 

i/i^^ 4- ft) 

I i/(ft4 

y) 

»/(c 4 v) 

i/(a 4 y) 

1/(6 + p) 

i/(t: 4 y) 


Ilcncc A' = (a 4- A) {a 4- ft) (<i 4* v) A'l/A'. where 


I (6 4- /i) (6 4- v) (c 4 ft) (c 4’ v) 

A|' I (ft 4- »') (6 4- A) (c 4- v) (e -f A) , 

I (6 -f- A) (6 4- fi) {c + A) {c -f fi) 

{a 4- fi) (a 4- v) (6 4- fx) {b 4- v) (c 4- ft) (c 4- v) 

A''- (a -h v) (a 4- A) (6 4* v) (6 + A) (c 4- v) (c + A) 

(a 4- A) (a -f fi) {b 4- A) (6 4' ft) 4" A) (c 4- ft) 

In A^ subtract the first row from the second and third rows. Then 

(a 4- ft) (a 4- p) {b 4- ft) (6 4- v) {c 4 ft) {c 4- v) 

A' = (A - ft) (a 4- v) (A - fi) (& + v) (A - n) {c + v) 

(A - v) (a 4- ft) (A - I/) (6 4- ft) (A - p) {c ft) 

(a 4- ft) (a 4- v) (6 I- u) (6 f v) (c 4- /t) (c 4- v) 

~ {X — fi) {X — v) a V 0 V c 4- V 

a 4- ft ^ 4- ft t + ft 

Subtracting the second row from the third and taking out a common factor, 
A' = (A - ft) (A - v) in - p) 

(a 4- ft) {a T v) (6 4- ft) 4- v) (c 4- ft) (c 4- t') 

X a + V 64-v c4->' 

T I 1 

Now subtract the third column from the first and second columns and 
expand along the third row. Then 

A' = (A - ft) (A - v) (ft - v) 

I a* — c* 4- (ft 4- v) (rt — c) 6* — c* f (ft 1 v) (ft - c) I 

^ I a-c h-c I 

= (A-m)(A- p) (ft- v) {a~c) {b-c.) 

j « 4- c 4- ft 4- ft 4- c 4- ft f V I 

- (A - ft) (A - y) (ft - y) (a - .) (ft - c) {a - 6). 

In a similar way we find that A\ — (A - ft) (A — >^) (ft — y) (ft c). 

;r - (a 4- A) (a 4- ft) (.7 4 y)/(a - ft) (a ™ c). 
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- (a - 6) (6 - c) (c - a) {ab + be + ca). 

Now consider Ai- 

Then on subtracting the sum of the second and third columns from 
I i I 

the first we find Ai — = A- 

a® 6’ c* 

Since a - b + 0 , b - c =¥o, c - a * 0 . ab be + ca =i-o it follows that 
the only values of y, ^ are i, 1 , i. 

If be t ca -f a6 « o then each of the determinants is zero, so that the 
determinants give indeterminate forms for^, y, z. 

The given equations may be written in the form 
U V + w = o, 

ahi + b*v 4- c*tt/ == o, 
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where u = x — i, v y - i, w z — i. From the first pair of equations 

c* . 1 . b* " rt® -- b* — - A (say) (i) 

Substituting in the third equation 

A {u® (6* — c*) + (c* - a®) j- c® (rt® — 6®)} ^ o. 

Now a® (6® — c®) 6® (c® — a®) + («® — 

— — (a — 6) (6 — c) {c — a) {ab + be + ca). 
Since ab be + ca — o it follows that 

A {a® (6® - c®) -I- 6® (c® - rt*) + c* (a* - 6®)} - o 
for all values of A. Thus the solutions of the equations are given by ( i ) where 
A is arbitrary, 

11*91. Generalisation to n Variables 

The method of § ii*9 can clearly be extended to the case of n 
linear equations involving n variables. Thus if we have the n 
equations involving the n unknowns x^, X 2 , x^, . . . , x^ 

a^Xi + «i2^2 + + . • . -f (llnXn = 

^ 21^1 + « 22^2 + ^ 23^3 + • • • + « 2 n^n = ^2 

^ 31^1 ^ 32^2 “f" ^ 33^3 I' • • • “f “ ^’3 


+ «« 2 A ^2 + ««. 3 A ^3 + • • • + 

then Xi = Ai/A. ,^2 = = As/ A. .... = An/ A. 

where A (^1 ^22 ^33 • • • ^nn)> Al ~ (^1 ^22 ^33 * * * ^nn)» 

A2 " (^11 ^2 ^33 • • • ^nn)» A3 “ (^11 ^22 ^3 * • • ^nn) > • • ■ » 

An — {^n ^22 ^33 • ’ . ^n). 

As in § 11*9 special cases occur when A ™ 


EXERCISES XI 

33. If ax* + by* 4- cz* = 0, {r — i, 2, 3) prove that 
{aXfX^ -t- ifyayz + f ^Vi) "1- by^y^ + cz^z^} 

U, yj ® • 

- \abc x^ y, z, 

I ys ^3 


34. Prove that 
a, bi Cl ® 

a, h| Cg 
a, bg Cg 



2 (a, Cl - 61*) 

"b ““ 

<*1^1 4 * <* 3^1 ~ 26165 


OiCg 4 - «gCi - 26165 aiCg 4 - agCg — 26163 

2 (a,c, — 6,®) • UgCg 4- ttgCg — 26565 

4 “ ^*3^3 — 26563 2 (a5C5 — 63®) 
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35. Prove that the square of a deteniiinaiit of the third order may be 


represented in the form 


A H 
H D 
G F 


G 

F 

C 


36. Prove that 

1 a -j- ib 4- 1 V I y I _ I A — iB C'— iD \ 

\ — c -{■ id a — I ^ I - y — iS a + | | — C — iD A + iB | 

where A ^ aa + + <‘y + db, B — ah -1 <"8 ■ yd, 

C ^ ca — ya bb — ^d, 1) ^ by ~ 4^ ah - ad. 

Deduce Euler’s theorem that the product of two sums each of Jour squares 
can be expressed as the sum of Jour squares. 


37. By considering the determinants 

bi d, 

I 8<j d^ 

bi Cj f/j 
1 ^4 Q ^4 


— d^ £■, 

-6, ^2 d.i c.^ 

■ 8a <*8 ' ^3 ^ 3 

84 a^ d^ 


prove that the square of any determinant of the fourth order may be expressed 
as a skew-symmetric determinant. 


38. Form the reciprocal determinant of 
symmetrical. 


a h g 
h 8 / 
A’ / r 


and sliow that it is 


39, Prove for the case of third order determinants that the product of two 
reciprocal determinants is the reciprocal determinant of the product of the 
original determinants. 


40. Solve the equations 

2x — y — z = 

— ;r 4 2y - z - - 5. 

X — y 1 2 z — [I.ond. B.A.] 

41. Show how to solve the equations 

4 - 8iy -f- CyZ = rfi. 

+ 8,y 4 ^3-" ‘^2. 

4- 834 4 c^z - df,. 

by means of determinants, and explain the anomaly when 

«i 8j c^ 

a.4 82 c, ^ o. 

8j fa 

Complete the solution for the following numerical case: 

3 ^ + 5 y - 7 ^ ^ » 3 . 

44? 4 V — — 0 , 

2 ;r 4 9 y - 3 ^ 20 - [M.T.] 

42. Solve by the aid of determinants, or otherwise, 

53 ^ - 37 y 4 - 29 z = 34 
22;r 4 314 - 99 ^ 23, 

ggx - 444 - 37 ^ == 3 - 


[Lond. B.Sc. Eng.] 
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43. Prove that if A denote the determinant 
a h g I 
h b f m 

g f ^ n 

I m n 0 

then A “ — M/* -f + Cw* -f 2Fmn 4 - iGnl 2Hlm), where /?, C, 

J « A ^ I 

F, G, H are the cofactors of a, h, c, f, g, h in the determinant ' ' 


h b f 
S / 


44. Prove that 


y ^ 
y ^ 

— I z 

y - I 
r. 


is equal to 


(«. + 0 (, + .) (y + 1) (» + .) (■ - ~ : ,+ , 

45, Prove that the two quadratic expressions 

= fljT* 4- 2bx 4- c, Q' ^ 4- b'x 4- c\ 

can in general be expressed in the forms 

Q - X(x^ a)»-h fx(x- 
Q' = A' (4r - a)* -j- ^'(x ^ py, 

where {x — a), {x — j 3 ) are the factors of the quadratic expression 

I ax + b bx c I 
a'x 4- b' b'x + c' \ 

Hence find the turning points of the expression {x* 4- i)/(;r* 4 - 4 - 1). 

[M.r.i 

4O. Prove that the determinant of the nth order 


1 - ). 

I «4* 


I 4-;r 

I — X 

I — x 

I — X 

I -Vx 

I — ;r 

I — X 

I — X 

I 4-;r 



1 — X 

I — X 

I — X 

I — X 

1 -- X 

1 — X 



I 


is equal to {2xy~^ {n — (n — 2)x]. 

I o < 


47. If u„ =- 


^1 
— I 

0 


o o . . . . I I 

o o . . o — I 

= ^nMn-1 4" «,-i. 


prove that 


48. Show that if li, /„ w„ /„ »*„ n, are real quantities 

satisfying relations 

If* 4 - »*r* + I. {r « I. 2. 3), 

V, 4- + n,n, - o, = i, 2. 3; p 
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then 


27 ^* = 2w,.* — — i ; 2/^m, — 


and 


/, w, M, 

/a "^8 «s 


:t I. 


o 


[Cawft. 5 cA.] 


49. Use the determinant 


w X y z 

I I I I 

iv X y z 

w* x^ 2* 


to prove the identity 


w(y - z){z - x) {X - y) ~ ;tr (2 - 7v) {w - y) (y - 2 ) 

+ y (w — Af) (;r —2) (2 — w) — 2 (^r — y) (y — w) («/ — ^) = o. 

Use the substitutions w « e^°-, x — y — 2 — to prove 

that if a, / 5 , y, 8 are any four angles then 

sin (a — jS) sin (j5 — y) sin (y — a) — sin (j 3 - y) sin (y — 8) sin (8 — j 3 ) 

-f sin (y — 8) sin (8 — a) sin (a — y) — sin (8 — a) sin {a — j 3 ) sin (j 3 — 8) o. 


50. If in the determinant 


fl, 


" 

b. 


- fla 

- K 


all the numbers a,, a^, a^, 


h,, . . c, . . . are positive, and if the sum of the elements in any row is 
positive, show that the determinant is positive. [Madras, B.Sc.'] 


51. Ihrove that the determinant of the nth order: 


cos 9 

I 0 0 

0 

I 

2 cos ^ I 0 

0 

0 

i 2 cos 9 I 

0 

0 

0 

1 2 cos 9 I 

0 

0 

0 12 cos 9 



CHAPTER XII 

ELIMINATION 

I N this chapter we consider tlie application of determinants 
to the general problem of elimination. 

12*1. The Meaning of Elimination 

vSuppose we are given a system of m + i equations, involving 
n variables. Then n of these n -\- i equations would in general 
be sufficient to determine the values of n variables. If we substitute 
the values of the variables in the (« -f i)th equation which has not 
been used we would obtain an equation containing only the co- 
efficients of the given w -f i equations. Such a relation when 
expressed in a rational integral form is called the eliminant of the 
given equations and the process of obtaining it, is called eliminating 
the variables. What the eliminant asserts is that the given equa- 
tions are consistent, i.c. they are satisfied by definite finite values 
of the variables. < 

The cumbersome method suggested above of first solving the 
equations, followed by substitution, is obviously very limited in its 
application. Thus, e.g. in the case of one variable it is not in general 
possible to solve an equation of higher degree than the fourth. 
Hence it is necessary to devise methods which do not require the 
equations to be solved. 

Again some methods of elimination may give rise to an extran- 
eous factor in the eliminant. 

As an example of the direct method of elimination consider the 
problem of eliminating x between the two equations 

ax^ -f 2 hx -j- c = 0 , and a'x^ -f 2 h'x -f c' = o. 

Solving the equations 

X ~ {—b ± “ ac)}la or x = {— 6' ± \/(^'* — a’c')}la\ 

Hence in order that the equations be simultaneously true: 

J {- 6 ± - ac)} = {- h' ± Vib'* - a'c')}. 

It is now necessary to express this result in rational integral form. 
The result may be written 

ab' — a'b — ±a \/(^'^ — ± a! — ac). 
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Squaring both sides, 

(ah' — a'hY = (h'^ — d'o') (b^ ~ ac) 

4: 2aa' '\/[(h'^ — a'c') (6* — ac)}, 
i.c. a'^a'c' -}- ~ 2 aa'bb' — ± zaa' '\/{(b'^ — a'c') (b^ — ac)}. 

The factor aa' is clearly extraneous so dividing throughout by 
this factor and squaring 

(ac' -h a'c — 2bb')^ — 4 (b'^ — a'c') (b'^ — ac). 

This is the required elimin^nt. 

12 - 2 . Linear. Homogeneous Equations 

Let X2, X3, . . . Xn be n variables which satisfy the n homo- 
geneous linear equations 

^11^1 ^12^2 ^ 13^3 "T • • • 4 " ^in^n ~ ^ 

^ 21^1 4 ~ ^ 22^2 4 ■ ^ 23^3 4 “ • • • 4 “ ~ ^ 

4 - « 32^2 4 - « 33^3 4 " • « • 4 (hn^r, ^ 0 


T ^•^n2'^2 4“ ^713^3 4“ • • ♦ 4'* ^nn^n 

Divide each of the equations by % and write I'^en 

^12>'2 4- 4' • • • 4- «ituV« = ” «11 

^223^2 4~ ^23^3 4“ • • • 4” ^2ri3^7j ~ ^21 

«323'2 4- i • • • 4- (hnyn = ■” «':il 

4~ 4" • • ♦ 4' ^«n3^n ^nl* 

Take the last n — i of these n equations and solve them for 
3'2' 3'3 i • • • 3'fi Chapter XI, § 11*91. Then 

>'2 = (— «2l ®44 • • • ^nn) / A. jVo ~ (^23- ^^31 ^44 • * * ^'^nn) / A. • ■ • 

yn ^ («2a «33 ^44 • • • • - «nl)/ A. whcrC A K 2 ^*33 «44 • • • 

Substituting in the first equation in the last group of n equa- 
tions we obtain 

% A 4 ~ ^12 (~ ^21 ^33 ^44 • • • ^nn) 4 - ^3 (^ 22 - % <^44 ♦ • • ^nn) 4 ~ • • • 
y 4 " ^in (^22 ^33 ^44 • • • • — ^nl) ~ 
i.e. diiA-ii 4 " ^12^12 4 " ^ 13^13 ' 4 " ^m^ln “ 
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where A^, A12, ^13, . . . A^ are the cofactors of ^13, . . , 

in the determinant (^u <132 ^33 • • • Hence the last equation 
may be written in the form 




^13 • • 

• • ^Itl 


^21 

^22 

^23 

• • ^2n 


^31 

^32 

<*S3 • • 

• • ^3n 

= 0. 

^nl 

«n2 

^n3 * • 

■ ‘ ^nn 



What has been proved above is that the result of eliminating n 
variables between n equations which are homogeneous and linear in 
the variables is that the determinant formed by their coefficients is zero. 


Examples. — (i) By means of a determinant eliminate x, y, z and w from the 
equations 

tx a (y z w) ~ 0, 

ty b(z w -i- x) -- o, 

tz ^ c {w X y) ^ o, 

tw d (x y z) — o, 


and show that the coefficient of in the result is 

— {ab ac + flki + 6 ^: -f W 4 - cd), [Lond. B.Sc. Bng.] 
The equations may be written in the form 

tx ay az + aw o, 

bx + ty + bz f bw o, 

cx ^ cy tz cw = o, 

dx + dy dz + tw — 0. 


Eliminating x. y, z, w, 


A 


t a a a 
b t b b 
c c t c 
d d d t 


— o. 


Subtracting the second column from the third and fourth, 


A 


t 

a 

0 

0 


b 

t 

b - t 

b - t 

-= t 

c 

c 

t — c 

0 


d 

d 

0 

/ -- d 



b b ~~ t 
c t — c 
d o 



In the first of these determinants add the first column to the second and 
third, and in the other determinant add the sum of the second and third 
rows on to the first row. Thus 



t b b 


b c d b — c b — d 

t 

c t e 

— a 

c t — e 0 


d d t 


d 0 t — d 


The coeflicient of is now easily seen to be 
— cd — be — bd — a (b -Y c d) — ~ {ab -\- ac ad -[■ be -{• bd -f ed). 
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(2) Eliminate x' and y* from the equations 

ax' by + g ^ o, (I), 

hx' + by' f = o (2). 

ax'^ 4- ihx'y' + by'^ + 2gx' + zfy' c =- o (3). 

liquation (3) may be written 

y {ax' -}- by' + g) -I- y'ikx' -\r hy' -{■ j) \- gx' -j- // -f c = 0. 

whence gx' fy' -V c — o (4) 

Eliminating and / from (r), (2), add (4), we have 
a h g 

h b f - o. 

g f ^ 


[This is tlie condition that the general equation of the second degree 
ax^ d 2hxy + + 2gx f zfy 1 c — o 

should represent a pair of straight lines. Cf. Chapter XI., § 11-71.] 

(3) Eliminate x' and y' from the equations 

ax'_ I by' 4- g _ by' 4 - / _ 4 - fy' 

I ' m n 

and ix' + my' -i n - o. 

Let each fraction be equal to k. Then 

ax' d- hy' + g ~ Ik - o 
hx' by' -Y J — mk o 
gx' -h /y' + c - - o 

lx' 4- my' 4- » ^ o. 

Treating these as four simultaneous equations in x', y', unity, and h, and 
eliminating, we have 

a h g I 
l> b J m ^ ^ 
g f c n 
I m n o 

The determinant when expanded may be expressed in the form 
- {Al^ -\- Bm^ d- Cm» d- iFmn d- 2 ('^nl d- 2Hlm). 
where A. B,C, .. . are the cofactors of a,h,c, . . . in the determinant 
\ a h g 
\h b f 

U / c 

[The vanishing of the above determinant or the equation 

AB d- Bm'^ d- Cn^ 1 zFmn f Cnl 4 * 2Hlm ^ o 

expresses the condition that the line lx h my + n = o should touch the 

conic given by the general equation of the second degree, i.e. 

ax^ 4- 2hxy d- by^ 2gx h ify 4- c =- o.] 

12*3. Euler’s Method 

This method is concerned with the elimination of one variable 
between two equations. Let / (*), <l> (x) be two polynomials in a; 
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of degrees p and q respectively, and consider the problem of elimi- 
nating X between the equations / {x) ™ o, ^ (x) = o. 

Let A be any common root of the equations so that x — \ is a 
factor of / (x) and p (x). Thus 

/ W = (* - A)/, (*), ^ (*)•= (x - A) (*), 

where (^) and (x) are polynomials of degrees p — i, q — i 
respectively. The coefficients in (x), <j>^ (x) will depend on A 
since these functions are obtained from / (x) and p by dividing 
by X — X. Hence 


/w ^ fi w 
^ W “ 'l>i W’ 


i.e, f(x) 4 ,(x) ^f^(x) 4 >(x). 


This is an identity of degree p -\-q — i in *. Equating 
corresponding coefficients we obtain p -\-q equations which are 
homogeneous and of the first degree in the p -\-q coefficients. of 
/i(^) and <l>i(x). Eliminating these coefficients by the method of 
§ 12-2 we obtain the required eliminant in the form of a determinant. 


Example . — Prove that the equations 

a {x) H -f -f- a^x -|- a, — o and b {x) = -f byX~ H- b^x feg = o 
will have a common root if 


Uq aj o o 

o rtj rtg o 



o b^ 62 &3 o 

^0 ^1 b^ b^ o o 


If a {x) = (;r — A) {a^'x^ + a^'x + a^') and 

b (x) ^ {x — X) {h„'x^ + bfx + bi) and 


a© aj rt, aj 



prove that 


I A A» A’ 


^2 0 

0 I A A* 


0 r?Q tZ| 

0 

0 


0 ft©' ft,' ft,' 

000 I 


ft© ft, ft, 0 


[Camb. Sch.] 


If A be the common root, then v t ^ 

b [x) bo'x^ + b^'x -f 62 " 

i.e. -I- aiA* +fl8) + &/) 

- KV + (liX + a,') (V'* + M* + \x -f 6,). 
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Equating corresponding coefficients on both sides of the identity, wo have 
^0^0 ^0 ^0 

a^bi + aJ)o ^ {lo'bi + a^bo 

(^oW thK + « 3'^0 + 

4 - + ^h'^i + ^i'b^ 

flj&j' + «3&/ “ a/f>3 + a^'b^ 

ttg&j “ ^3* 

Arranging these six equations as linear equations in the quantities <Zq', a/, 
(if, bff', b^, 6,', we obtiiin 

b^ (Iq -f- o -J- o — ^*^(1^0 ”f~ o -j- o ~ : o 

b^df/ + + o ~ a, 60' — a„/>,' +0 — o 

bid^' -f bid^ -f- bf^ft^' — d'^bf^' — — a^h.,' - o 

b^d-Q f ^2^1 1' ^1^2 ” ' d^b^ ■’ ■■ d^b^ d^b,^ - o 

o f bid/ H b^d^' -1- o — a^bi' - a^b^' - - o 

o -f- o -f- b^d^' -}“ o -h o — d^b^' ■” o, 

. Eliminating d^', a/. a^\ b„', b^', 6/ we obtain 

6(, o o — ^0 ® 

bi b(, o - a, d„ o 

bg - d.j — rtj — a© 

ba bi - a., - dg - a, 

bg bg o — dg — dg 

I o o hg o o • a^ 

Taking out common factors and interchanging rows and columns this 
climinant is clearly equivalent to the A — o- 
Since a {x) — {x — A) (a^'A* -j- a/v j d.,') 

= a^'x^ -f- (a/ ' Aa^') A* -f- (a/ — Aa,') a - Aaj', 
it follows that a^ = dg , a^ — d^' — Aa^', a^ — dg — Aa/, ag — — Xdg. 
Similarly tg = b^, by ^ by — Xh„', bg — bg — \by. hg — ~ Xbg*. 

dQ dy Aa^ dg Aaj Aag 

o d-Q a I Xdyy dg Aa^ 

o bf} by ^ XbQ bg ’* Xb y 

byy' by — Xbyy' bg - Xby — Xbg' 

Using the product rule for two determinants 
A A* A=* 

A. X I " ‘ f f 

00 1 


Hence Ai = 


dfy' -{- Xdy — X^dfy '}■ A^ag ' A^aj A^aj Xd^ j- A®aj A^a^ T A^a.^ • Aga^ 

dy Aao'4- Aa,'— A'a^' - A*a 3 ' a^'^ Aa/— A^a^' 4 A'a,'— A^q' 

dg' — Aaj^ — A®aj^ dy Aa,! f Aag A”a| 

— Xdg' dg Aaj 

Xb.'+ X*by'- AV+ X^bg'-X%' V f >^by'- - A V 1 A*6g' A«6,'- A^ftj' 

60^-)- X^bg' X^by by'^ Xbyy |- A6g X^by X^bg' 

by' — Afcg^-f- Xbg ' — X^by bg Xby X'bg 

bg'—Xby —Xbg' 
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Multiply the second row by A and subtract from the first, the third row by 
A and subtract from the second, the fourth row by A and subtract from the 
third. We obtain 

a/ — Xa^ 6/ — A6o' 

— Xa^ rt/ — Xa^ — Xb^ — Xbi 

— Aa,' flj' — Aa/ h,' — Ah/ — A 6 ,' 

Multiply the first row by A and add to the second. Thus we obtain 


< 

< 

0 

< 

— Aa„' 

0 

bo 

- Xb,' 

w 

w 

bJ - Xb, 

i . 


— Art/ 


~ Afc/ 

1 


Multiply the second row by A and add to the third. In the resulting 
determinant multiply the third row by A and subtract from the fourth. It 
then follows that 


I 

A 

A» 

A» rt/ 

0 

0 fco' 

0 

I 

A 

A* - rt/ 

^0 

V W 

0 

0 

I 

A a/ 

rt/ 

6 / b^' 

0 

0 

0 

1 0 

rt/ 

62' 0 


Interchanging rows and columns we obtain the required form for the result. 

12*4. Sylvester’s Me±od 

Another method which leads to the same determinants as those 
obtained by Euler’s method, is known as Sylvester's Dialytic Method 
of Elimination. It has the advantage that it may sometimes be 
used to obtain the eliminant in the case of more than one variable. 

The procedure is as follows. Using the notation of § 12-3 we write 
/ (x) 4- a^x'^ ^ + . . . -f a,, 

• <l> (x) - -h b^x^-^ + b^^~^ -f ... 4- 6,. 

'Phe p^q equations required are obtained by multiplying 
f(x) by i, x,x^, . . . x^-^ in succession, by multiplying <l>(x) by 
1, X, x^, .. . in succession and equating each to zero. The 
highest power of x involved is Regarding the powers of 

X as distinct variables we have p f q equations from which b 
. x^, may be eliminated by the method of § 12*2. 

Example. — If the equations x* px* qx r — o and x* -i- ax + b = 0 
have a common root, prove that 

I o I a ■ p 
a i p b - q _ ^ ‘ 
h a q — r 
o b r o 

If the equations x* 2 X* + ^x ^ 6 = o and x^ tix - b ^ o have a 
common root, find the possible values of a and the corresponding common roots. 

[Camb. 5cA.J 
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Since the given equations are siniultioicously true we obtain on multiplying 
by powers of x 

o |- A.® -f- px^ qx \ r o 

A'* f px^ + qx^ -j rx f o - o 

o i' o q- ax ( h — o 

o + A» 1 aA;* + 6,v + o - o 

Ar^ -|- rtA* + bx^ } o 4 o = o. 

I.Climinating x^, a*, a*, a® wo obtain 


0 ^ p q r 

1 p q f o 

0.0 I a h 

0 i a b o 

1 a b o o 


Subtracting the last row from the second, 


o I p q t 

o p — a q -- b r o 

o o I a h - o, 

0 1 a b o 

1 a boo 

Expanding along the first column it follows that 


.1 P r 

p — a q - b r o 

^ ^ L — O. 

0 lab 

1 a b o 

Interchanging rows and column it easily follows th^gpPlflffis condition is 
equivalent to 

— 0 . 


I o I a — p 

a I p b — q 

b a q — r 
o b r o 


Tn the particular case given p ~ z, q 3, r 6, b 
determinant becomes 



— 6 and the 


Expanding A by the usual methods it is easily seen that this condition 
gives + «* + 27a 4- 27 ^ o, i.e. {a + i) (a* -f 27) — o. 

Hence « — i or 4 3^ y/ i- 

Taking <1— — i, at® — at — 6 = 0, at— 3 or • 2 and the common 
root is AT — — 2. 

Taking a = 4- 3* the quadratic becomes a’ -|* 3* 3/3^ — 6 o. 
The roots are — i ■v/3, — zi y/s, and it is easily verified that ^ i y/^ is a 
root of the given cubic. 

Taking a = — 31 y' 3, the roots of the quadratic equation are found to 
be 2i y'3 and i \/3- The latter is a root of the cubic equation. 


T. A., n. 


28 
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12-5. Bc 20 ut*s Method 

The principles involved may be understood by a study of the 
two examples given below. In the first the equations arc of 
the same degree and in the second they are of different degrees. 

Examples. — (i) Eliminate x behveen the equations 

-f 1- a^x + — o, -|- b^x + fc, — o. 

Multiply the first equation by b^x h b^, b^x^ f b^x -j- ^2 in succession, 
and the second by a^, a^x + «i, I- in succession and subtract 

the corresponding terms. Thus 

^0 h + «a) " «o (V'* I + b^x 4 - b^) - o, 

{boX 4 - (a,^* + a,;t* 4 - h «s) - ('^oA I «i) (V® + b^x^ 4 - ^2A + fig) - o, 

(b^^ 4 - biX I b^) {((qX^ I 4 - rt2A •( ^3) 

- (rt„ar« I UyX 4 - «a) (^ftA® -|- M ^ ^ 

These equations reduce to 

{a^bQ A* p (^2^0 ^ ® 

(ajfco ~ ^^0^2) I - (hbi) x + ~ ^i^s) ^ «• 

(dg&Q — ^0^9) ‘h i^^bi ^1^3) A 4 " (<^ 3^2 “ ^^2^3) “ 

Regarding different powers of x as distinct variables we obtain 
an elimination; 

a^bf^ — a^bff ajh^ — 0363 

^2^0 <^*3^0 “ <^ 0^3 "h ■“ ^1^2 ■ ^\bs = O. 

a^b^ ^ 3^1 ^1^3 ^3^2 ^2^3 

(2) Eliminate x between the equations 

, a^AT* 4 - <3!iA* I a^x 4 - «a — o, -f fcjA' -| fcg “ o. 

Multiply the first equation by 63, in succession and second by 

«oA. («oA 4- a,) ar in succession and subtract the corresponding equations. 
Thus 

ba + flFiA* I a^x 4 - fla) ■ «oA' 'h M 4 - b^) = o. 

(M 4 - ^i) (^oA’ 4 ' «iA* + a^x 4 - aa) - ;r (^oA -f aj [b^x^ | b^x 4 - b^) =* 0. 
i.c. {rt,6o - a„6,) x^ d- (^360 - flfo&j) 4r i a^b^ = o. 

(ajfeo - oiobi) A® 4 - {« 3 ^o + «2^i - ^i^a) a + a^by = o. 

Combining these two equations with b^^ + h^x -f b^ — o and eliminating 
x^, Ah A® we obtain 

bfi b^ b^ 

— a^^ a^bff - a.^h^ = o. 

fi 3^0 a^b^ ^ ^2^1 ’ ^\b% 

It will be observed that Bezout’s method has the advantage of 
expressing the eliminant as a determinant of lower order than either 
of the determinants obtained by Euler’s or Sylvester’s methods. 
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12 - 6 . Use of Known Identities 

We give some trigometrical examples to illustrate the method. 

ExHmplcs. (i) Onk Variable, hliwinute 6 from the equations 
sin 3 (Itt + ^) + 3 sin (.[tt -f 61 ) za, 
sin 3 (iir - ^) -{^ 3 (^tt - 6) ^ zb. {Camb. Sch.] 

In this example we make use of the following trigonometrical identities: 

(i) sin A 4- sin /V = » sin i {A + li) cos ^ (A - B) ; 

(ii) sinyl - sin B n- 2 cos i (/I -| B) sin ^ (A B); 

(iii) cos 3.^ ^ 4 cosM - 3 cos A. sin yl 3 sin A - 4 sia^A ; 

(i'^) cosM H sinM i. 

In these identities A, B denote any angles. 

Adding and subtracting the two given equations, we have 

3 (!”■ + 4 ’ 3 -- + 3 (i'^ ^ Q) f 3 sin (Itt f- 0) ~ la -f ih, 

sin 3 (Itt b &) “ sin 3 (|7r - 61 ) 1 3 .sin {In -f ^) - 3 .sin (^tt - 0) ^ 2a ~ 26. 

From (i) and (ii) we obtain' 

2 sin ^TT cos 3<1 + 6 sin jw cos d = za -f zb, 

2 cos iln sin id ft) cos sin 0 -- za — zb. 

Substituting sin Irr .sin |7 t - ily/z, cos in - cos Itt - - i/x/2; 
the equations take the form 

cos 30 + 3 cos 6? V'i (a 1 b), and — sin 30 + 3 sin 0 y/z (a - b). 
From (iii) it follows that 4 cos* 0 y/z (a | b), 4 sin* 0 — y/z (a — b). 

Hence 4^ cos* 0 - 2-^ (a -}- b)^ 

4^ sin* 0 2^ (a — b)^. 

Adding, using (iv) and dividing both sides by 2^, 

2 - (a 1 A )5 -1 (a - b)l 

This result is readily expre.sscd in rational form. Thus writing 
(a + fe)* — u, (a - 6)* tr V, then 2 - u^ -f iJ. 

Cubing both sides of this equation we have 

8 - u ■( V 1 3u^(‘' (ni I r;-^) u [ 0 -f 6u^v^, 
i.c. ii — u — V Oh V 

Cubing again, (8 - u — w)® -- ziOuv, i.e. (4 -- - /;*)* -i 27 (rt* — 6*)*. 

(2) Two Variablk.s. Eliminate 0 and <f> from the equations 

sin 0 f sin (f> — a, cos 0 + cos <f> ~ b, tan 0 |- tan <f> ^ c, 
nhtaininf^ a result in rational form. [Camb. Sch,] 

In addition to (i) and (iv) of Ex. i wc use the following identities: 

(v) cos (A T cos A cos B E sin A sin B. 

sin {A t B) - sin /I cos B b cos A sin B; 

(vi) cos zA — 2 cosM — I , sin zA ~ z sin A cos A : 

(vii) cos2f I cos B 2 cos ^ {A 4 B) cos ^ (.“I — B). 
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The given equations are 

sin + sin <^ — a . 


cos d f cos <l> — h (2) 

tan 6 + tan <l> ^ c (3) 

Squaring (i) and (2). adding and using (iv) and (v), we obtain 
2 {1 T cos {d — <f>)} - a® + 

Using (vi) we have 

4 cos* ^ {0 — (j>) - a* + (<1^ 

Applying (i) and (vii) to (i) and (2) wc have 

2 sin i (0 + cos i (0 — <f>) - a (5) 

2 cos J ( 0 i- (f)) cos \ — <^) b (6) 

^ . sin 0 sin ^ 

From (3), a + 

cos 9 cos f 

— (sin 9 cos 4 > "b 9 sin i^}/cos 9 cos 
sin {9 + <f>)lcos 9 cos fromV). 
r= 2 sin i (^ + <f>) cos I {9 -|- <^)/cos 9 cos <f>, from (vi), 

= abjz cos* i{S — <}>) cos 9 cos <f>, from (5) and (6), 

= zahlia^ H- 6*) cos 9 cos tj), from (/j). 

Hence cos 9 cos <l> = 2ablc {a^ + b‘) (7) 

Combining this result with (2), 

(cos 9 - cos <^)* - (cos 6 + cos <f>)^ - 4 cos 0 cos <f> 

' _ _ Sab ^ __ xt sav 

* c (a* |- 6*) c (a* -f- 6®) 

Taking the positive square root, 

' cos - i (^ -H ^ P' say, cos <j> ^ \ [b - ^ q, say. 

If the negative square root is taken p and q arc interchanged. Squaring (i), 
sin* 9 + sin* ^ + 2 sin 9 sin ^ - a*, 
j 1 _ ^2 4 1 - 4- 2 sin 0 sin — a*, from (iv), 

i.e. 2 — — q^ — a^ — — 2 sin 9 sin <f>. 

Squaring again, (2 ^ - q^ - a*)* ^ 4 sin* 9 sin* ff> 

-4(1 - />“)(!- ?*). from (iv). 

Since A* is rational it follows that in order to show the eliminant is in 
rational form it is only necessary to prove that />* + q* and pY involve 
even powers of A only. This is obviously the case. 

{3) Three Variables, If I ^ cos a cos + cos y (i) 

m ^ sin a -f ^ i y (2) 

p = cos 2a ~\- cos 2^ + cos 2y (3) 

q ■— sin 2 a -f 2)9 4- sin 2 X (4) 

prove that (/>-/* + »»*)* + (0 - 4 (f“ + »»*)• [Camb. Sch.] 

In this example the identities (i)-(vii) given in Exs. i, 2 are sufficient. 
Squaring and adding (i) and (2) and using (iv), (v) 

■;» 4_ - 3 4. 2 cos (a - P) + 2 cos {ft y) 4- 2 cos (y - a) (5) 
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Next squaring and subtracting {2) from (i), and using (v), (vi), 

— m® — cos 2a -{- cos 2j9 + cos 2y + 2 cos (a + j3) + 2 cos + y) 

+ 2 cos (y I- a) 

= /> -f 2 cos (a + j 3 ) 4- 2 cos (j8 h y) + 2 cos (y j- a ) from (3). 
Multiplying (i) and (2) and using (v), (vi), 
ilm as sin 2a 4- sin 2j? 4- sin 2y 4- 2 sin (a 4- / 3 ) f 2 sin (j8 4- y) 

t 2 sin (y 4- a) 

=S ^ 4 - 2 sin (a 4- P) 4 - 2 sin (j 3 4 - y) 4 - 2 sin (y 4 - a), from (-^). 

Hence i (/> - /* 4 - 4 - i (^ - 2/w)® 

= Z cos* (a 4 - / 3 ) 4- ^ sin* {a 2 Z cos (a 4 - jS) cos (jS (- y) 

4- 2 sin (a 4~ i?) sin (j 3 4“ y) 

-- 3 4- 2 r {cos (a 4 - P) cos iP p y) f sin (a + jS) sin (/3 4^ y)} 

= 3 4 - 2 2 ?cos (a 4 - i 9 — i 3 - y). from (v) 

3 4- /» 4- m* - 3. from {5). 

Thus the required eliininant is 

(P « It ,« 2)2 , Iq _ = 4 (/* 4- ,«2). 

Alternative method, using complex numbers. The four given equations 


are equivalent to 

/ 4- im I- 4 (0) 

p 1 ' iq -- 4 - 4 - (7) 

since cos 6 4 - i sin d — e^^. Squaring (6), we obtain 

/a — -(- 2tlm — e^^^ 4- 4- T 2 2^ P)> 

i.e. /* — m* — /> 4- i {zlm — 2 

Using the conjugate function 

/a _ p - t (2/m - 2 i;«~ * t (9) 

Multiplying (8) and ( 9 ) together gives 


(/* - m* p)* 4 (2/m ^)* - ^ + ^)) {2:f- ' (“ I' P)) 

-4 {3 4- * 

Combining (6) with the conjugate equation 
I — im — e~‘^^ 4 - 4 - 

it follows that 

/• .( »»■ (£<>'“) (a- ’") = 3 + ’ <“ “ 

Hence (/* - m* - />)* 4- (2 /m - qY = 4 (/» 4- w*), as before. 

12*7. Change of Variables 

Sometimes an elimination can be carried out more simply by 
first changing the given variables. 

Example.— £//t»iMa/<; (i) ;r. y, z and (ii) a, b, c from the equations 

by cz cz ax . ax by rr' l c l 

‘'1 4- = a, 4- ^ -r 6, — f- - = c. [Camb. Sch.] 

z y X z y ^ 
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a, b, c can be eliminated immediately since tl|e three equations are linear 
and homogeneous in a, b, c. Thus : 

V i 

— - 4- h -f- —c “ o 

^ y 

-a — b — o 
z X 

— a + - b — c o. 

y X 


The required eliminant is 


In order to eliminate x, y, z it is convenient to replace them by variables 
, V, w where u = yjz, v — zjx, w — xly. Then 

bu + f/M = a U) 

cv ajv’— b (2) 

aw + bjw -= c : (3) 

uvw = 1 * U) 


Multiplying (i), (2) and (3) together and using (4), 

2 abc i- ac*. + aH). -}- a*c.w* + = abc, 

l.c. o 4- 6 *h*) + b + cv) +c I- = - afcc (5) 

Squaring (i), (2) and (3). 

6*m» -f = a* - 2bc 

M* 

a* 

c*y* 4 — . 6* •— 2ac 

b* 

^ a*w* H — 5 = c* — 2ab. 

P ■ w* 

Substituting in (5), 

a (a* — 26c) -\- b {b* — 2ac) + c (c* — 2ab) *= — abc, 
i.e. a’ 4- fc* 4- c* — ^abc. ^ 


12*8. Use of Ratios 

Theorems on ratios can sometimes be used to effect ati elimination. 
The method may be seen by a study of the following examples. 

‘ . Examples.— (i) Show that if ;r» + y* -h -f* = W^y^ 
ax* 4- iy* 4- = o 

ayz 4- bzx 4- cxy = o, 
then a» 4- = 3wa6c. 


[Camh. Sch.] 
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The second and third equations arc linear and homogeneous ia the letters 
a, h, c. Using the rule of cross- multiplication (Vol. I, Chap. IV, § 47), 

J&a - 23 ) yjz^ - x^) ~ -y^ ~ 

Then a> -f- + c* = {y^ - 

imahc — ^mk^xyz (y* — 2®) (2® — ;r®) (at® ~ y*) 

A® (>/® - 2®) (2® - x^) {at* - y®) (a,® + >* 4- 

(a* 4- &® ^ c® — imahc)jk^ 

= i;;r> 0 /> - 2®)» - Tat® {y^ - 2®) (2® - at®) (at® - y*) 

- (:y* - -'*){(>'* " - (®’ - (^* - /))] 

= i; [at® (>* - 2®) (2® 4 - y* 1 - -2* - 
«= (a- 4- >'* i -2® - y ""^^ - - ®^V) 2:2® (>'® - 2») = o. 

Hence a® 1 - 6® 4 - — 3w«6c = o. 


(2) Eliminate x and y from the equations 


I, 


AT® y\ 
a® ^ 6® 


AT* >/* _ I 

fl4 6® - /)®- 


From the first two, by multiplication we have 
a® -f 6® 4* 


Hence 


that is 


6 *\» ■’ 

74 =(«+(-)• 

^® Ar\® 

AT* y* 

ay) 

0, or = '!-• 

a® 6* 

y* 

AT® , y® X* y* 

a® 6® ^ a® 6® 

- p 

«® 6® a® 6® 

5® V® a® 6®' 

I 

I _ 

j ^ “ 

^ or />* — a&. 


a + b 


1+6 


(3) Eliminate A /rom equations 

A A 

g«|~A b«4-A (I) 

+-i’ . =i (2) 

a 9 4. + A ‘ • 

The second equation may be written 

A® (a* 4- A) 4- A* (^* + A) - (a® 4- A) (6® + A) ( 3 ) 
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From (i) we have 

. ^4- J (g* + A) _+ {b* -I- A) 


m 


A«A . h'^k 
I + 


_ \/{(«“ + A) (6» 4- A)} a» - 6* 

‘ /AA ~ ^ ^ ’ 

/m / f« 

Thus + A ) 4- A» (A« 4- A )} {a* - 

AA (^''!L4. ' " ’ 

/m W m ) \l m) 

Using (3) we have Im ^^ 4- — a* — 

i.c. {km 4- hi) {hm — kl) — (a* — b*) Im. 

12-9. Special Methods 

The general methods of elimination which have been considered 
are sometimes advantageous, but in many cases it will be necessary 
to employ some special artifice which may be suggested by the 
nature of the particular equations involved. We now give some 
miscellaneous examples. 

Examples. — (i) Show that the result of eliminating x and y from the three 
equations 


is a* 4" * o* 

From (i) and (ii) we have 

. zx + ty 


y — a a < 


I 1 

y — b b 

(ii) 

= 2 (a« 4- b») 

(iii) 


[M.r.j 

+ 3" 

(iv) 


2* + 2y ^ + 36 


(V) 


Adding (iv) and (v) 

4(* + >') =*>'Q+ j) + 3(‘» + i'). 

i.e, 4 (* + y) = (a + 6) + 3) (vi) 

Subtraction of (iv) from (v) gives (a — b) — 3* (a — b). 

From (i) and (ii) it is clear that a +b, for a^b implies that the 


equations arc identical. Hence 


ab 


(vii) 
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Substituting in (vi), it follows that 

X + y — % {a h) (viii) 

Squaring both sides of (viii) and subtracting corresponding sides of (iii), 
Sxy »s a* -|- 6* -f i8a6. 

From (vii), 2>xy = i^ab. 

Subtracting, wo obtain the eliminant, o | -- 6 a6. 

( 2 ) If the equations 

axy -(- bx -]- cy -\- d — o 
ayz by 1- -yd — o 
azw -f hz -h o 

aivx d- bw -y cx -yd — o. 

are satisfied by values uf x, y, z, w which are all different, slum that b- -|- r® - - zad. 

[Camb. Sch.] 

We first eliminate x between the first and fourth equations, and then z 
between the second and third equations. 

X {ay + i") + {^y + (i) ~ o, X {aw -|- t) -\- {bw d- d) = o. 
cy -f- d bit) d- d 
ay ■] b aw \- c 

Similarly from the other pair of equations we obtain 
6v + cw -H d 

ay -{• c~~ aw -j- b 

On simplification these equations reduce to 

{ca — ab) yw + (c® — ad) y — w {b^ — ad) -y cd ^ hd = o 
{ca — ab) yw -y {ad — 6®) y — a; {ad — c®) d- erf ^ hd ^ o. 
Subtracting, y (6® -b c* — lad) — a; (6* -j- — ^arf) — o. 

Hence either 6® d- c* — lad — o 01 y — w. From the question y+ w. 

Hence 6* d- c* — lad — o. 

(3) Eliminate x, y, z from the equations 



Substitute u = yjz, v = zjx, w - xjy. Then the equations become 

I I , I 

u — — a, V ~ = b, tv — = c, uvw =» i. 

U V IV 

Adding the first three equations, 

M f y -f w — ( * d- * I * ) « I b r. 

\U V It) J 

i.e. uvw (m -f- V d" —vw — uw — uv -- a -y b -y c, since uvw =» 1, 
i.e. I — yty — Mty - MU d- {u v -y uf) M*u®iu* — a -y b + c, 

i.e. (i — vw) (i ~ uw) (i — mu) =* a -f f (0 

If in this equation we change the signs of u, w, the effect is to change b 
into — b and c into ~ c, leaving a unaltered with uvw — i as before. 
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Hence (i — vw) {i + uw) (i -f mv) = a — 6 — c (2) 

Similarly (i -f vw) (i — uw) (i + ww) = — a -f 6 — c (3) 

(i 4- vw) (i + «“') (i — Mt;) = — a — 6 -j- c (4) 

Multiplying (i), (2), (3) and (4) together, we have 

(l - V*Wy (I - (i ~ M*t;*)* 


= {a + b + c) {a — b — c) {— a \ b — c) {— a — b c). 
Remembering that uvw — i it follows that the left-hand side is 

( ■ - ™)' (-i - uw)' ( -•- - uvV = („ _ iv ‘ y (. - ly 

\vw / \uw / \uv ) \ u) \ V I \ w! 

- aW. 

Hence required eliminant is 

{a + b -{- c) {a — b — c) {— a b — c) (— a — b + c) — a^bh*. 


(4) Prove that if 

y* -f 4- (i) 

z* + zx + — b* (ii) 

x^ xy — c* (hi) 

yz I- zx xy ~ o (iv) 

then a ± b ± c = o. [Camb. Sch.] 

Adding (i), (ii), (iii) and using (iv) 

22?* 4 - 2y* 4 - 22* = a* 4- fc* 4 - (v) 

Squaring both sides of (v), 


(a* 4- 6* 4- c*)* — 4 (2?* 4- y* 4- -f 22r*y* 4- 2y*2:* -f 2^*2?*). 

Multiply (i), (ii), (iii) together in pairs and add. Then 
«* 6 * -f 6 *c* 4 - c»a» 

= 2?* -f y* -(- 2* 4 - 3 4 - 4 - x^y*) 4 - 4 * y^^ 4 - X^y 4- 2ry* 

4- 2r2« 4 - 2r»2 4- 3 (2:*y2 4* xyh + 3 2ry2*) 
n= J (a* 4- 6* 4- c*)* 4- (y*2* -f 2*2r* -}- 2r*y* 4- 2 xy^z 4 * 2 2?®y2 4 - 2 xyz^) 

+ yx (^* + y* 4- ■?•) 4 - zx {x* -|- y* 4- ^*) + xy (2?* 4 - >'* 4- ^*) 

= I (a* -f 6* 4- c*)* + (2ry -}- yz + 22:)* + {x* -f y» + 2*) (2ry 4- y2 4 * sx] 

- i (a* + 6* 4- c*)». 

Thus a* 4- 4- c* — 2a*&* — 26*c* — 2c*a* = o, 

i.e, (a* — 6* — c*)* 46*^*. 

Taking* the square root of both sides, 

a> — 6® — c* — 4; 2bc, i.e a* — (6 4: 0*- 
Hence a = ± (& ± which is the required form. 

(5) By eliminating x and y from the equations 

<iiX 4" b^y ~ o, and a^x 4- b^ — o, 

prove the identity 

a* 3016,* bj> 

Ui'a, ai*6, 4- 2aiajbi 2aii»i6, 4 - 

aiUj* a,*&i 4* 2a|a,6g 2a, 616, -f a^b^* b^b^* 

«»* V 


(a, 6, - a, 60 *. 
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The eliminaiit of the two given equations is ^ o. 

I flj 0, 1 

i.e. aj&j — ^ o. 

Since a^x + — o, = o, it follows that 

{a^x -f h^yY -- o, {a^x + b^yY [a^x 4 * h^y) - o, 

(a, AT I- b^y) {a^x + b^yY - o. [a^x j h^yY = o. 

These equations may be written in the form 

-f- ^aYb^x^y - 1 - :i<i^bYxy^ -f = o 

aYa^^ + (a,* 6 j + -la^a^hY x^y ( 20 , 6 ,/), + a^bY) xy^ \ \%y^ ^ o 

+ («a*fci + 2aia^bY x^y + {la-ibY)^ f a^t^) xy^ + - o 

-f 3 aYb^x^y 4 - + bYy^ ^ o. 

Kegarding .r®, ;r*y, xy*. y* as variables the eliminant is 

3«i*^ 3«iV ^ 1 “ 

«i®rt 2 -f '2aiaY>i 2aybib^ -|- bYb^ _ ^ 

UiuY aYbi 4 - 2a^a2b^ 2aY)Y>% 4 <2\bY b^Y * 

aY 3^j“^a ?t^tbY bY 

Clearly this determinant must be some power of (a , 63 n-ib^). Consider 

which is the highest power of and which occurs as part of the 
principal term. It is clearly seen that this can occur in no other term in 
the determinant. It follows that the value of the determinant is (aj&g — flA)*. 

( 6 ) Eliminate a, b, c from the equations 

(c ^ a — 6 ) (a 4 - b ^ c) ~ bex, 

{a f 6 — r) (6 4 - c — a) cay, 

{b + c — a) (c I- a — h) - abz. 

Multiplying the three equations together, 

{c a — bY {a b — cY {b ■{■ c -- aY — a^bh^xyz. 

Again abc {x y z) = Sa {c ■}- a — b) {a + b — r). 

{a + b — c) {a{c + a - b) + b{b + c - a)} 4 c (ft 4 - c - a) (c 4- a - ft). . (i) 

Now {b c ^ a) {c a — b) ^ {c + {b — a)} {c — (ft — a)} 

= c^- {b -- aY. 

Hence (ft 4 - c — a) (c 4- a — ft) — 4 aft — c* — (ft 4- aY 

=r= (c - ft - a) (c 4- ft -f a). 

From (i) it follows that , 

abc (;r 4- y 4- -p) 4- A^bc 

^ (a ^ b - c) {a {c + d - b) + b {b A- c - a)} A- c {c - b - a) {c -\- b 4- a) 

= (a + b - c) {a (c + a - b) A- b (b c - a) - c {c + b + a)} 

- (a 4- - 0 {(a» - 2 ab 4 - &*) - c*} 

- (a 4- 6 — c) (a — ft — c) (a — ft 4- <^)- 

aW (;r 4- >' + « + 4)* = (« + ^ ” ^)* ^ -f* « - bY 

= a*ft*c*;ry.f. 

Thus the required eliminant is (^ 4- y + 4* 4 )* 
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EXERCISES XII 

1 . Eliminate x, y, z from the equations 

(6 — c)x -f — a)y I {a — b)z -= o. 

{c — a)x + (a ■“ b)y (b — c)z — o. 

(a — b)x + (6 — c)y + (c — a)z — o, 

2. Find all the values of t for which the equations 

(/ — i)x + (3< + i)y + 2tz = o, 

{t - i)x + (4/ - 2)y 4- {t F 3)^ - 0, 

F ( 3 ^ + F 3 (^ ~ i)- = o, 

are compatible, and find the ratios x.y.z wlicn t has the smallest of these 
values. What happens when t has the greatest of these values ? 

[Land., B.Sc. Eu^.] 

ABC 

3. Prove that if j— F F T^TTF expanded in ascending 

powers of ;r, where | ;r | < i, no three consecutive terms can vanish, given 
that a, h. c are all different. [Madras, D.Sc.] 

4. Prove that if there are three numbers x^, x^, X3 not all zero, such that 
3 

Z UirXf =a o, (t = 1, 2, 3), then there are three numbers y^, y^, y^ not all 
= I .3 

zero, such that 2 a^y^ *= o, (i = i, 2, 3). [M.T.] 

r - i 

\ a b o 

5. Evaluate the determinant ^ ^ t 

0 i a b 

1 a' b' o 

Show that the result of equating this determinant to zero is the same as 
the result of eliminating x from the equations, 

x^ ax b ~ o, 4- a'x -1* b' — o. 

[Land., B.Sc. En^.\ 

6. Obtain the eliminant of the equations ax'* \- bx 0 ~ o, x'^ ~ k in 
the form 

ah c 
be ak =3 0 

* c ak bk 

7. Use the equations a’ F px^ -E qx \- r o, x^ A- bx c = otocxpre.ss 

■ (r F 6c — pc)* — (cq — c» — br) (6p - 6* — ^ -f c) 
as a determinant of the fifth order. [Camb. Sch.J 

8 . Eliminate x and y from the equations 

UjA* F b^x*y 4- e^xy^ 4- d^y^ = o, a^x^ F b^x^ F <-'%xy^ 4- d^ y* 0, 
obtaining the result as a sixth order determinant. 

9. Eliminate d from the equation 

j , . , _ g cos 3 g F 6 sin _ b cos 3 g - - ^ sin 3 0 
cos* B ~ sin* 8 

[Camb. Sch.] 
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10. Given that a sin 2 0 -f 6 sin 0 — c and that a cos 2 0 -f 6 cos d — d, 

eliminate 0 and thus find an equation connecting a, b, c and d. [Camb. Sch.\ 

11. Eliminate 0 and <f> from the equations 

sin 0 -j- sin (f> — a 
cos 0 1 cos ^ - b 
Ian J0 tan -- c. 

12. Eliminate 0 from the equations 

X (I I- sin *0 — cos 0 ) — ;V sin 0 (I |- cos 0 ) ^ c (i cos 0 ), 

y (i -\- cos* 9 ) — X sin 0 cos 0 - c sin 0 . [Camb. Sch.] 

13. Eliminate a and ^ from the equations , % 

X cos a I y sin a ^ a, 

X cos ^ 1 y sin /? ^ a. 

2 cos i tt cos . 

14. Eliminate.^, //. li from the equations 

Ax- f ilhy + /^y* - o, 

Ab — lUh -1 Ba o, 

Ab' “ iHh' Ba' - o. 

15. Prove that the result of eliminating a'. j 5 '. y' the 1 'q nations 

a a A- + A’y' _ Ag' + fy' . 

^ m w 

/a' - 1 - + «y' — o, 

is ^/a q- 2 ?m* + Cn* 4- + 2G«/ 'h 2/y/m ^ o, where A. B, C 

are cofactors of ci, b, c, . . . in the determinant 

I a h A' 
h b f 
H f 


16, If a, b, c arc the sides of a triangle and 

a^y -|- bya I cap -- o, 
aa + + cy - o, 

la + fnp -1 «y ^ o. 

then /* 4- w* + n* — znin cos A — 2nl cos B — 2/m cos 6 — o. 


17. Given that ^ 

q. I, a';r -f- b'y - i. ^ «'/>', and a + fo f «' + /> = c, 

show that in general 2r 4- y cxy. 

18, When 2; and y arc eliminated from the equations 


xi ^ y 2 ^ ax - by; ^xy 
prove that {a 4 b)^ 4 ' (<* “ ~ 


bx 


ay: 2r* 4 - V* 


[Camb. Sch.] 


19. Eliminate at and y from the equations 



AT* 4 y* ^ 2 {a* 4 - 6*). 

[Camfe. 5 c/».] 
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24. Prove that if the equations 

cy* — 2/v^ -f- bz^ = o, az* — zpx h = o, bx* — zhxy -f ay^ — 0, 
are satisfied by all values of x, y, z different from zero, then 
abc + zjgh — af'^ — bg^ — ch^ = o. 

Show that when this condition is satisfied, the equations are, in general, 
satisfied by two sets of values of x, y, z not proportional to one another, 

[Camb. Sch.] 



CHAPTER Xlll 

THE THEOrW OF EQUATIONS 

I N this and the following chapter we consider properties of the 
equation / (x) = o, where / (a;) is a polynomial in x. 

13T. Some Elementary Properties 

Let / {x) = + />,*■- ‘ + pn-ix + p„ denote 

a polynomial of the wth degree in x in which the coefficients 
Po^ Pi> p2> ‘ > Pn-v pn ^rc all real. po>o\ />„+o. Suppose 

further that / (a,) =- o, i -- i. 2, 3, . . . n. Then a^, a, 

are the roots of f (x) = o. 

The quantities a, may not be real and need not all be distinct. 
Thus if 

f(x)=^(x-aY<l>(x). 

where p {a) ^0 then x'-^^ a is an r -multiple* root of f {x) o. 
In particular when r — 2. f (x) = o is said to have a double root 
at X a. 

In Vol. I, Chapter XVIII the following theorems have been 
proved. 

n 

THEORKM I.—/ (jc) ^ Po n (JC — «»)• 

I = I 

Theorem II. — Assuming / W = 0 has one root, then the 
equation has n and only n roots. 

Theorem III.— The imaginary (or complex) roots of f (x) = 0 
occur in pairs. 

Theorem IV.— If the coefficients pQ. pi, p^, • ■ .pu are rational, 
the irrational roots of f (x) = o occur in pairs. 

In the same chapter the following transformations have been 
considered. 

(a) The roots of f (— x) o are — a^, — aj, — ag — a„. 

(b) The roots of f (xjk) = o are ka^. ka^, ka^, .... 

(c) The roots of f (ijx) o are ija^, i/ag, i/ag i/a„. 

(d) The roots of f {y/x) - o, when expressed in rational form are 
• • • ^n- 

* Multiple roots are frequently referred to as repeated roots. 
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(e) The roots of f (x k) = o are — k, a,, k, — k, . . . 

a„ k. 

If k > 0 the last transformation is called reducing the roots of 
an equation by k. 

We now pass to the consideration of theorems which will 
determine the nature of the roots, and their position when real. The 
nature of the roots is determined when we know how many are 
imaginary and how many are real. 

The position of a real root is determined by its position in the 
scale of real numbers. Thus, e.g. as a first approximation we might 
dctern;^ne two consecutive integ(Ts between which a root lies. For 
a complete discussion on the separation of the roots of an equation 
Sturm’s theorem* is necessary. This provides a definite method of 
separation. It will be seen, however, that the theorems considered 
in this chapter do provide us in many cases with a good deal of 
information. 

13-21. Descartes’ Rule of Signs 

Consider a polynomial whose terms are arranged in the form 

i.€. in descending powers of x. Then a change of sign is said to 
occur when any particular term has the op})ositc sign to the term 
which immediately precedes it. Thus, e.g. in the polynomial 

-h d' 5^ - I 

we can represent the sequence of signs as 
d + - + 

Here there are three changes in sign, for — r^x^ is of opposite sign 
to 3%^, 5^ is of opposite .sign from " 4%^, and — i is of opposite 
sign to 5jc. The three changes are -|- fu — , — to ^nd 

-f- to 

Now let a be any positive real number, / {x) any polynomial. 
Then the product (x ~ a) f (x) when expanded has at least one more 
change of sign than f (x). 

Suppose in the first instance that there arc no terms missing 
from f (x), i.e. + — 0, i, 2, . . . n, and consider any arbitrary 

arrangement of .signs corresponding iof[x), say 
f-d 1 — 


See, eg. Burn.side and Panton, Theory of Equations, Vol. I. 



The Theory of Equations 


440 


Multiply by x ~ a, whose signs are -\ . Then considering 

only the signs we may represent the working as follows : 

+ + H- + - + - 

+ - 

4‘ "b 'T — — 

+ + + - + 


4-±±--l: + 4:-+- + 

The ± signs together indicate that in the total the actual sign 
is ambiguous. 

Now in / (x) there are five changes of sign. Consider now the 
product (x — a) f {x). It will be observed that the ambiguous 
signs occur when two or more H- signs come together in / (;r). It 
follows that omitting for the moment the consideration of the last 
term in (x — a) f {x) there are at least as many changes in sign in 
[x — a) f {x) d,s there are in f (x). But the last term introduces 
one change in sign. This is obvious in the above example where 
/ (x) finishes with a change in sign. If f (x) does not have this 
property it is easily seen that there is one additional change in 
.sign. For consider, e.g. 

- + 4* -f- -f 

4 " — 


— 4- + 4- 4“ 

4- - - - 


- 4- I: ib 1; *- 

The most unfavourable case occurs when three ambiguous terms 
all have the same sign. If the sign is 4- then the last term provides 
the additional change in sign. If the sign is — the term fifth from 
the end and an ambiguous term provides the additional change. 

It follows that if a > o, {x - a) f (x) has at least one more 
change of sign than f (x). 

The fact that no changes of sign are lost because some of the 
coefficients inf {x) are zero is easily seen by considering examples. 

We may now deduce the rule of signs. 

Theorem V.— The equation / (x) = o cannot have more positive 
roots than there are changes of sign in / (x) or more negative roots 
than there are changes of sign in / ( - x). 


T. A., II. 


29 
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Consider first the case of positive roots. Let <j> (x) be the 
polynomial formed of the factors corresponding to the negative and 
imaginary roots of f (x), and suppose that aj, 02, . . . are the 
positive real roots. 

Let <l> (x) have s changes in sign when s > 0. Then 
(x — ai) <l> (x) has at least (s -f i) changes in sign, 

(at — a^) (x — <j> (x) ?it least (s -f 2) changes, 


f(x) =^(X- a,) (X- a^) ...(X~ ar) ^ (*) 

has at least s + y changes. 

Also r, the number of real positive roots, is less than or equal 
to 5 + y, since 5 > 0. 

The result for negative roots follows from the transformation 
(a) of § 13-1. For the real positive roots of / ( — a;) = 0 arc the real 
negative roots ol f {x) — o. 

13*22. Detection of Imaginary Roots from Descartes* Rule 

Let f (x) be a polynomial of degree n and suppose that / (x) 
has p changes and f (— x) has q changes in sign. Then if 

P -V^q < n 

we conclude that f {x) = 0 has at least n — p — q imaginary 
roots. 

It will be .seen in what follows that the method is of service 
only if some of the terms are missing from / (x), i.e. some of 
the coefficients are zero. 

Ex&mplc.'— Prove that the equation — 2x^ 4- 3^* — i o has at least four 

imaginary roots. 

Write f {x) s — 2x* -f 3Ar’ — i. The number of changes in sign in/ (at) 
are 3. Hence there are at most three positive roots. 

Again f {- x) = {- xy - 2 (- ;r)* + 3 (- xy - 1 

= — X’’ — 2X* — ^X’* ~ I. 

Since there are no changes in sign in f { - x) it follows that there are no 
negative roots. 

Thus there are at most three real roots, i.e. at least four imaginary roots. 

Let p denote the number of changes in sign in f (x), q the 
number of changes in sign of / (— at), h the number of positive 
roots, h the number of negative roots of / (a?) = 0. 

Now / (x) =p^-\- + . . . 4 - 

(- I)"/ (- *) = P^’' - + P^-* i)np^. 
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Then if none of the coefficients are zero it is clear that the 
number of changes in sign in / (x) plus the number of changes in 
sign in / (— x) is exactly n. In this case p q = n. 

Again, if some of the coefficients are zero it is clear that the 
number of changes in sign cannot exceed n. Hence in general , 
p -Vq <n. 

Also from Descartes' rule, h <,p, k < q. So that 

h k < p q <n (i) 

We now prove that if all the roots of the equation f (x) ~ 0 are 
real then h — p, k ^ q. 

In this case h -\-k ~n and hence from (i) h k - p q — n. 

Suppose that h < p so that k > q. This implies that the 
number of negative roots is greater than the number of changes in 
sign of / (— x), a result which contradicts Descartes’ Rule. 

. Since h < p it follows that h — p. Similarly k -- q. 

13 - 31 . Some General Theorems 

As before / (x) denotes the polynomial 2 prX^~\ pQ > 0, 

f ^ o 

while the letters a, h will denote real numbers. 

Theorem VI. —If /(a) and/(&) have opposite signs, then there 
exists at least one real root of / (jc) — 0 between a and h. 

Theorem VII.— If n is odd the equation /(x) == 0 has at least 
one real root whose sign is opposite to that of the last term. 

Theorem VIII. — If n is even and pn < 0 then /(x) = 0 has 
at least two real roots, one positive and one negative. 

Theorem VL~Since / (x) is a polynomial it is continuous for all 
values of x. (Chapter II., § 2-72.) Hence f (x) can only change 
sign* by passing through the value zero, i.e. by passing through a 
real root of / (x) = o. 

* It should be noted that / (;r) need not change sign as / (at) passes througn 
a root of / {x) ^ o. For if a is a r-multiple root, then f {x) = {x ~~ o)' <ft{x), 
where ^ (a) +0. Since <f> (x) is continuous, it follows that for | 4? -- a | 
sufficiently small. <f> {x) will keep the same sign. Hence the changes in 
sign of / {x), Rsx passes through the value x — a, will be determined entirely 
by (;r - a)". If r is odd, (x - a)' will change sign, while if r be even, no 
change in sign takes place as x passes through x = a. 

The property that is being asserted is that if f{x) does change sign, then 
X must have passed through a root of J (x) = o. 
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Since / (a) and / (b) have opposite signs it follows that there is 
at least one real root intermediate in value between a and b. 

The result can be stated more generally as follows. If f (a) and 
f (b) have opposite signs then there are an odd number of real roots 
between a and b; if f (a) and f (b) have the same sign then either 
there is an even number of real roots between a and b or there are no 
real roots at all between a and b. 

It should be observed that in this statement multiple roots are 
counted according to their degree of multiplicity. Thus, e.g. 

if / (*) 2)» (*» + i). then / (i) = i, / (3) = 10. 

We conclude that there is an even number of roots between 
I and 3 or else there are no real roots in this range. Actually 
these two roots x = 2, 2 , the values being coincident, x 2 being a 
double root. 

We can deduce from the theorem that if there exists no real 
value of x for which f (x) = 0 then f [x) is always positive. 

It is convenient to make use of the notation p (00), where p (x) 
denotes any function of x. In accordance with the definition 
adopted in connexion with limits 

p (00) = lim. p (x). 

X 00 

If (x) -> 4- 00 as ^ -> 00 we write 
^ (00) ^ + 00, 

while if p {x) ^ — 00 as x -> 00 we write 
p (00) = — 00. 

A similar form is used for 00). 

In the present case f (00) — co\ for when x is large the 
highest power of x is the dominating term and p^ > 0. 

Since f (x) is continuous and never zero it must always be 
positive. If f (x) <0 for any value of x there would also be a 
value of X such that f (x) = 0, which is contrary to the 
hypothesis. 

Theorem VII.— This follows immediately from Theorem VI. 
For since Pq> 0 and n is odd, 

/ (- 00) = - 00, / (o) = p^, / (+ 00) = + 00. 

If p^ < 0, there is at least one real root between x 0 and 
X ^ CO, i.e. a ppsitive root. 

Pn > is a real root between ^ = 0 and = — 00, 

i.e. a negative root. 
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Theorem VIII. — In this case. / ( - oo) = 3- oo. / (0) ^ 

/ (4- 00) = 4-00’. Arranging; the corresponding values of x 
opposite the corresponding signs for / (t) we have since />„ < o. 

- 00 4- 

o — 

4 - GO 4 - 

Hence there is a real root betwcum — 00 and 0, and another 
between 0 and 4 * co- 

Examples. — {i) Prove that if n is even the equation ~ 1 has two and only 
two real roots, one positive and one negative. 

Write f {x) -- ~ i, Then since n is even, 

/(+ CO) -- + CO, 

/(O) - - I. 

/(- CO) - + 

■ It follows that there are at least two real roots, one positive and the other 
negative. 

Since f{x) — f { — x) and f {x) has only one change in sign it follows 
that f {x) o has at most one positive and one negative root. 

( 2 ) By means of the equation (x + b) {x 1 r) - /» - o. prove that the 
equation in x 

X -h a h g 

h X b f ~ o 

g I X c 

has three roots which are separated by the two roots of the first equation. It may 
be assumed that a, b, c, f, g, h are all real and different Jrotn zero. 

m [Camb. Sch.] 

If A ( ^) denote the determinant, we have on expansion 
. ^ + a) {X -\-b){x + c) - /» {X -f a) 

- (X \ b)- IP {x -f c) 4 - 2 fgh. 

Let a and /3, a < /3 be the roots of the equation 

(X b){x + c) - f^ (i) 

Then, writing A* - (ft - r)* h 4 /*. ^ have 

a = - + c \ X). - - i (ft T c - A). 

We may suppose without loss of generality that b > c. then 
A > ft — c > o. 

Again 20 — — b — c — A < - b — c — {b — c), i.e. a < — ft. 

Again 2/3 - - ft - c | A > -- ft - c + (ft - c), i.e. ^ - c. 

Thus a < - b < - c < p. 

Substitute the values — 00 , o, + oo in A (^)- Clearly 

^ 00 ) = - CO, A (+ CO) = 4- 00. 

A (a) = 2 fgh - g* {a + b) - h* (o + c). 

Since a -t- ft < o. and ft > c. a c, < o. 
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Write o + fc = — /i*, a c — — V*, where fi, v > o, — /*. Then 
A (a) = irV* ± 2/ii/^A + AM ~ (gfi i Ai»)* > o. 

Similarly it may be proved that A iP) < o- 

Arranging the values of against the corresponding signs for A {x)\ 

— CO — 

a + 

-f 00 4- 

we see that the three roots of A (^) ~ o are real and are separated by the 
roots of (i). 

13‘32. Zero Coefl5cicnts 

We now consider a property of equations in which some of the 
coefficients are zero. 

Theorem IX. — If r consecutive coefficients in f (x) are zero then 

(i) if r is even, the equation f{x) = o has at least r imaginary 
roots; 

(ii) if r is odd, there are at least r + i or at least r — i 
imaginary roots according as the terms which immediately succeed 
and precede the group of terms with zero coefficients, have the same 
or opposite signs. 

Suppose that the group of consecutive zero coefficients is 

pH^^v * • • 

so that / (^) ^ + p^x^-^ + . . . + 

+ 

Write F (x) == -f + . . . + p,_^x^^*~^ 

where q„ . . . q^^r-x are different from zero. Let p, q be tlie 
changes in sign in / (x) and / (— x), respectively, P, Q and p\ q' 
the corresponding quantities for F (x) and -f 

respectively. Now 

1 -f 4- . . . (x), 

where ^ is a polynomial of degree r + i which }ias no zero 
coefficients. Hence the number of changes in sign in (x) 
together with the number of changes in sign in p (— x) is (r ^ i). 
[See § 13 * 22 .] Hence 

P+Q=^{p-i-q)-{p' +q')+(r + i). 

Now P -{-Q <,n, since F (^) is a polynomial of degree n. Thus 
+ <n-{p-\-q) (I) 
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Again from Descartes' rule of signs the number of real roots of 
f(x)^o cannot exceed p-^q, i.e. f (x) = o has at least 
^ -f imaginary roots. It follows from (I) that the equa- 
tion has at least (r i) — {f q') imaginary roots. 

Case even): -f 

=: -f ps+r) and 

(-- ~ — 

If have the same sign, f ~ o, q' — i, so that 

+?' — !• 

If p,^r have opposite signs, f = i, r=: 0, As before 
= I. 

Hence (r -Y 1) ~ (p' q') = y. 

Thus when r is even there are at least r imaginary roots. 

Case IT— -(y odd): p,^^ (- x)^+^ -f + P»vr- 

If /),_!, p,-^r have the same sign, p' ~ 0, q' = o so that 

p' q' =: 0 and (r i) — (p' -f q') y 4 - i. Hence there are 

y -f I imaginary roots. 

If ps+r have opposite signs, p' — j, q' i, so that 

(r 1) — (P' q') — r — i- Hence when the coefficients have 

opposite signs there are at least y — i imaginary roots. 

Example . — Prove that if (n — i)a,® — ina^ is negative the rdots of the 
equation 

f (;r) X** + |- . . . -f a„ o 

are not all real. [Camb. Sch.] 

f{x + h) 

- (;r -I- A)" f a^{x h)^'^ + a^{x + A)"-> +•.. + «« 

— X’' -f nhx^~^ -f- ^ — ~ H ... 

+ a^x'^-^ {n - i) afix”-* + . • . 

+ - 1 - . . . 

^ X” {nh + aj) x”-^ f [” ^” 2 ?“ A* + (» - i) ^jA -f j .r"-* -f . . . 

Write A = — ajn. Then 

/(;r 4- A) = ^" + {- (« - I) «i* + 2W«,} Ar"-» -f . . . 

If the coefficients of and at""* have the same sign the equation 
/■ (;r + A) = o will hefve at least two imaginary roots. The condition is 
- (« - i) fli* + ' 2 na, > o. i.e. (w - i) a^* - 2 wa, < o. . 
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Now the roots of /(;r -f A) =* o are those of /(^) = o increased by 
[8 13 ’*] Since ajn is real it follows that if /(;»r -f A) = o has at 
least two imaginary roots, the equation f (x) ^ o possesses the same 
property. 


EXERCISES XIII' 

1. Prove that if b, c and d are positive, the equation 

X* + bx^ cx — d — o 

has one positive, one negative, and two imaginary roots. 

2. Prove that if ^ > o, r > o the cubic equation 

X* qx + r — o 

has one negative and two imaginary roots. 

3. Determine the nature of the roots of the equation 

X* -f i^x* -f 4o;r -f 12 = o. 

4. Prove that the equation ;r" -f i = o has no real roots when n is 
even, and only one real root, which is negative, when n is odd. 

n 

5. Prove that the roots of the equation £ x^'' ^ o are all imaginary. 

r — o 

6. Prove that the equation x"^ — 2x^ 3;^* — i — o has no negative 

roots and at least four imaginary roots. 

7. Find the nature of the roots of the equation 

4.r* 4- J3;r» + 5.1? - 4 = o. 

8. Prove that the equation x* — x'^ f- x* 1 .r* -f i — o has one real 
root, which is negative, and eight imaginary roots. 

9. Prove that if a,, k are real, the roots of the equation 

£ ^ X — k are all real, 

y _ j -r — Uf 

13 ’ 41 . Relations between the Coefficients and the Roots 

It is clear that we may assume without loss of generality that 
pQ, the coefficient of x^, is unity. For if a given equation is not of 
this form it may be reduced to it by dividing both sides by a 
constant factor. Thus 

= + n {x-aX 

r ~ I 

where oi, 02, oj, . . . On are the n roots of f (x) ^ o. 

Let Sf denote the sum of the product of the roots taken r at a 

n 

time. Thus Sj = E a/, = -£’0^0,, r = i, 2, 3 . . . w, 

r = I 
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S = I, 2, 3 . . , w, r + s; . . 5 n — ai aa a3 . . . a„. Then 

n (x- a,) - -f + . . . 

■i- (-i)’’5,.r«- + ... + (“-i)”5„- 

Equating corresponding coefficients, 

Pi= - Si, Pi = Sj P, (- I)' S, #„ = (- I)" S„. 

From this result it follows that; 

(i) every root of / = o is a factor of i-c. the absolute 

term; 

(ii) if all the roots are positive, the coefficients />i, />•)• • •. />« 
must be alternately positive and negative ; 

(iii) if all the roots are negative, the coefficients p^, p2, ... p„ 
must all be positive. 

rt is easily seen that (ii) and (iii) may also be deduced from 
Descartes’ rule of signs. 

It will be observed that the above discussion gives n distinct 
relations between the roots. These n relations, however, do not 
facilitate the general solution of an equation. For if we attempt 
to determine a particular root a it will be found that the original 
equation will be reached with a instead of x. 

Example.—// o, /5. y are three of the roots of the quartio 
ax {I -x^)^c(i 

prove that (j3y -f ya + a/3)* + (a/?y)* — (o 4* ^ -1- y)® -f i. [Camb. Sch.] 

The given equation may be written in the form 

(6 c)x^ ax^ + '2CX* ~ ax - b + c o. 

Let 8 be the fourth root of the quartic. Then 

<i-fi9+yFS = — al{b -f c), 
ajS + ay T aS T /3y + ^8 |- y8 = 2cl{b -f- c), 
aj9y -f oj3S + ayS + /3y8 — a/(6 -f c), 

apyb - {c - b}l(b f f). 

Writing M—a-f^-f-y, v — /3y + ya I aP, w — apy these equations 


become 

« f- 8 = - al(b + c) (i) 

i; -f m8 = 2 cl(b + c) (ii) 

«/ -f v8 — a/(8 4' c) (hi) 

w8^{c- b)l{b T c) (iv) 

From (i) and (ii), 8 = - (« 4- ^)l{^ + 

Subtracting (iv) from (ii) i/ + wS — teS — i. 
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u iu w) ^ (u w) w 
Hence v — — ^ L. • . ™ i, 

I -f V I -}- t; 

This reduces to tti® -f* - i + m*, which is the required result. 

(2) If the foots of the equation -{• Ix^ -f mx n — q are the cosines of 

the angles of a triangle, prove that /• 2m 2m -f i. [Camb. Sch.] 

Let the roots of the equation be cos a, cos /?, cos y where a, y are the 
angles of a triangle. Then 

H cos a — ^ I, £ cos a cos j 3 — w, COS a COS cos y — — n. 

I* = {Zcos a)* — Tcos'a + 2 Z COS a COS jS — 2 ^ cos* a + 2m 

— 2W + 2« + Zcos^a + 2 cos a cos j 9 cos y. 

Now Z cos* a -f 2 cos a cos cos y 

= cos a (cos a -f cos cos y) + cos j8 (cos jS + cos a cos y) + cos*y 

— COS a {— cos (j 3 -}- y) 4 - cos p cos y} 

-f- cos {— cos (a y) + COS a cosy} -f- cos*y, a + + y — tt, 

— COS a sin j 3 sin y + cos sin a sin y + cos*y 
^ sin y (cos o sin ^ -f cos ^ sin a) + cos*y 

« sin y sin (a + ) 9 ) ‘f- cos*y — sin'y cos*y — i. 

Hence /* — 2m -f- 2« -}- I. 

(3) The roots of the equation 

X^ - I • • • 

+ (- + (- l )"/>0 ^ " 

are all positive and not all equal. Prove that 

2 I 

p^n~i > I Pi ^ ^Pi^ " ■ [Camb. Sch.\ 

n 

Write fix) = Z (- i)*- 
f == o 

Since all the roots are positive there must be « changes in sign in f (x). 
As the signs are alternatively positive and negative, this can only occur if 

pff, p^ pn-i ^^re all positive. 

n 

Consider f [x -[• h) ^ Z (— i)'’/>„_y(;r + /i)""*' 
f — o 

Preceding as in the example of § 13*32 and writing h — pnljn, we have 
fix -{-h)=>x^ + {- in - I) p\i 1 - 2«/>„-2} + . . • 

Now the roots of the equation / ix j- A) = o are those of / ix) - o 
decreased by [§ Thus the roots of / (^ -|- A) = o are real. 

If the coefficient of x”~* is positive or zero then the equation has at least 
two imaginary roots. [§13-32.] Hence 

- (n - i) />Vi + < o. 

i.e. /)Vi > 2wp„-,/(n - I) 


(i) 
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: - (r/a,a,) " - {riar) 


Now if Or, r ^ i, 2, . . .n arc the n roots of f {x) ^ o then £ a^a, — Pn-a- 
Also Sara, contains ^ Jw (« — i) terms, all of which are positive and 
which are not all equal. Hence the arithmetic mean of the quantities a^a, 
is greater than their geometric mean fVol. I.. § i5-8]. Thus 

(« - 0 

Now / 7 a, -= po- Hence ^ * 

in 

Combining (i) and (ii) the first of the required inequalities is obtained. 
Again, if a denote the sum of the products of the roots taken « — i at 
time, then a ^ pj. Also the sum a contains i.e. n terms. Thus 

P, . n _ ^ ^ 

Pa llor , : , “r 

the quantities i/a, being positive and not all equal. Applying the theorem 
on arithmetic and geometric means, 

r I r « , V‘ - f M 

^ - ^ ^ ’ // ca.l . i.e. np, -'[pj 

r - i I 


i.e. Pi > «po 


13*42. Some Applications 

Although the n ctiuations obtained in § 13*41 are of no help in tlie 
general solution of an ecpiation, they arc frequently helpful in 
dealing with particular equations in which. some special relation is 
known to exist among the roots. The method is illustrated in the 
examples given below. 


Examples.— (I) Solve the equation (yx* - 3^:’ I- 8>r* - x -\- 2 o having 
given that it has a pair of roots whose sum is zero. [M.T,.] 

Let a, j3, y, 8 be the roots of 6,v* — I- Hx- — x 2 — o. Then 
a T jS I y + 8 ~ i 
ap + ay aS T /3y + /J8 I yS — * 

agy I aj35 T “y^ I ~ 1 


, a^yS - i- 

We may also write a fi ~ o. 

Substituting a — — g the equations become 

y -|- 8 i (i) 

- + y5 - 5- (ii) 

- a» (y f S 

- a» yS -= ii (iv' 

From (i) and (iii) a* --la - ± t!Vi- ^ * (W 

From (i) and (v) we obtain y “ f (i h i VJ 5 )- 
Thus the four roots are ± ilVi- i (‘ -t * V* 5 )- 
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(2) The sum of two of the roots of the equation 

+ 6x^ -f l^X* + I24f — 5 =r O 

is equal to the sum of the other two; solve the equation. [N. Sc,] 

Let o, j 5 , y, S be the four roots of the equation 

X* 4- -f 13;^’ f I 2 ;r —5 = 0. 

Then o + y + S. 

The fundamental relations between the roots and the coefficients are 


a + )3+y+S--6 (i) 

aj3 -f ay 4- aS 4- j^y + f yS — 13 (ii) 

aj3y 4- aj8S 4- ayS 4" jSyS — — 12 (iii) 

a^yS = - 5 (iv) 

Write a4-)S = y4-8 = «- Then from (i), m = — 3. 

From (ii), a/3 -h y8 4- «• — 13, i.e. a/3 4- yS — 4 (v) 

From (iv) and (v) we obtain the values of o/3, yS, viz. 5,-1, Taking 
a/3 = 5, yS = — I we have 

a 4- /3 ^ 3, a/3 = 5, and y 4^ S - — 3, yg — _ i. 


Solving these equations we find that the four roots of the quartlc equation 
are i(- 3 ±t\/i 0 and i (- 3 ± Vu)- 

(3) Show that if the roots of the equation ax^ 4 - bx* 4 * cx* V dx 4 - e = o 
are in harmonic progression, then d} — - ^ede — 8irg*, and 
25 ad*e = {cd — eh) (iieb — cd). 

Verify these conditions in the case of ^ox* — 22;r^ — 2i;r* 4- 2,r 4- 1 = o (^^d 
solve for x. [Camb. Sch.] 

Let I /a, 1//3, i/y, 1/8 be the four roots of the given equation. Then 
a, / 8 , y, 8 are in arithmetic progression and may be represented in the form 

A — 3 ^» A — A, A 4 - A 4 - 3^- 

The equation whose roots are a, p, y, 8 is 

ex* 4 - dx* -V cx* bx a — o. [§ 13- 1 ] 

The four equations relating the roots to the coefficients are 

o4-/3-f-y + 8= 

a/3 4- ay 4- a 8 4- ^y + ^8 + yS == 

a/3y 4“ a/38 4" ayS 4" i3y8 = — , 

a^y 8 - 

Expressing these equations in terms of A. k we obtain 

A — 3 A 4 “ A — h A4'A4* A4" 3 A ~ — dje. 

i.e. A = — dj^e (i) 

(A - 3 A) (A - A) 4- (A - 3 A) (A 4- A) + (A - 3 A) (A 4- 3 A) 

4- (A - A) (A 4* A) 4- (A - A) (A 4 - 3 A) 

4” (A 4" A) (A 4- 3 A) = eje, 
i.e. 3 A* — sA* — cjie (ii) 
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Again (A - 3^) (A - k) {X + 3A) f (A - 3A) (A - A) (A + k) 

+ (A - 3 A) (A + A) (A -f 3A) + (A - A) (A + A) (A + 3A) - - bje. 

i.e. A> — 5A*A = — 6/4« (iii) 

Finally, (A - 3A) (A - A) (A -f A) (A -1- 3A) - aje. 

i.e. (A» - A*) (A* - 9A‘) = a/tf (iv) 

From (i) and (ii). 3^* — See = Soe*k*. 

Substituting for A and A in (iii), this equation reduces to 

d* — 4cde — Sbe^ (v) 

From (iv) we obtain in a similar way 

(d* + 4ce) (~ lid* -f ^6ce) — ibooae*, 
i.e. {d* + 4 ede) (— iid* 4- ^6cde) 1600 ad*e*. 

Substituting from (v), (8 ede — 8 be*) (88 be* — 8 ede) ~ 1600 ad*e*, 

i.e. {cd — be) {11 be — cd) — 25 ad^e (vi) 

In the particular case again, a — 40, 6 — — 22, c = — 21, d — 2, e = i. 
It is easily verified that (v) and (vi) are satisfied. Then 
A - - dl^e ^ - J, A* ^ 0/4, A - ± 3/2. 

Hence the roots are the reciprocals of 

-k-l -k-l -i + l - i + |. ie. of - 5. 2, I, 4. 

Thus the roots are — — i, i, 

(4) The roots of the equation i(>x* — 64.*® + ^Ox* + \6x ~ 15 — o are 
known to he in arithmetical progression ; solve the equation. [M . T .] 

Let a, p, y, S be the roots of the equation. Then 

a 4 * ^ 4 y 4 - b — 4 (i) 

4 ay 4 - 4 - ^y + ^8 y8 “ 5 (^) 

^ ajJy 4 a /38 4 ayS h jSyS — — I (iii) 

aPyb - - (iv) 

Since the roots are in A.P. we may write j 5 , y, 8 in the form = o 4 A, 
y = a 4 " 2A, 8=04" 3 ^- Thus 

a 4 - 8 = ^ 4 - y (v) 

Hence (i) may be written in the form 

/3 4 - y = 2 (vi) 

From (ii), a ()3 4 - y) + 8 (^ 4 - y) 4 a8 4 ^y = J, 
i.e. (a -4 8) (i 3 4 y) 4 a8 4 - h = l 

From (v) and (vi), aS + j 5 y = — i (vii) 

From (iv), (a8) (^y) = — 15 (viii) 

From (vii) and (viii) we find a8 — | or — f , fiy ~ — a I- 
Taking jSy = f and combining with (v) we obtain = i or f, y | or f 
Taking a8=-}, 048 = 2 we obtain o = - i or 8 = J or - T 
It follows that the roots of the given equation are - i. i. I, |. 
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(5) If one root of the equation ^ ax b ~ o is twice the difference of 

the other two, prove that one root is i^bj^a. [Catnb. Sch.] 

Let o, jS, y be the three roots so that 

o -- 2^ - 2y (i) 

Since the coefficient of x^ is zero 

a + j8+y^o (ii) 

From (i) and (ii) it follows that ~ I a, y = — J a. , 

Again, since ajSy = — 6, we have 

- 6 (hi) 

Substituting j? y — — a and j 3 y = i’l + ay + j 3 y — a 

we obtain 

ie"* = - « (iv) 

From (iii) and (tv) a = i.e. a — i^bj^a. 


(0) Solve the equation i(yzx^ + “ 3 ^^ 1 - 8 — o, whose 

roots are in geometric progression. 

Let the roots be a/r*. ajr, ar, at® so that y® is the common ratio. Then 

Cl d (I I ci % i Cl I Cl qi « 

^ fjyZ H 

^,.-^.ay.ay - yigi* 

These equations give on simplification 


a ^ ^ 


+ 2 + >•» + >•<) = - ; 


51 (u) 

From (ii), a® = ± 2/9. 

Taking a* — — 2/9, (i) becomes | | 2 | y® I- r* ^ y*-. 

Substituting _y .= y® 4- i/y®, this equation gives 

y^+y- 15/4 "= o, i.e. y - 3/2 or - 5/2. 

The value y® -f- i/y® = 3/2 makes y® imaginary. 

Taking y* + i/y® — 5/2 we obtain y® — — 2 or — J. If y® = 2, 

a»f» = 5; if y® = - i, a*y» = 

In the former ca.se ar = ± Taking the positive square root it follows 
that 

a ar . a. , a * ^ a 

^ ^ = i. , =-- - J. «'■ = I. =* - I- 

and these values satisfy the equation. If we take ay — — J, 

^ - h y ^ ar ^ ~ I ar^ ^ |. 

These values are the roots of the equations: 

i622f* - 135.^® - i352r* + 30Jif + 8 = o 

which is obtained from the given equation by changing x into — x. 


(iii) 
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We must expect to obtain the roots of this equation for in the argument 
we have used only the coefficients of x*. x* and the constant term, which 
are the same in each equation, as the transformation x into x docs not 
alter the coefficients of the even powers of x. 

Next consider a*r* — 1/9, i e. ar ~ ± r* — 1/2. 

If ar -= + 1/3. we have ar I ar^ and 

these are the roots of equation (iii). If ^ — 1/3, we have 
^ - I - h ur^ ^ i 

These are the roots of the given equation. 

This example shows that it is sometimes necessary to consider whether the 
method adopted has introduced extraneous values. 

13-43. Reduction of the Degree of an Equation 

The examples of the previous section show that when a relation 
between two of the roots is known the degree of the equation may be 
reduced by two dimensions. This may be proved quite generally as 
follows : 

Let a and jS be two roots of the equation 

/ (x) - a;” + Pix^-^ + T . . . + = 0 

which satisfy the relation j3 — ^ (a). 

Let if/ (x) be the function obtained from f (x) when x is 
changed into <!> (x). Thus 

^(x) 

Now »/> (a) = / {(^ (a)} == / (P) 0. It follows that the equa- 

tions f (x) = 0 , iji (x) o have a root in common, i.e. / (x) and 
0 (;c) have a common factor x — a. This may be determined by 
the method of Chapter IX., § 9*ii- Thus a and hence are found. 
Division of / {x) by the quadratic factor (x — a) (x — p) will 
reduce the degree of the equation by 2 . 

Example — that x* - lox^ + gx ~ 2 ^ o has the product of two 
of its roots equal to unity, find them. [Madras, B.Sc.] 

Let a, p be the two roots such that o /5 -- i. Substituting ijx for x in 
the given equation, we (f)tain 

2;r* - 9;r> -}- lojr* - i o. 

Thus the polynomials - io;r* + gx - 2. 2x* - -f 10^* - i must 

have a common factor. 

Proceeding as in Chapter IX, § g-iL wc have the following: 

X* — io;r* + gx - 2)2x* - gx* 4- lox* - 1(2 

2 x* — 20X* + i8;r - 4 

- 9^* + 30^* -18^+3 
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Multiply the divisor by 3, and divide the remainder by — 3. 

34?* — lox* — i)3;r* — 3o;r* 4- 2^x — ^[x 

3;r* — io;r* + 6;r* — x 

+ lo;r* - 36 ;r* -f 28 ;r - 6 X | 

15^* - 54 ^* + 42^ - 9(5 
15^* - 50^* + 30^-5 

— ^X* + 12X ~ ^ 4 - — 4 

X* - 3^+1 

;r* — 3;r 4- i)3jr* — io;r* -f 64? — 1(3;^ — i 
3 ;r« - »y« + 3 ;r 

- ;r* 4 - 3^f - I 

— 4- 3jr I 

Hence the common factor is 4;* — 3;^ 4 - i • The roots of at* — 3;r 4 - i 0 
are 1 (3 J: Vs)- One of these roots must be a. But since the product of 
the roots is clearly equal to unity it follows that ;r* — 34f 4- i = o gives 
both the required roots. 

13 * 44 . Symmetric Functions of the Roots 
Let the equation be 

f(x) a;’’ 4 * 4 - 4 - ...+/>« = 0, 

and its roots aj, a^, aj, . . . a„. By a symmetric function of the roots 
is meant a function in which all the roots are involved and such 
that the function is unaltered in value if any two of the roots arc 
interchanged. Now using the formulae 

51 = = - />i, 

$2 ~ == P%, 

5 2 = i7aia203 = — P 2 , 

we can express any symmetric functions of the roots in terms of 
the coefficients of f (x). 

It is usual to denote the symmetric function by attaching the 
sign 2 * to any one of the terms ot this function.' Thus, e.g. if f(x) 
is a polynomial of the third degree, then 

2ai* = Qj® 4 “ ^2* + 

2ai*a, = 4 " <11*03 4 - 03*01 4 " <23*03 4 " <i 3 *«i + «3*a2. 

2 oj*Oa 03 = 01*0303 4 - aj*030i 4 - 03*0103. 

Example. — 1 / a, /3, y are roots of the cubic equation 
X* px* qx + r ^ 0 
evaluate (i) Ta*. (ii) Ta*. (iii) Z’o’jS. 
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(i) Since Sa ~ — p, Ea^ ~ q, 

P* = (iTa)* — Z'a* — 2 Ea^, i.e. Ea^ = p* —■ 2 q, 

(ii) Since 

-j- + c®— 3a6c — (a + ^ + ^) (<*’ 4' I — ab be -- ca) 

it follows that 

4. (Za) {Ea^ - Ea^) 

= — Sr — p {p* — 2q — q) - p^ f ipq - ^r. 

(iii) Consider Ea^^. The product (^a) {Ea^) will contain Ea^fi together 
with terms of the form a^y. The terms of Eo}^ will occur only once while 
the term a)3y will occur three times, viz. as the product of any one of a, y 
and a term from Ea^. Hence 

{Ea) i^ap) - Ea^^ + 3«^y. 
i.e. Ea^p = {- p) (?) - 3 (- »') - “ P<1 + 3»'- 

The procedure adopted in (iii) of the Ex. indicates the method 
of dealing with the general equation. We now prove a number 
of results for this equation. It is important to observe that the 
statement of the results is independent of the degree of the equation, 
and so is the same for equations of all degrees. There is, of course, 
the obvious restriction that the number of ditferent roots which 
occur in a typical term of the symmetric function cannot exceed 
the degree of the equation. 

If ai, ag, ag, . . . are the roots of the equation f {x) ^ o, then 

(a) W = Pi" - ^P2 

{b) = 3^3 - PiPz 

(c) W - “ P" + 3A/>2 - 5 Pz 

(d) Z'ai^agag ™ pip^ — 4^4 

(e) = P2" - ^PiP^ + 2/>4 

(/) - 4/>i'/»2 + 4/>i/>3 4* ^ P ^ ' 4/>4- 

It is clear that there is an infinite variety for symmetric functions 
of the roots. The methods adopted in the proofs of (a) to {/) will 
provide the reader with a technique which should enable him to 
deal with any particular case. 

[а) Tai* = (Zoi)* - 2 I,o.ya^ - P^ - 2/>2. 

(б) Tai^aa will be obtained by considering the product 
(i:ai) (i^oiaj). In addition to terms of the form this product 
will include terms of the form aiagag. Terms of the form % aj 

' can only occur once in the product. On the other hand terms 

30 


T. A., II. 
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of the form will occur three times. For oiOaOj can be 

obtained in the following three, and only three, ways. 

tti X ajOj, ttj X ajag, X aiaj. 

It follows that every term of occurs three, and only 

three, times. Thus 

iJai^ag (roj) (Ea^ai) — 3 Zaiajag 

= {-A)(/>2)~3(-/>3)=-3/>3-/>i^2. 

(c) Consider the product (i^ai) (-Tai*). This will contain only 

terms of the form aj®, a,*a2. Clearly aj* can be obtained in only 
one way. Further, occurs only once in the product, viz. 

as the product of aj and aj*. Hence 

= (Sa,) (Za,^) - 

= (- Pi) iPi^ - 2pi) - (3/>a -- PiPi) = ->,’ + iPip2 - 3p2 - . 

(d) Consider the product (-Tai) {Zaia^a^) which will contain 

terms of the forms aj^agag, a| 020304. The term oj^agOg can be 

obtained in only one way, viz. from the product oj x 

On the other hand 01020304 can be obtained in four ways, viz. 
Oj X 030304, Oj X 010304, 03 X 010304, 04 X oiOgOg. Hence 

iJOj^OgOg = (-^Oi) (i^OiOgOg) 4 *^01020304 

“ (~ Pi) (~ Pi) ~~ 4 (Pa) ~ PiPi 4 Pi» 

{e) Consider ^Z’oiOg)^. This square will contain terms of the 
form Oi^Og^, Oi^OgOg, O1O2O3O4. 

01*03^ occurs only once as oiOg x oiOg. 

Oi^OgOg occurs twice, OiOg X OiOg, OiOg X OiOg. 

01030304 occurs six times, viz. 0103 X O3O4, oiOg x 0304, 

O1O4 X Ogflg, OgOg X O1O4, O2O4 X O1O3, O3O4 X OiOg. 

Hence = (Z'aiaj)® — 2 i^Oi^ogOg — 6 2701030304 

=^p^~2(pj>,-4pi)-f>p, 

= p2^-2p,p,+iP,. 

(/) Now (ra,’)* contains terms of the form o/, ai*a,“. The 
first occurs once and second twice. Hence 

Sdl* = (Zoi*)* - 2 Zoj^o,* 

= (A* - - 2 {P,» - 2P,P, + 2P,) 

' = .V - 4Pl% + 4PiP» + 2 />,‘ - 4Pi- 
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Examples. — (i) If a, b, c are the roots of the equation px^ + + s = o 

find the value of the expression Za* -f Zab f 3 a 6 c. [Madras, B.Sc.] 

Za — — qip, Zab ~ rjp. abc - — s//j. 

- (i’a)’ - 2 Tat - - j. 

• + = I 

= - yp - 3sp)IP*- 

( 2 ) If a, p, y are the roots of x^ + fix q = o, prove that 
^ a“jf + jS* + y*^ 

[Catnb. Sch.] 

Since x^ + px I- q - {x - a) [x ~ P) {x ~ y) it follows that 
(1 - a^) (l - Px) {l - yx) - l + px^ + qx^. 

Taking logarithms, 

log (I 4- px^ + qx^) -- log (i - ax) -}- log (i - Px) + log (i - yx). 
Expanding by the logarithmic scries, 

QO r/j 00 00 

£ [- i)'»-i {px^ -\-qxyin ^ ~ Z a’‘A'V« - Z P”x^ln - Z y^x^ln, 
n =s. i n — i n — i n — i 

the expansions being absolutely convergent for | at | sufficiently small. 

Since the series arc absolutely convergent we may arrange them in ascend- 
ing powers of x. Thus 

' 00 

_ JpS;tri - -f . . . - ~ Z (tt" + /S’* y") 

n — I 

From the theorem on the identical equality of power series [Chapter 1, 
§ 1 * 8 ] we may equate coefficients of corresponding powers of x. Equating 
coefficients of ;r*, x^ and x^, we have 

- J («* + P' + y*) P. 

- i (a» + i3» -f y») q, 

- \ (a® + + y‘) - - Pq- 

„ a‘ + / a» + P^ I y\ a» -f y^ 

Hence ^ ^ ^ 

(j) /y a + i3 4 - y ~ a® 4- jS’ I- y^ b. a® 4- 4- / ^ c. find apy 

and a‘ 4- /3* 4- y* in terms of a, b, c. Verify that when a ^ o. they are 
respectively \c and ^ 6 ®. [Camb. ScA.] 

Now (Za)^ Za* 4- 2 Zap. Hence Zap ::= i («* “ *)• 

Again, [Za)* - Za* 4 + 6 a^y 

^ Za* 4- 3 (^«) - OaPy + taPy. 

Hence 3 ajSy — c — a* + {«* — ^)* 

i.e. apy - { 2 C + a* - 3 a 6 )/ 6 . 

In particular when a ~ o, aPy = ^c. 
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Again, £a* = 

- (ra=»)» - 2 {{Sa^y - lapyZa} 

- b* - 2 {i (a» - by - Ja {2c I- a» - 3^6)} 

- + 3^* f 8ac}/6. 

In particular, if a — o, Ta* = ^ 6 *. 


( 4 ) // + fli) ('^ f ^ 2 ) -I- fla) . . . (;r + an) 

S + . . . 4- />n. 

prove that + ... = py — ypip^ + 3 ^ 3 . 

Pyowe also that the sum of the products r at a time of the (n — i) quantities 
a,, a,, . . . , an is equal to 

Pr — ^iPr-i + ^yPr-t — ••• + (— «!)''■ [Camb. Sch.] 
Now Za^ — Pi, i^a^ag = p^, Za^a^a^ ^ p^. 

Then (i^aj* — Zay 4- iZaya 2 4 OZ'aiajaa 
Again Zaya^ — (Zay {Za^ay ~ iZa^a^a^. 

Hence Zay — {Za^y — Oi^’a^ajag — zZaya^ 

^ {Za^y — (iZa^a^a^ —*3 {Zay (Zoiay 4- gZa^a^a^ 

- py - 6/>a - 3/),/)j 4- 9/)j 

- A" “ 3A/’a 4' d>Py 

Let x^-' 4- 4 fj-r"-* |- ... I- qrX^~^~^ 4- • • . be the quotient 

when x^ 4- PiX^~^ -f 4" ... is divided by at 4- aj. 

Then the sum of the products r at a time of the (n — i) quantities 
aj, aj, . . . an is The value of may be found in the following way. 
Write fix) - at" f piX”-^ 1 /).,Ar’»-2 I . . . |- pr^”-^ 4- . • . 4- 


Then • 


;r 4- 


/W 


i-'i'ft)'. ? 


Z 

^ r = o 

Nowy^ will be the coefficient of at"-'’-* in / (Ar)/(Ar 4 - ay, i.e. the coefficient 
of a;'*-’’ in 

(at" 4- 4- 4- • • • 4- 4- ... 4- pn) 

This coefficient is />, — a,/>, j 4- ^ypr-t — aypr-^ 4 - . . . 4 - (— i)^ay. 


It is clear that any symmetric function of the roots can be 
expressed in terms of functions of the type i7a/aa* • • • 
where r, s, . , . t are positive integers. 

Suppose that 2'ai’’aa* . . • Op* has been expressed in terms of the 
coefficients p^, p 2 , />3 . . • and denote this function by F {p^, />a, . . . )• 
Then the sum of the indices r -f s -f- ♦ • • + ^ is equal to the sum 




The Theory of Equations 


469 


of the suffixes in each term of F (/>!, P2 • • Thus, e.g. consider 
Ta/ = - 4PfP2 + 4 PiPz + '^Pf' - # 4 . 

~ pip^ — 4/^4- 

In each of these the sum of the indices is 4, while the sum of 
the suffixes in each term in the expression in terms of p^, p^, . . . 
is 4. Note that if a coefficient p^^ is raised to any power, say m, 
then the sum of the suffixes corresponding to p^'^ is m^. The truth 
of the result in general follows from the fundamental equations 
stated at the beginning of this section. 


EXERCISES XIII 

10. The numbers Mq, 1I3, . . . satisfy the relation u„ -- — m„_j 

for all values of n greater than i. If Wg — 2, m, - 2 cos 6 , show that 
M, = 2 cos nd. By means of the given relation express as a polynomial 
in, Mj, and show that one root of the eejuation 

+ wd 4'b^ - ‘fMi -h I - o 

is 2 cos What are the other three roots? [^f.T.] 

15 


II. If 1 — r + L 1 — \ r 7 T \ 

a 4' A 6jA c + A 


' rt -f M 0 I - n I- II 


. j y 1- - “ — I, prove that for all values of ^ (except — a, 

a V b V c V 


— b and — c), 


a -f ^ 


, , (A - f) (/i • (*' - 

f ^ ‘ (« I f) + i) 


[Crtw6. Sch,] 


12. Given that two of the roots of 

-1.5^^ - 5‘IA-’ + 150 ^ - 75 ^ o 

are equal in absolute magnitude but opposite in sign, complete the solution 
of the equation. [M.T.] 


13. Prove that ;r* - 7^* | - 9 is divisible by ;r» - i and that the 

quotient is a perfect square. Hence solve the equation 

— JX* + 15;^* - i) — o 

and write down the equation whose roots are the reciprocals of the roots of 
this equation. ^ 

14. The equation 4;^“ - 57^’ 1 I- - M4 ^ two roots 

which are equal in magnitude and opposite in sign. Solve it completely. 

[Camb. Sch.] 


15. Show that if c* ^ cM. then the product of two of the roots of the 

equation ' . , 

X* + ax^ I- hx* cx d ^ Q 

is equal to the product of the other two. Hence, or otherwise solve the 


equation 


;r< 4- 4* 2 ^* F 2;r 4- 4 o- 


[Camb. ScA.] 
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1 6. If one of the roots of the equation 

ax* bx* cx -{■ d ^ o 

is the geometric mean of the other two roots, prove that ac* — b*d. 

Show that X* ^x* ~ \2x — 2^ -= o is such an equation and solve 
it completely. [Lond. Inter. Econ.] 

17. Solve 8u* 4 - 54 ^* — 189^* — 66;r -f- 40 = 0, given that the roots 

are in arithmetical progression. [Camb. Sch.] 

18. Find for what values of a and b the roots of the equation 

X* — ^x* i- ax* + bx — I — o 

are in arithmetical progression. [Camb. Sch.] 

19. Prove that, if the sum of two roots of the quintic equation 

X* ax b o 

is equal to the sum of two other roots, b must vanish. [Lond. B.Sc.] 

20. Denoting by ^j, x^, x^ the roots of the equation x* -j- px -{■ q o, 
find the value of the sum 

-f- ^s®) f (^s* + ^1*) + ^3 ( '''i* -I- ^a®)- [Camb. Sch.] 

21. If a, y are the roots of x* + px -[• q o, find a* + + y» and 

a” -f /S* h y*, and dediice that if I m n — o, then I* -f m* f n* = ^Imn 

[N.Sc. Prelim.] 

22. Given that x* + y* + z* -= a*, x* 1- 4- b*, x f y ^ z ^ c, 

express yz + 1- ^y and xyz in terms of a, b, c; hence sliow that x, y, z 

are the roots of the equation 

OA^ — 6f A* - 3 (6* - c*) A — (2rt® — ^b*c -f c*) = o. 

[Lond. Inter. Econ.] 

I 4* tan^^ 

23. Solve the equation 2 sin 0 ^ and show from it that 

3 — tan*w 

sin 10°. sin 50°. sin 70® ^ J. [Camb. Sch.] 

24. If a — cos ^TT 4 * sin fw show that a 4- a* 4 “ a* and a* f- a* 4 - a* 
are the roots of x* -{• x 4- 2 = o. Hence show that 

sin f TT 4 - sin — sin J y 7. [Camb. Sch.] 

25. If a, ^ are the roots of the equation ax* 4- 2bx 4- c ~ o, prove that 

ax* 4- 2bx + c ~ a [x — a) {x — ^) 

and evaluate (b* - a*a*) {b* - a*p*). [Lond. B.Sc.] 

26. If the roots of the equation x* 4- px 1- q — o, and x* 4- p^x 4- — o, 

are a, /3 and o*. p respectively, prove that 

?i* f- I- = o, and qt* - qq^ -f q* {p^ - = o. 

Hence, or otherwise, prove that 

qip - Pi)^ +p{p- Pi) {qx - 9) + (9i - 9)* = o. 

[Lond. B.Sc.] 

27. If the roots of the equation x* px + q = o are a, /3 and the roots 

of the equation 4- a;r 4- 6 — o are i/a, y, show that 

{p - {a ~ pb) = (i - bq)*. 
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Show also that j 9 and y are the roots of the quadratic equation 
x*{l - bq) -X {(a + p) bq - {aq f bp)} -f bq (i - bq) - o. 

28. Obtain a cubic equation whose roots are the values of x, y, c given by 

^ T y + ^ = 3. -f y* 1 - 2® - . 5 . -v-’ I- ^ 7. 

Prove that x*^ + y* + z* ^ 0. [Camb. Sch.] 

29. Prove that if at be a root of the equation 

- 3Af (a* -I- a -f 1) 4 - (a* -f a F 1) (2a -f i) 0, 
then the other roots arc <f> {x) and <l» { 4 > {x)}, where 

<{t (x) = at” -F -- 2 (a* -F a -F i). [Camb. ScA.] 

30. Prove that the sum of the squares of two c 4 the roots of the equation 
8 a?* -F Soa?* — 3a* = o is equal to their product. 

[JV.Sc., Prelim.] 


13-51. Transformation of Equations 

We first consider some typical examples of the determination 
of equations whose roots are functions of the roots of a given 
equation and whose coefficients can be expressed in terms of sym- 
metric functions of the roots of this equation. 


Examples. — (i) // a and ^ are the roots of the equation px'^ -}• qx + r — o, 
find the equation whose roots are {pa + q)IP, ip^ + *})la. 

■ [N.Sc., Prelim.] 


Now 


pjl~^ i 4. PJ.li - 111- '■ p^^ 

j8 o 

- {P (a* T i3‘q -F ? (a + i3)}/ai5. 


Since a + jS = - - rjp we have 

«> + ^* = {a I- i a? = - ‘‘" fl- 

. Hence ^ f }/; = - 

{pa + «) (Pfi + ?)/”|5 - {P’of + Pi{a+ P) + f)laP - t 


Hence the required equation is a* F -F p* — o, i.e. [x 4- />)* = o- 

Pa 4 * Q Pft I ^ j. 

This equation implies that ^ ~ — p. 

The fact that this is true follows immediately from the given equation 
and from (i). Thus pa^ qa ^ ~ r - p^^ + q^. Dividing by ap. 
pa +J ^ pfi q 
fi a ' 


{2) Find the equation whose roots are the squares of the roots of 
A* 4 - 6a* I ca 4 - d — o, 

and find the condition that the squares of roots of the given equation shall be in 
arithmetic progression, [M.r.j 
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In the given equation )(*-{■ hx^ cx d = o write x = ‘\/y so that 
y = x^. Then y ^Jy -f by -\- c y/y + i o, 

i.e. ^Jy (y + c) -- — . by — d. 

Squaring both sides of the equation 

>' O' + c)» = (fey + d)\ i.e. y> + y* (2^ - fe*) + y (c* - ibd) - d^ = o. 
The roots of this equation in y arc tiic squares of the roots of the cubic in x. 
We require the condition that the roots of cubic in y be in arithmetic 
progression. 

Let the roots be a. / 3 . y. Then if the roots are in A.P, we can write 
2^ => o -h y. 

Now a + /3 -f- y ^ fe* — 2C, 
ay c* — 2 bd, 


a^y — d^. 

Thus, 3j3 - fe» - (i) 

2 / 3 * -f ay ^ c* — 2 bd, 
ay - d^ip. 

Hence 2/3* | d^jfi — c* — ibd (li) 


The required condition will bo obtained by eliminating /S between (i) 
and (ii). On simplification this gives 

2 (fe* — 2c)* - 0 (fe* - 2c) (c* — 2bd) 4- 27 — 0. 

(3) Find the equation the roots of which are the sums of the roots of 

AT* -I ax^ 1 hx I- c = o 

tahen in pairs. [Camb. Sch.] 

Let the roots be a, / 3 , y. Then we require the equation whose roots are 
o -f- /S. /3 + y, y + a. Write y = a + / 3 . 

Then since a + /5 + y ~ y — — a - y, i.e. y — -- a — y. 

Since y’ 4- ay* by c — o, it follows that 

(- a - y)> 4 - « (- « - y)* 4 fe (- a - y) 4- c o. 

i.e. y* 4- 2ay* 4- («* 4- fe) y 4- afe — c = o, 

and this is the required equation. 

(4) If a. / 3 , y are the roots of x^ px^ + qx r ^ o find the equation whose 
roots are 

/3 4 y — 2a. y 4- a — 2 j 3 . a 4 - /? — 2y. [Camb. Sch.] 

Write y — / 34 -y — 2a = / 34 -y 4 -a — 3a— — p — 3a. 

Since a*4’^a*4-^a4->' = o we obtain the required equation by 
substituting o — — hiV ^ P)- "1^”^ gives on simplification 
y’ + ( 9 ? - 3/>®) y - ' 2 />* C)pq - ^^r ^ o. 

(5) Form the equation whose roots are (a* — /8y)/a, (/ 3 * — ya)// 3 , (y* — a/8)/y 
where a, / 3 , y are the roots of the equation x* 4 - px* ’\- qx r = 0. 

Write y = (a* — / 3 y)/a = a — a/ 3 y/o* — o 4 “ r/a*. 



The Theory of Equations 473 

Now a* *1- pa* + + >' = o (j) 

Q ^ 

.e. a + p+^-\- = 0 . a+o, 

, a a" 


Hence a + />+^ + y— a — o, i.e. a — _ ^ 4. 

Substituting in (i) and simplifying we obtain 

- ?* + pq* (/> + >')- {p + yV I- r {p -f y )8 = o. 

This is tlje required equation. 

(6) Find the e.quation whose roots are given by the formula 

yt = Xi- Xi* -I (X* + X* 4- V). (« I. 2, 3 ) 

whence x^, x^, x^ are the roots of the equation x* — x* |- 4 -- o. [M.T.] 

Now 4 - ^1 4 - = I. ^i^'a 4 - ^ 1^3 4 - x^X;^ - o, XiX^x^ - 4 . 

Also Xj* 4- x^* 4- ^8* = (^1 I ^a I ^s)* - 2 {XiX^ 4- XiX^ 4- x^x^) = i. 

From the given equation 

Xi {Xi* - ;r<) 4- 4 o. i - V = 4/^<- 

Thus yi - I - 4 /^<. i e. at^ - 4 /(y< - i). 

Hence the required equation will be obtained from the given equation 
by substituting x = 4/(y — i). Thus the required equation is 
.3 .2 

— 4 ._. _ ^ 14 -^ 0 . 

{y ~ I)* {y - I)* 

This simplifies to y* — 3y* ~ y 4 - 19 = o* 

( 7 ) If a, fi, y are the roots of the equation 

2 X* 4- AT* 4- AT -f I = o, 
find the equation whose roots are 



Write a = i/a, /9 = ijb, y - i/c, a* — u, b* = v, c* — w. Then the 
required equation may be determined by means of two intermediate equations. 
The three steps are as follows: 

(i) The formation of the equation whose roots are a, b, c. 

(ii) The determination of the equation whose roots are u, v, w. 

(iii) From (ii) is deduced the equation whose roots are 

1; 4- w u — V, u -}- V — w. 

(i) This is found by replacing at by i/at in the given equation. Thus 

X* ^ X* + X 2 = o has a, h, c for its roots. 

(ii) The equation whose roots are u, v, w is 

X* — X* £a* 4- AT Sa*b* — a*6*c* — o, 
and it is now necessary to calculate 27a*, £a*b*. Using the formula 

/» rn* -\-n* - ^Imn ^ {I m i- n) {I* m* + n* - Im - mn - nl) 
it follows that 


27a* - (27a) {(27a)* - ^Sab) 4- 3 
•^ (- i) {» - 3 } - b = - 4 
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Again, using the same formula, 

- {Sab) {(Sab)^ - 3 abc Sa) + 3 aW 

- (I - 3 .- 2 .- 1 } f*3 (- 2 )« - 7 . 

Hence the equation whose roots are u, v, w is 

X* -f I- 7,ir -f 8 = 0. 

(iii) Now write y = v -j- w — u — Su — 2u =—■ 4 — 2U. 

Hence m — — ^ {4 + 3/). 

Substituting in «• + 4W* + 7M 4- 8 — o we have 

- i (4 + 4')^ + (4 + y)‘ “ I (4 I- >') T 8 - o. 

i.e. y* i- 43^* -}■ *'2y — 16 o. 

13-52. Reciprocal Equations 

Let / (x) = 4- + ^ 2 "-* + ...+/)„ = 0 , pn=^o, be 

an equation whose roots are a^, ag ag, . . . , a„. Then the 

equation whose roots are i/aj, i/aj, i/ag, . . . , i/a„ is f (ijx) — 0 , 

i.e. p^x^ 4- pn-xX'^’^ ^ pyX 1 -= o. 

If the equations / (x) — o, f (ijx) — o are the same, then 
/ (x) is said to be a reciprocal equation, i.e. it is an equation which 
is unaltered if x be changed into ijx. A comparison of the two 
equations shows that 

_£ Pi _ P 2 _ Pn_J _ Pn 

Pn Pn~\ Pn~2 Pi ^ 

From the equality of the first and last ratios it follows that 

= I, i.e, /)„ - ± I. 

(a) If Pn = I, we have 

Pi = Pn-V p2 = Pn-2> • ‘ > Pr "" Pn-r • • • 
i.e. the coefficients of the corresponding terms taken from the beginning 
and end are equal. 

{b) If — I then 

Pl~ Pn-V p2—'~ Pn-2> • • * » Pr ~ ~ Pn-r • • • 
i.e. the coefficients of corresponding terms as counted from the beginning 
and end are equal in magnitude but opposite in sign. 

In (b) if « = 2m, m a positive integer, p,n -= — pm> i e. Pm = 
i.e. the coefficient of the middle term is 0 . 

It is clear that in a reciprocal equation the roots may be grouped 
in pairs; for if a is a root so is i/a. 

We now prove that every reciprocal equation can be reduced to 
a reciprocal equation of even degree in which the coefficients of the 
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first and last terms are equal, in particular we can arrange that both 
the coefficients are unity. 

Consider first an equation of type (a). If n = 2 m the equation 
is already in the required form. If « = 2 w 4- i, there must be 
one root which is its own reciprocal. This value can only be i i 
and from the form of the equation the value is clearly x = — i. 
On division by the factor x i we obtain an equation of the 
required form. 

Next consider type (6), which is of the form 

x" + 4- -f . . . — — p^x — i ^ 0. 

This may be written as 

X" — I 4- PiX - i) 4* PiX^ (x^^* — i) 4- . . . = 0. 

If n =■• 2m, then x^ — j is a factor of the polynomial on the 
right. Division by — i gives an equation of the required form. 

.If M = 2w 4- 1, X — 1 is a factor and division by this factor 
reduces to the equation to one of even degree, with the first and 
last coefficients both equal to unity. 

Example.— 6 x* - f 31^* - 31^* I- 25^ - 6-0. 

[Madras D.Sc.] 

This is a reciprocal equation of even degree in which the first and last 
coefficients have opposite signs. Hence x^ - i is a factor of the left- 
hand side. 

The equation may be written in the form 

6 (;r" - i) - 25;r (x* - i) 3 - 31^* {^* - i) — o, 

i.e. ( 2 r* - I) {()(2r* }• 2r* -f I) - 25X (x» + i) | 31^*} ^ O- 

The first factor corresponds to the roots .y — i 1 . 1 lie second factor is 

Ox* — 25;»:^ -f 37X* — 25X I 0 o, 

i.e. 6 [x* f - 25 f }- 37 ”= o- 

To solve this equation write y — x ilx. Then 
6 (y* ~ 2) - 25y h 37 ^ o* 
i.e. 6y* - 25^ j- 25 o, i.e. (3y - 5) (^y - 5) o- 
Hence y = 5/3 5/2- 

If y = 5/3. 3^* ™ 5^ + 3 o, i.e. y - (5 i: * 

If y = 5/2, 2 X^ - 5.r + 2 -- o, i.e. ;r - 2 or i. 

13*53. Equation whose Roots are those of a Given Equation, 
diminished (or increased) by a Given Quantity 

Let / W = + /’a*"'* + ...+/>„ be the given 

equation whose roots are oj, 02 , as, . . . a„, and suppose we require 
the equation whose roots are ai — h, a.^ ~ h, h, ... ~ h. 
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Now we know that any polynomial of the «th degree may be 
uniquely expressed in the form 

Uq (x - h)^ -f ill (^ - h)^-^ -f . . . -f 

[Chapter IX., § 9-14, Theorem VIII.] 
Suppose that / {x) has been expressed in this form so that 

f(x) - iZo + ^1 (^ - + «2 (^ - ^0"“^ -f ...+ Un- 

changing the notation by writing x -f h instead of x we have 
f{x~\-h) = a^yX^ -f -f a^. 

Now the roots of f (x h) — 0 are those of / (x) diminished 
[§ Hence the roots of 

a^yX’^ -|- a^x^-^ 4- -f • • • d- «« ^ o 

are ai — h, a2 — h, 03 — h, . . . , a„ — h. 

The method of calculating the values of Uq, a^, «2. . . . , ii„ has 
been explained in § 9*14. We give two numerical examples. 

Examples. — (i) Uind the equation whose roots are those of 
2.V* — 13;^* 4 lox Kj — o 

decreased by unity. 

In this case /; = i. 

20 — 13 10 — 19 

2 2 - 1 1 — I 

2 — 11 — I 1 —20 



8 

The required equation is 2x* + 8x^ — — 8;r — 20 ^ o. 

(2) Find the equation whose roots are the roots of 

X* — x^ ~ io;v* -f 4Ar 4- 24 — o 
increased by 2, and hence solve the equation. 

In this case h =- — 2. 

1 — I — 10 4 24 

- 2 6 8 -- 24 

- 3 - 4 12 I O 

- 2 10 — 12 

- 5 <> I o 

j- 2 14 I 

- 7 

- 2 

- 9 


20 
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The required equation is 

X* — 0^® + = o. i c- — O’*" + 20) — o. 

Hence x - o, o, 4, 5. 

It follows that the roots of the original equation arc —2, — 2. 2, 3. 


13-54. Removal of a Given Term from an Equation 

An example of the method has already been given in § 13-32. 
If / (x) = -I- Ax"-* -I piX"-^ + . . . + Pn. then 


/ (x + A) = p^'‘ + np^x"-^ + 


« (» — 1) 
2 ! 


+ . . . 


+ + (« -• 1 ) pyhx"-^ + . . . 

+ + . . . 

/>0*" + (#(/* + /*!) 

4. 1 “ + („ - I) pjl + x"-» + . . . 

If we write h coefficient of in f (x h) 

will be zero, i.c. the equation 

f {x h) = 0 

will have the second term missing. In other words we can obtain 
from f (x) = 0 an equation in which the second term is missing 
by reducing the roots by h where npjt f pi = o. Similarly if 
h is one of the roots of 

{n - i) pji^ 4- (w “ i) Pi^ + 

the transformed equation will have the third term missing. 

It will be observed that in order to remove the constant term it 
is necessary to find a root of / (h) = o, i.e. solve the given equation. 


Examples.— (I) Solve the equation 


i 2X^ + 48 Ar» - 72 X I- 35 ^ o. 

[Catnb. Sch.] 

In this example />o - — 12, np^h f pi — 4^ 12 — 4 3 ) 

Hence we can remove the second term of the equation by reducing the roots 
by 3. The numerical working is as follows. 

I -T2 4» 35 


9 

3 

6 

3 

3 

3 


21 

18 


o 
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The transformed equation is 

— 6^* 4 8 = 0, i.e. ;»r* = 2 or 4. 

The roots of the transformed equation are ± y/2, i 2, and the roots 
of the original equation 3 ± i. 5, 

{2) Transform the equation - 24;^’ - 47;^ - 22 == o into one in which 
the term in x^ is missing. ^ 

Change x into x -f h. Then the transformed equation is 
+ ^hx» f (6A* _ 24) ;r» + . . . = o. 

To remove the term in x* we take ^ - ± 2, i.e. if We either decrease 
or increase the roots by 2 the resulting equatioa will have the required form. 

(a) Decrease the roots by 2. 

— 24 — 47 — 22 

— 4 -- 40 - 174 

— 20 _ 87 I — 196 

__ ® M I 

— 12 - III 

12 


0 


8 



The transformed equation is + 82* — \\\x 
[b) Increase the roots by 2. 


1 o - 24 - 47 

4 40 

— 2 — 20 — 7 

— 2 8 24 


-4 - 12 17 

— 2 12 


— 6 o 

“ ^ 

- 8 


— 196 — o. 


— 22 


8 


In this case the transformed equation is 

jr* — 8;r» + 17;^ -t- 8 = 0. 


{3) Reduce the cubic equation ax* + ^bx* yx d = o to one in which 
the term in x* is missing. 

In this case the roots must be reduced by — bja. Now 
a (jr 4- h)* + :ib {x + h)* ^ 3c{x + h) + d = a {x* + 3^* + 3**^ + 

+ zb {x* + 2xh + A») i- zc {x i- h) + d 
- + 3 (aA + 8) 2?* + 3 {ah* + 2bh + c) x -j- ah* + 36^* -f 3cA + d. 

Substituting h — — bja we have 

^a*x* + 3a {ac — &•) -f a*d — 3a6c + 2b* = o 
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as the required equation. If the roots of the original cubic are a. / 3 . y. the 
roots of the transformed equation are a bja, + 6/a, y + 6/a, or since 
a -f- /3 + y == — 36/a, the roots are 

i ( 2 a - ^ - y). \ (2/3 - y - a), i {2y - a - (i). 


EXERCISES XIII 

31. If a, 6 and c arc the roots of the equation x* -f* + <7^ -f o. 

show that the equation whose roots are a*, 6 *, c* is 

X* + (2q — /)*) x^ + {q^ — 2pr) x - r* - ^ o. [Cam6. SrA.] 

32. If a, ) 5 , y are the roots of x^ -f px* -f qx ->1- r = o, find the equation 
whose roots are a“, j 3 *, y*. 

33. Find the equation whose roots arc the squares of the roots of the 
equation 

" A* — 4A® + 13A —14 — 0. 

Deduce that the given equation has two imaginary roots. 

• 34. If a, /3 and y are the roots of the equation x^ qx r ^ o, find 

the equation whose roots are * H n 4 * and - -| — . [Cam6. 6V6.] 

'i a P p y a 


3^. If a, / 3 , y are the roots of the equation — 3^ -1- i — o, find the 
equations whose roc.)ts arc 

(1) a - 2, - 2, y - 2; 

(2) (a - 2)*. (p - 2)*, (y - 2)*: 


( 3 ) 


(a™ 2)«' (p -'iy (y'-2)* 


[Madras, B.A.] 


36. If a, p, y are the roots of x* + px* qx r ^ 0. find the equation 
whose roots are 

aiP-h y). p{y F a). y(a I P). 

37. If o, P, y are the roots of x^ - x* ~ 2 o, find the equation whose 
roots are 

alip -I y - a), PHy + a - P),- yl{a F ^ - y). * 

38. Transform the. equation 2,r'' — 2X^ \- x^ 2 x ~ ^ — o into one in 
which the second term is missing. 


3Q. Solve the equation x* F Ax^ F 5'*^* zx -- 6 — o by transforming 
it into one in which there is no term in x*. 


40. Explain how to transform the equation 

f{x) = PoX- F -h -f- . . . F />« - o 

where p^, p^, p^ pn are fractions, into one in which the coefficients are 

integers. Apply your method to transform 

AT* F F ix* F Jat F I - o 

into an equation with integral coefficients. What is the relation between 
the roots of the transformed equation and the original equation ? 
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41. If a, y, S arc the roots of the equation 

ax^ 4- bx* -\- cx^ dx e — o, 
find the equation whoso roots are loa, ioj9, loy, 108. 


42. Find the cubic equation whose roots are a, fi, y, where 

a P y — a, a* + + y* — fe* and a® |- jS® f- y® = c*. 

If denotes a" H jS" -f y". express in terms of. w„_a, 
and a, b, c and prove that is the coefficient of x^ in the expansion in 
powers of x of 


3 - 2ax 4 - ^ - 


43. Prove that the value of the expression 


{xl~x 4 - 1)® 


if cither i — x or ijx is written in place of x. Prove that 
h.re three of the roots of tlie equation 

+ 1)1 _ i- I)* 

{x^ - ;r)» ‘ (c® - c)® 

What are the remaining roots? 


is unchanged 
c, 1 — c. ijc 


[Camb. Sch.] 


13-61. Binomial Equations 

An equation of the fohn a" h i — o, where n is a positive 
integer, is called a binomial equation. The roots of such equations 
have been considered in Chapter VIII. The roots of — i = 0 
are the n nth roots of unity. 

Consider the case n = 3. Then since 

— 1 = (x ~ i) {x^ f X 'f- i) 
the cube roots of unity arc i, J (~ ^ ± ^ Vs)- 

Let o} denote one of the imaginary roots, i.e. one of the roots of 
~\-x 1- 1 = 0 . Then 

to* 'f to 4' I ^ 0, to* •" I. 

Also since the product of the roots of x^ x 1 - 1 — o is unity 
it follows that if one root is to the other is to*. Thus any product 
involving real quantities and powers of to can be represented in 
one of the forms 

A -f Bo), A -f Bto*, Aco B<xl 
where A and B are real quantities. In particular 
{a h 1- c) {a 1- ix)h 1- uih) {a + ulh -f = a* -f ^ 3^^- 

For (a 4- <o6 4* (<^ 4- 4- 

iE ti* 4- 4' 1- ab {(i) A- to*) 

4" be (to* 4“ 4" 

^ A- b^ A- — ab ~ be — ea, 
since to* = i, to* ~ to*. to = to, to* 4" 
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Multiplying both sides of the identity by (a -f 6 -f c) we obtain 
the required form. 

Examples.— (i) Prove that if a, b, c are real and rational then 
{a -}■ co/j -f (a f -f oit)* 

is real and rational. 

Write a tab -\- taH — a, a + ta^b tac — Then 
- (a + fi) (a« - 

Now since a* + a /3 + /J’* — (a — oi^) (a — tu^/ 3 ), wc obtain on changing 
the sign of / 3 , 

a* — aj 3 + / 3 ® — (a + <u/ 3 ) (a + a>*/ 3 ). 

Then a + ai /3 — n + <06+ + a> (a -f ui*b f tac) 

a (i f <i>) 4 b {to 4- o>’) 4- c 4- to*) 

— a {i -f to) -f- 6 (i -j- to) — 2C (i + to). 

Again a + to^^ — a 4- <06 h to*c 4 (<* 4 i*>^b f <oc) 

— rt (i 4" <*>*) 4' ^ + <*>^) 4- "I* 

— - a to 4 ^bco — cto. 

Also a -f- ^ ~ ^ (w 4- w*) (<»> I <t>’) ™ b — c. 

Hcncc a® 4 /3® -- - to (1 4 t**) (za - b - c) (zb — a - c) {20 - a — h) 

- {za — b - c) (2b - a ~ c) (2t: - a - 6), 

since — to (i 4- to) ^ — to — to® — i. This is product of three real factors 
whose terms are all rational. 

(2) Find the values of the determinants'. 


l 

(0 to* to* to 



to 

to* I to to* 


1 to to* 

to* 

I to to® I 

and 

to* 1 <0 

to* 

to to* 1 to* 


to I I 

to 

to* 1 to* to 




where to is an imaginary cube root of unity. [Camb. Sch.] 

Let Ai. A« denote the fir.st and second determinants respectively. 
Consider Ai and add the second and third columns on to the first. Then 


using 

I 4- to 4- 

to* - 

0 

we 

have 






I4-to4- 

to* 

to 

to^ 

* to* 

to 


0 

to to* 

to* to 


to 4" to* 

I- 1 

to* 

I 

to 

to* 


0 

to* 1 

to to* 

Ai-- 

to* 4- I -I 

- to 

I 

to 

to* 

I 

rr- 

0 

I to 

to* I 


2 to* 4- to 


to 

to’ 

* I 

to* 


to* — I 

to to* 

1 to* 


1 to 4- to’i 4- * 

to* 

I 

to* 

to 


0 

to* I 

to* to 



to 

to* 

to’ 

* to 






(r - to*) 

to* 

I 

to 

< 0 * 







to 

to’ 

' I 







to* 

I 

to’ 

' to 






Adding the second and third columns on to the fourth and writing 
I 4 to -4 to* - o, we find 


T. A., u. 


31 
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Ai = (I - 


to* to* 
1 to 


(I - to»)* 



oi * 4" * + I 

txi 


0 I a> 

- (I - 

I 4^ ^0 4* to* 

tii* 

= (I - a>*)» 

0 <u w* 


I 4 - 1 

<i>* 

I 4- 2w* I w* 


(l - to»)* (I -f- 2<0*) 



I 4" <*> "1" W* to < 0 * 


0 CO CO* 

A,- 

4- I + I to 

— 

0 I CO 


€0*4- 2 1 1 


<0* -H 2 I I 


A simpler way of showing that the determinants are zero is by observing 
that in each of them there arc two rows, one of which is a multiple of the 
other. Thus in Ai consider the second row. Tf we multiply each term by 
to we obtain 


i.c. to® 1 to to* I. 

This is identical with the third row and so the determinant must vanish. 
In a similar way we see that the first and second rows of can be made 
identical. 


If in the above discussion we replace unity by any quantity 
k we obtain the equations 

4 -^ — 0 . 

The n «th roots of these equations are found in a similar way. 
In particular if k is real and is the ordinary arithmetical cube 
root of k then the three roots of ~ k ~ 0 are 

kK wkK 

Note that the three roots may be obtained from any one of them 
by multiplying it by i, w, a>*. 


13*62. The Binomial Equation .jc” — i = 0 . 

We now prove some special properties of this equation. 

{a) If a is an imaginary root of x'^ ~ i = o and m is any positive 
integer, then a”* is also a root of — i = o. 

Now (a^)” = == (a")"* ™ i”* = i. Thus a”* is a root of 

the equation. 
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(6) If n is a prime number, a any imaginary root of - i — o 
then the n roots may be expressed in the form 
I, a, a^, . . . , 

The n roots are given by 

2 r 7 T . . 2 rTT 

X = cos h i sin - - , r - o, i, 2, . . . (n i), 

nn 

the value r = o corresponding to a: = i (Chapter VIIT., § 8*41). 

Since « is a prime, it follows that for n > 2, n is odd. Hence 
X = — I is not a root of x" 1 — 0. 

Thus we can take a to be 


ZOTT . . ZpJT 

cos 4- i sin . 
n n 


where p is one of the values i, 2, n ~ i. 

♦ We know from {a) that i, a, a '4 . . . a” ^ are roots of — i o. 
In order to prove that this series of n values does represent all 
the roots it is sufficient to show that no two are eipial. Let s, t 
be two positive integers and consider the roots a", u'. Then 




{ 


Cos 


ZpTT 


-|- i sin 



ZSpn 

cos - - - 


n 


+ i sin 


ZSpn 

n 


, Zpn . . 2 p 7 T\ < 

rt« = J cos - — \-t sm '- 


n j 


ZtoTT . , ZlpTT 

-- cos - 1' I sin - • 

n n 


If a* a* then 2 Sp 7 Tln and 2//)7r/« must be equal, or differ 
by an integral multiple of zn. Hence 

n n 


where k denotes o or a positive or negative integer. 


This equation may be written in the form 


p{s -/) 
n 


k. 


Since n is prime p, s — t have no factor in common with n 
and hence p(s-t)ln cannot -be posilivc or negative integer. 
Hence k ~ 0. Since p 40 it follows that 5 ■ t 0. Thus the 
roots a", can only be equal if 5 /. 

If follows that the sequence of values i, a, a“, . . . are all 
different. 

(c) If m and n denote positive integers which have no common 
factor except unity then the equations x^ — 1 -- o; a;” — i — 0 
I have no common root except unity. 
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The roots of x'^ — 1 = 0 are 

2^77 . . . 'zm 

= cos — + ^ sin , r 0, i, 2, . . . (m ~ i . 
mm ' ^ 

The roots of — 1 = o are 

ZStt , . . ZStt . 

X = cos — h ^ sin — , = 0, I, 2, . . . (n — i). 

n n' ' 

The fractions zrTrjm, 2S7r/» are both positive and less than 2tj. 
It follows that if the equations have a root in common, 

ZYtt ZStt . m T 

— - , i.e. 

m n ns 

Thus the fraction m/n is e(|ual to another fraction with a 
smaller denominator. But since m and n have no common factor, 
this is impossilde. It follows that the two equations x*^ — i = 0, 
— I =z 0 have no root in common except unity. 

(d) If p is the highest common factor of the positive integers ni 
and n, then the roots common to the equations x^ ~ 1 =- 0, x^ ~ i ■ 0 
are the roots of x^ — 1 — 0. 

It will be observed that if in this result we write p i we 
obtain (c). 

Write m = Xp, n, — /x/>, A and fi being positive integers with 
no common factor except unity. Using the expressions for the 
roots given in (c), it will be seen that two roots will be equal if, 
and only, if 

zm _ ZSTT 

m n 

where i < r < m — i, i < s < w — i. Substituting m = Xp, 
n = ^p this relation becomes 

j' _ A 

S ~ fl' 

Then A//x is a fraction in its bwest terms since A, fi have no 
common factor. Hence r Xk, s ^ fik where A: is a positive 
integer ; k cannot be a fraction since this would imply that A and 
/X had a common factor, r and s being positive integers. 

The value of the common root is 

ZTtt , . . ZrTT zk-TT . . zkir 

cos — • + t sin - — cos . -ft sin — 

m m p p 

which is a root of x^ — 1 ^ 0, 
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A special nth root of unity is defined to be a root of a;” — i = o 
and which satisfies no other equation — i = o where in < n. 

It will then follow that all the roots of - i ^ o will be given 
by the sequence 

I, a, a^, . . . 

where a is a special nth root of unity. 

Example. — h'ind the special roots of — i ^ o. 

Now 12 may be written as the product oi two positive integers (> i) 
in only two ways, viz. 2 X b, .3 X 4. Hence the equation x'^'^ ~ o 
has roots in common with ** — i = o, .v* - i -- o. - i — o, x* - 1 o. 

Now {x* — 1), {x^ — i) are factors of aj" - i -- o. Thus in detet mining 
the common roots of x^* —1—0 and binomial equations of lower degree 
it is sufficient to determine the roots of — i — o which are not roots of 
AT* — I — o. a;* — 1 = o. 

.Now x^^ - 1 — (a;® — t) (v® \- ^). Thus the required roots will be 
those of AT* + 1 -- o which arc not roots of a?* — i - o. 

Hence if we determine the highest common factor of !- 1 and a* — i, 
divide ;r® + i by this factor and equate to zero the quotient obtained by 
the division we obtain the equation which determines all the special roots 
of ~ I = o. 

‘ AT* - l)Ar« + 1 {X^ ^ 

J U.C.}'. is.r 5 + I. 

AT* h l)Ar* l(v* — I i 

Now (at® d- i)/(;r» 1- I) -- ;r* AT* + I. Thus there arc four special 
roots of -- 1 == o, and these arc the roots of .v* - a* | 1 o. The 
roots are easily determined from this equation. 

Alternatively we may proceed as follows; 

I r. (A® - i) {A® h 1). - I - - Q {■*•" + I !)• 

The factors (a* — 1), (a’ - i) need not be considered as they arc factors 
of A* -* I. 

The special roots will be roots of a® + i — o and a“ -f a' 1- i — o. 

The highest common factor equated to zero will give the roots. 

A® + l)A® + A® + l{A® 

A® + A* 

X* - -\~ i)a» T i(a* -f J 

A® + I 

The H C.F. is a* - a* -f i and the special roots are the roots of 
A® - A* d- I “ o- 
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EXERCISES XIII 

44. Find the factors of x’ i- y* -j- ~ 

45. If w denote one of the imaginary cube roots of unity prove that 

a -h <ob (ah 
b (ac 

(ii) (i — <0* + u)*)^ 4- (i + f 4^- 

46. Form the cubic equation whose roots are 

rt + 6 4- c, a -i- tab tah, a 4- 
where la is one of the imaginary cube roots of unity. 

47. Find the special roots of — i — o. 

48. Find the special roots of x^^ — i - o. 

49. Prove that the special roots of x^'^ — i =s o are the roots of the 
equation x^ — x^ i — o. 

50. (iive an expre.ssion for the roots of the equation = i. Show 

tliat if a is a complex root of the equation — i, the equation whose roots 
are a 4- a®, a* I- a®, a* + a® is y® 4* — 2y — i — o. [Lond. B.A] 

1371. The Differential Coefficient of a Polynomial 

If / (x) is a polynomial of degree n, then the differential 
coefficient or derived function. /' (x) is polynomial of degree n — i. 
It follow^ that /' (;r) is a continuous function of x. 

If f (x) has a maximum or minimum value when x = Xq then 
f' (xq) “ 0 , i.e. the maximum and minimum values of / (x) are 
obtained by differentiating f {x) and equating to zero the poly- 
nomial so obtained. Since f' (x) is of degree w — i it follows 
that there are at most n — 1 maximum and minimum values or 
expressed graphically there are at most n — i turning points 
on the curve y — /(x). 

If the (n — i) roots of /' (x) = o are real and distinct there 
will be precisely (n — i) such values. For if P be one of the 
roots then x ~ ^ is a non-repeated factor of f (x), i.e. 

/'{*) = (*- ( 8 ) 

where 40 and p (x) keeps the same sign in the immediate 
neighbourhood of x = jS. Thus /' (x) must change sign as % 
passes through the value 

It will be remembered that in general, /' (x) = o is a necessary 
but not a sufficient condition for a maximum or minimum. In 
addition /' (x) must change sign from -f to — for a maximum 
and from — to -f- for af minimum as x increases through the value 
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in question. Another criterion is. if jS is a root of /' [x) = 0 then 
/' (jS) < ^ ^ maximum, f (P) > o for minimum, but this 

fails to give a precise result if (j 3 ) = 0. 


1J72. RoUe’s Theorem 

If a and p be two consecutive real roots of f(x)^o then between 
a and p there lies at least one real root of /' (x) = 0. 

Since a and p, p > a are consecutive real roots of f [x] — o 
it follows that when x lies between a and p, / (x) is always positive 
or always negative. Suppose the former. Then / (x) > 0 when 
X is slightly greater than a and since / (a) - 0 it follows that 
/ (x) is increasing immediately to the right of x ^ a. At such 
points /' (x) > o. Similarly just to the left of x — p, f (x) is 
decreasing, for / (x) >0 and 
/ (P) = 0. Thus immediately to 
the left of X ~ p, f (^) < o. 

Since /' {x) is continuous it 
can only change from a positive 
value to a negative value by 
passing through the value zero. 

Hence f (x) = 0 for some x 
inside the interval (a, P). 

It is clear from Fig. 40 that 
a polynomial f (x) may have 
more than one maximum or 
minimum value between two Fig. 40. 



consecutive zeros of / (x) ~ 0. 

Combined with Rollers theorem we have the result that between 
any two consecutive roots of f (x) = 0 there is at least one root 
of (x) = 0; but there may be more than one. In other words, 
between two consecutive roots of /' [x) = o there need not be a 
root of / (x) =0. 

We can assert further that between two consecutive roots of 
y"' (x) — 0 there is never more than one root of /(x) ~ o. For 
suppose that /' (a) == 0, /' (b) = 0 and that /{a) = 0, /(P) = 0 
where a <a<p <b. Then from Rolle's theorem it follows that 
between a and p there must be a root of f' (x) — o. But this is con- 
trary to hypiothesis. Hence there cannot be more than one root. 

Bsaaople— Writing ^ ^ + • • • T! ' 

Hon or otherwise, that (x) = o has no real roots when n is even, and one 
root, which is negative, when n is odd. [Lond. B.Sc,] 



The Theoky of Equations 


488 


Consider first w — i and n = 2. Then 

Ml = I -f ;r — o when x ~ — i. 

= 1 -f- ;r 4 - > o, for all values of x. 

This follows immediately from the theory of quadratic expressions. 
Now suppose the result is true for n — 2p — i and n — 2p, i.e. it is assumed 
that tt,,-i {x) has only one real root which is negative, while u^j, [x) > 0 
for all values of x. 

Now M,p+i (o) = I, Mgp+i (— 00) -- — GO, since the index of the highest 
power of X is odd. Hence the equation 

WjpH W ^ O 

has at least one real root which is negative. There cannot be two real roots 
a, for if so there would be a real root of [x) between a and But 

w'tp+i W W > o* 
so that (x) — o has no real roots. 

Again Mgp^ j (;r) M,p+, (x) -\- 

For X > o it is clear from the definition of m„ (at) that Mj^+i (;r) > o. 
To find the least value of for ;r < o consider 

«'ip+« (X) - Mgpn (.r) - o. 

This equation has only one real root a and as x passes through this value 
u-ipnix) changes from - to f. For Mgp,i{- 00) - - 00, (0) = 1. 

Hence M,p.n (;r) = 0 gives a minimum for u^p^i{x). The least value is 
a*p+*j{2p 4- 2) 1 which is positive. Since this value is positive it follows 
that Mjp+j {x) = o has no real roots. 

Thus it has been shown that if the result is true for n — 2p — i and 
n » 2p it is true for « = 2/> -f- i and n = zp 4- 2. Further, it has been 
proved in the cases n = i, 2, i.e. p = l. Thus the property is true in 
general. 


13 - 81 . Multiple Roots 

Let X a be a y-multiple root of / (x) = 0. Then 
f (x) = (x — a)*" (f> (x), where <l> (a) ^0. 
f (x) = (x - a)’- <l>’ (x) -f ^ <l> (x). 

^(x- a)^-i {(x - a) {x) -f r <j> (a?)}. 

The second factor is different from zero when x ~ a. It follow.s 
that a r-multiple root of f {x) ~ o is a {r ^ i)-multiple . root of 

Continuing the method of argument it follows that if f^{x) 
denote the mth derivative of / [x), m <r then a r-nmltipU root 
of f[x)^o is a (r — m)-multiple root of f^ (x) — 0. Further, if 
n is the degree of / (x) and n > w > y, then (a) 40. 
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13 * 82 . The Derived Function as a Sum of Partial Fractions 

If w equation f (x) ~ 0 tJien 

r(x)^f[x) S ^ . 

r K 

Wc may suppose without loss of generality that the coefficient 
of in the equation f {x) — 0 is unity. Then 

/ [x] = (x - Ai) {x A,) (% - A3) . . . [x AJ. 

Write <l> (x) = (x — Aj) (x - A3) ... (x — A„) so that 
f(x) -- (x - A^) </> (x). Applying the rule for difierentiation oi 
a product, 

f'{x)={x~ \) f W + <^ (*) = (a: - Ai) <!>' (*) 4 

X — Aj 

Similarly we may write (j> (*) = (a: - A.,) ^ (x) where i/i {x) is 
(a:.— Aj) (a: — A4) . . . (x — A„). Applying the product rule again, 

f (*) = (AC - A,) f (AC) + ^(x)=(x- A,) f (A) + W 

Thus /' (*) = 1 -h (x ^ A,) (* - A,) f (X). 

Continuing this process it follows that 

X — Aj X — Ag X A3 X A„ 

The result may be written in the form"^^ = 2 J . 

The result may be obtained more simply using logarithmic 
differentiation. Thus 

log/(x) = \ 2 ’ log(x-A,). 

f = 1 

Differentiating. /'W 
which is the required result. 

If the equation /(x) -- o has a repeated root the equation 
may be represented in a slightly different way. Suppose that 
tti is a f-multiple root so that aj ^ =- 03 = . . . = a,,. Then 

^ “ X - ai ^ X - ^X - a,, 2 X - a„ 

Similarly for the case in which there is more than one multiple 
root. ' 
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13*83. Sums of Powers of the Roots of an Equation 

We now show how the result of the previous section may be 
used to find the sum of any given integral power of the roots of 
the equation f{x) = o. 

The sum of the wth powers of the roots of the equation f{x) — o 
is the coefficient of x-^ in the expansion of x f (x)lf (x) in ascending 
powers of i/jc. 1 

Consider the formal expansion of i/(^ — A^.) in a series of 
ascending powers of i/x. Then 



The coefficient of x-^ is Aj’” + Ag”* -f • • • A^^ -f • • • + A„^ 
which is the sum of the wth powers of the roots. 

Exainplc8.-“(i) Find the sum of the cubes of the roots of the equation 
X* — 6x* iix - 6 = o. [Madras, B.A .] 

Write / (;r) — x* — 6x^ ii;r — 6, Then f' [x) — ^x* — 12X -f li. 

We require the coefficient of x~* in the expansion of 
— i2x* 4- iix 
X* — 6;r* + I — 6 

in ascending powers of tjx. Write y = ijx. Then 

.3^1 - _ I",' _ i? 4- ” Wf I _ ^ 4- ^ ^ 

X* — 6x^ + iix — b X V// \ X ^ x^ xV 

= (3 ~ I2y + iiy») {I - y (6 - iiy + ^•)}"^ 

= (3 - i2y + iiy*) {i + y (0 - iiy + Oy*) 

-f y* (6 - iiy + 6y*)* + y’ (6 - ”y + ^*)* + • • •} 

= (3 - I2y + iiy*) {i + 6y ~ iiy* + + 36y‘ - i32y* + • • • 

+ 2i6y* + . . . } 

= (3 - i2y + I ly*) (i + 6y + 25y* -j- goy* + ...). 

The coefficient of y* is 270 — 300 -f 66 = 36, 

Alternatively in a numerical case such as this we may proceed by direct 
division. Thus we require the coefficient of y* in the quotient obtained by 
dividing 3 — I2y + iiy* by i — 6y + iiy* — 6y*. Thus 
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I - 6y + iiy* - 6y)3 - i2y + iiy* (3 + -f i^y* + 3^* + • • • 

3 _ 18^ -f 33^ _ i8y 

Oy 4- 22y* -f iS)/’ 

by — ^by^ + 06y® — 364^ 

I4;V« - 48>'* + iby^ 
i^y* — 84/ -f . . . 

f . . . 

The required coefficient is thus 36. Clearly in the division it is unnecessary 
to consider y* or higher powers of y. 

(2) If denote the sum of the mth puivers of the roots of the equation 
X* + px q = o find the values of 5,. S^, 

Write f{x) = px + q. Then f' (x) - 3;^* -j- P- 
Let Aj, Aj, Aj be the three roots of the equation. Then 

+ A,* H A,» + p. 

This may be obtained by direct division, observing that A^® + pA^ -f ? - o 
since {x — AJ is a factor of / (^). Similarly 

JLW _ Aa« + p, = x^ I’ Aa^ + Aa* + p. 

X — Ai X - As 

Adding the three equations, and substituting the value of f (;r), 

3Ar* + /) = 3;r® 4 (Ai 4- A, |- A,) a? 4- Ai® + A,® + As® 4- 3/>- 
Equating corresponding coefficients, 

S, = o, 5, 4- 3/> P> “ ^P- 

To find S„ for other values of m we may proceed as follows. Multiply the 
given equation by at™"®. Then 

X>n 4 . 4 - qx”*-’^ - O. 

Put X =s Aj, A„ As in succession and add. Then 
-f pS„-, + qS\-, = o. 

Putting w — 3 we have ^3 -f pS^ 4- 3^ = o, giving — 3q. 

Putting w = 4, 5, we obtain 

S4 + pSt -I- qSt - o, S5 + pSs + qSt = o. 

These equations give 

Sj - - pS, 2p* 

56 - - pS, - qS^ - ipq f 2 pq - 5P<1‘ 

Similarly may be determined for higher values of m. 

To find 5_, put w = 2 , I, o in succession. Then 

5, 4- 3/> + qS-i = o, Sj 4- pS-i 4- qS-t = 0. 

3 4- ps_, + qS~z ~ o. 

These equations give S.j = — Piq, 5_j = P*lq*> 5_| == — (/>* 4* 39*)/?** 
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13*91. Real Roots of the Derived Function 

It may be proved that if / [x) = o has all its roots real, then 
the derived equation f' (x) = o has all its roots real. 

If all the roots are distinct the result is an immediate deduction 
from Rolle’s theorem. For f (x) is a polynomial of degree n — i 
and by Rolle’s theorem /' {x) ~ o has n — i real roots. 

Suppose now that x a is an r-multiple root and that the 
other roots are simple. Then / (x) ^ {x — a)’* ^ {x) where (j> (a?) is 
a polynomial of degree n — r. Arranging the roots of <f>(x)==o in 
descending order of magnitude and expressing /' (x) in the form 
(x — F (x) it may be shown that F (x) = o has n — r simple 
real roots each distinct from a. Hence f (x) has (n — r) -f (/ — i) 
real roots and since /' (x) is of degree tt — i it follows that all 
its roots are real. 

The result extends directly to the case in which there is more 
than one multiple root. 

13*92. Determination of Repeated (or Multiple) Roots 

If the equation f (x) — o has a repeated root this value of x 
also satisfies the equation f'(x) = o, i.e. the polynomials f{x) 
and /' (x) have a common factor. Thus to find a repeated root 
it is only necessary to find the highest common factor of / (x) and 
f'{x). This may be determined in numerical cases by the method 
of Chapter IX., § q-ii. 

Examples. — (i) The equations 

6 x* — 2ix* + 2gx — 12 = o, — 2<)x* + 38;tr* -f 4;^ — 24 = o 
have a common root. Find it, and hence find the remaining roots of the first 
equation. Find the repeated root of the second equation, and hence all its roots. 

[Camb. Sch.] 

To find the common root we first find the H.C.F. of bx^ — 23;^* + 2 gx — 12 
and — 2gx* + + 4;r ~ 24. 

6x* — 23Jr* -f 29X — 12 ) 6;r* — 2<)X* ^8x* + /{x — 2^ {x — i 

bx* — 23;^* 4- 2gx* — i2x 

— bx^ t' ox^ F — 24 

— 6x^ + 2^x* — 2gx -f 12 

- * 4 ** + 45^-36 

The common factor must also be a factor of 

- 14^* + 45 ^ - 36 = - {jx - 12) {2x - 3). 
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It is easily verified that the common factor is 2* _ a so that 

root of the two equations is * = 3/2. ^ 

Now 6v* - 29*. H 38*. + 4* - a4 = (2* ~ 3) (3*> - .0*. -|. 4* + m 

If + /(i)-= 3 .V- .o.; + 4.| + 8*o. 

Hence * ^ 3/2 is not the repeated root. It follows that ^ o must 
have a repeated root. 

Now /'W = 9*.-2 o* + 4^(* T-hus the repeated 

root must be -r 2 or -- 2/9. 


Now / (2) — 3.8 — 10.4 -}- 4.2 f 8 — o. Hcncc the repeated root is 
X - 2 and fix) = {x - 2)* (3;^ f 2). 

It follows that the four roots of the equation 


6 x* ~ 29x^ 38^* -H 4jr -24-0 

are ^ = 1 . 2. 2, — Again, .since 

6x * ~~ 232r» -f- 29;r - 12 ^ (22r - 3) (32?* ~ ^x ^ 

- (2;r - 3) (x -- 1) i^x - 4) 

the roots of 6 x^ ~~ 232^* f 292? — 12 = o are at i, 5. 


{2) If the equation x^ | 5^2;’ f 5^2;* -j- f = o has two equal roots prove 
that either of them is a root of the quadratic equation 

},rx^ — bq*x — ^qr t o. [Camb. Sch.] 

Write / (x) 2r® -f 5^2^* -f- yx^ + t. Then if / {x) - o has a repeated 

root then this value is a root of 

f'{x) - 52^* + I5^2r* + ior2r = o. 

Thus the repeated root is a root of both the equations 


2.® -f* 5?-^* + 5 ^^* -f f ^ o (i) 

and x^ f iqx f 2r — o (ii) 

since we may assume that f +0 so that at — o is not the common root. 
Multiply (ii) by x* and subtract from (i). We obtain 

2qx^ I yx^ -ff — o (iii) 

Multiply (ii) by iq and subtract from (iii). Then 

3^2^* — (yqH -- j\qr + / — O (iv) 

Since the value of x concerned is a root of both (i) and (ii) it is also a root 
of (iii) and (iv). 


(3) If the equation x* - ^ax^ -f 62r» -f- i ^ o Aas a repeated root show 
that 3a = (^* T 3)/f. Hence or otherwise prove that there is only one positive 
a giving a repeated root, and that this value of a is (|)i. [A/.T.] 

Write / (at) — x' ~ 4aAf* + 62r* -f i . 'I'hen 

/'(at) = 42r» - I2ax* -f 122? = 42r (at* - 3aA- -f 3). 

Hence if f[x) = 0 has a repeated root, this value must also be a root of 
Af* — 3a2f + 3-0, i.c. 3a ^ (at* -f- 3)/Ar 
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X* — ^ax + 3 -f- 6;»r* -f i(^* — oat + 3 (i — a*) 

X* - sax* f 

- ax^ + ^x* 

— oAf* + 3a*Ar* — 3aAr 


3 (i - a*) Ar> f iox + I 
3 (i — — 9a (i — a*) Af -j- 9 (i — «®) 


(12a - oa*) X -f 9a* — 8 

Hence the common root is (ga* — 8)/3a {3a* — 4). Substituting in 
X* — 3aAr -f 3 = o we obtain 

(9a«-8)« _3M9a>-8) , 

9a* {3a» - 4)« 3a (3a» -4) ^ 

This equation reduces to 2'ja* = 64. The only positive value of a is 




EXERCISES XIII 

51. Given that two roots of the equation i6;r^ — 8;r 4- 3 = 0 arc equal, 
find these roots and complete the solution of the equation. 

[N.Sc., Prelim.] 

52. Prove that 

a* c* — be — ca — ab {a loh a>*c) {a + + wc), 

where co is a complex cube root of 1. 

Prove that, if (6 — c)" + (c — a)" -f (a — 6)" is divisible by £a* — Zbc, 
then n is an integer, not a multiple of 3. Prove that if the same expression 
is divisible by {£a* — £bc)*, then n is greater by one than a multiple of 3. 

[M.T.] 

53. Find the condition that the equation x* -f 2 px^ + ^rx -{• pr — 0 

have a pair of equal roots, and if the condition is satisfied, solve the equation 
completely. [Camb. ScA.] 

54. Prove that the equation x” — k” o, k + 0 cannot have a repeated 
root. 


55. If / {x) is a polynomial in x and a is a double root of the equation 
f{x) = 0 prove that a is also a root of f'{x) ^ o. Hence obtain all the 
roots of 

ifiAT* -f i6;r’ — 4.r* — 4;r -f I — o. 


56. Find the multiple roots of x* — 2X* — iix^ f I2;r -f 36 = o. 

[M.T.] 


57. Show that the equations 

42r* + 4;r* — lyx* — gx + 18 = 0 
2;r* -H 9Ar* -f* I3A^ 4-6 = 0 

have two roots in common and hence solve the equations. 

[Lond, Inter. Econ.] 
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58. Factorije !»*-*« + 5** - 4* + 3. [Cami. Sc*.] 

59. If the equation ** + + . , . + + ^, = 0 has 

a multiple root o, prove that a is a root of the equation 

+ . . . 4, ^ 0^ 

60. (1) If the equation *• - 4c** + i = o has a pair of equal roots, find c 
and solve the equation completely. 

(ii) If a is a root of the equation * (a> - 9) express the 

Other two roots as rational functions of a, independent of k. [Camb Sch ] 

61. Show that the sum of the eleventh powers of the roots of 

+ 5^* 4 - I = o is zero. [Afo^iras. 5.^4 .] 

62. Show that the sum of the mth powers, where m < n of the roots 
of the equation 

xn _ 2x^~i _ _ . . . « - 2 = o 

IS 3"* — 1. [Madras, 



CHAPTER XIV 

THEORY OF EQUATIONS (CONTINUED) 

I N this chapter we first consider the solution of cubic and 
biquadratic equations and then pass to other types. 


14*1. The Cubic Equation 

Wc take the general cubic equation in the form 

ax^ -f ^ 3 CX -j-d = o (i) 

If wc reduce the roots of the equation by — bja, the equation 
takes the form 

aV -|- 3a (ac - b^) X aH ~ ^abc -f 26® = 0 (ii) 


If a, p, y are the roots of the original equation, those of the 
transformed equation are 

a + bja, p -f bja, y -j- bja 
or J (2a - ^ - y), J (2^ - y - a), J (2y - a - j 5 ). 

[XIII., § 13 - 54 , Ex. 3 ] 

If // — ac — b^, G = aH — ^abc + 26^, then (ii) becomes 

+ + = 0 

If now wc multiply the roots of this equation by a, we obtain 

x^ -f -f G = 0 (iv) 

The roots of (iv) are aa -ft, -f h, ay -j- b. 


14*21. Equation of Squared Differences 

Let a, jS, y be the roots of the cubic 

ax^ "h 3^^* d ~ 0. 

Then we consider the problem of forming the equation whose 
roots are ~ y)^ (y — a)*, (a — j 3 )^ If a, y are the roots 
of the transformed equation 

-f" ^ X + % = O, 

a* a-* 

then P' y' — P —• y, y' — a = y — a, a ~ p' — a—p, 
that is the differences of the roots are the same for both equations, 
i.e. the equation of squared differences is the same for both. 

496 
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Write y^(P' - yf Ta' 


2 a ^ y 


,2 2G 

^ “ + a^a'’ 


i.e. a^ya ~ 6aHa — a^a -f 2 G. 

Substituting - 3rt//a' + G it follows that 

a ■--= -^Glia^y -f 3^7/). 

Hence the required equation will be the cubic in y obtained 
by substituting x — 3GI(a^y 3a//) in 


3 II 




We obtain in simplification 

iHH 7/2 27 

y® + ^2 y 4 - 81 y 4- J (G2 + 4773) ^ 0. 

This is the equation for the squared differences of the cubic 
ax^ 4- 3^^* ‘f 3CX d — 0 where 


H ^ ac -■ b^, G = aH - - 3ahc j- 2 h^. 

Now G* 4- 4^^ = — bahed 4- — 3 h'k^ 4- ^bM}, 

The quantity (G^ 4-47f^)M* is called the discriminant of the 
cubic ax^ 4- 3 bx^ 4- 3c;r -j- 0 and is usually denoted by A- 

Thus G2 [- 4/73 = ^2 ^ 


Example. — Find the value of Z {P — y)* (y -- a)* where a, p, y are the 
roots of the cubic t- qx -| r — o. [Land. B.Sc.] 

We first form the equation whose roots are 

, a'-{i3-y)», p'^(y-a)\ y' = {a - py. 

Proceeding as above, we have 

4- + gqy -h 49* + 27^* = o. 

We now require the value of £a j 3 '. 

Then Sa'^P' - (i;a') {Sa'P') - 3 ®^/ 

= (- 6^) (g^*) - 3 (4^» + 27r*) = - 8ir* - 66^*. 


14*22. Condition for a Repeated Root 

If the equation ax^ 4* 3bx^ 4- 3^^ 4- d ^ o has a repeated 
root then one of the expressions P - y, y — a, a — p must 
be zero. 

Hence (p — y)* (y — a)* (a — P)^ — o. 

T. A., II. 32 
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From the equation of squared differences it follows that 

{j 8 - y)“ (y - a)* (a - j 8 )» = - (G‘ + 4//’) = - “J A- 

Hence the condition that the cubic have a repeated root is that 
G* -f 4//^ = 0, or A = 0. 

It should be observed' that this condition is bolh necessary and 
sufficient. If in addition H — o, it follows that the three roots 
are the same. Thus if H = o, G = o the three roots of the cubic 
are identical. In other words, the condition that 

ax^ + -i- 3cx-\-d 

be a perfect cube is 

ac ~ b^ — o, aH — ^abc -f- 2b^ = o. 

The conditiop for a rei)eated root may also be deduced from 
the property that if 

f(x) = ax^ -I- -f d 

then / (x) — 0, /' (x) = o have a root in common. 

Now f {x) = 3 (ax^ 4- 2bx -f- c). 

ax^ 4* ^bx -i- c)ax^ -{■ ^bx^ 4- 3cx d(x 
ax^ 4- 2bx^ 4- cx 

bx'^ 4 - 2CX -^d y a 
abx^ 4- 2acx ad [b . 
abx^ f 2bH 4- be 

2 (ac — b^) X 4 - ad — be. 

Hence provided ac — b^4o, i.c. H40 the common root will 
be (be — ad) j 2 (ac — b^). 

Substituting in ax^ 4- 2bx 4- c ~ 0 we obtain the condition 
A = -- babed 4- 4ac^ — 3bh^ 4* ^bH = 0. 

If // -- 0, there cannot be a common root unless 
ad — he ^ 0, i.e. ajb = cjd. 

In this case ah^ 4 - 3a%x^ 4 - 3a^cx 4- a.^d = o becomes 
ah^ f ^a^bx^ 3(^bh 4- 6* = 0, i.e. (ax 4- b)^ = 0. 

Thus the three roots of the cubic are equal. 
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If. in G — o we substitute ™ ac we obtain ad — he = o, 
so that the conditions G = o, H — o are equivalent to H = o, 
ad — he — o, or to 

d h c 
bed 

Note that if a cubic has the form px q = o the con- 
dition for a repeated root is 27^* -f- 4/)* = 0. 


Example.—// ^ ^ 1 + /*)*] for all 

values of z, show that 

2fi — ^ -f and that zv — ^ ^ 

ft n n ft 

where A — 1' 4 ^*- Show also that the cubic 4 ^® ~ 27 a* + a) = o has 

two equal roots. [M.T.] 

Note that A is the discriminant of the cubic, for in the given case the 
coefficient of is unity. 

(z + v)* — V (^ + n)^ — fi 4- 4- 3*'*^ 4 V®) 

- V (z® 4- 3/^* + 3 /**^ 4* /i*) 

= in - v)z^ + 3 /iv {v - fi)z+ fiv (v» - M*). 

Hence a* 4- 3 ^^ 4- 2 ^ — it^vz — fiv {n v). 


Thus h — — fLV, g — — {fi v), i.e. ^ -- n v 

^ |i 4- 4 ^ (fi 4- v)* - 4 HV - (/I - v)* 
Taking the positive square root /x — v — 

Combining with M + v — ^ we obtain 




g _ VA 

h h ' 


and 


In 4^® — 27a* (z 4- a) — o it is easily verified that A ™ o- Thus n ~ v. 
To find the form that - ^ - [/*(«+ »')’ - i' (^ + m)’] takes when n v 

/X - V 

write /X — v = / and consider the limit when f -> o. The expression becomes 
\ [„ {(z + p) - /}• - - 0 (» I- (*)'] 

= J [(Z (* + /»)• - (» + /')’ I- 3M<’ (* + (•)■ - /'<’ 

- (i I- ,0’ t < (» + /.)*] 

r- (2" 4 - m)* — (^ + m)’ 4 - 3 m^ {2 4- /x) -- /i/*. 

Letting / -> o the expression becomes 

{z 4- /i)* - 3/* T m)* 4- /*)* - 2/i). 

Thus if A = o the equation 4- 3*^ ^ = o has a repeated root 

equal to — yt. 
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14*23. Nature of the Roots of a Cubic 

Since complex (or imaginary) roots occur in pairs we know 
that one root of the cubic is real. 

We now prove that if / (x) = ax^ + ^bx^ + ^cx + d, the cubic 
f(x) = o has three real roots if G* -f 4^* < 0 and two imaginary 
roots if G* -h 4//® > 0. 

We consider the transformed equation whose roots are (p — 

(y - a)^ (a - P)\ 

iSH //* 27 

i.e. F (y) - y\-f + 4 ^®) = O- 

If a, p, y are all real then the squares of the differences of the 
roots must all be positive vSO that the equation must have three 
positive roots. Conversely, if all the roots of the equation are positive 
the roots of / (jc) = 0 must all be real. 

For suppose a is real, while j8 and y are imaginary. Nov^ p 
and y are conjugate complex numbers and may be expressed 
in the forms 

u -F iv, y — u ~ iv where v 4 0. 

Then P — y — 2iv, (P — y)^ = ^ 41;* < 0. 

Thus in the case of an imaginary root of f (x) = 0, the transformed 
equation must have a negative root. ' 

Case (a). G’* -f 4//® < 0. Since G and H are real this implies 
that H <0. 

Now - yS + ™ y _ 81 ^ + y (G» + 

and since all the coefficients are negative F {— y) has no changes 
in sign and hence F (y) = 0 has no negative root. Hence the 
three roots of f(x) — 0 must be real. 

Case (b). G* + 4H® = o. Either G = 0, H = 0 or G and H 
are both different from zero. In the former, the three roots are 
equal and since one root is real, the three must be real. If the 
latter conditions are satisfied there is a repeated root which is 
different from the third root. If two roots are equal all the roots 
must be real, since complex roots occur in pairs. For if the equal 
roots were complex, there would have to be two other complex 
roots, viz. the conjugate numbers. Since the equation has only 
three roots this is impossible. 
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Case (c). G* -j- 4//® > o. In this case F (— 00) ™ — 00, 
F (0) = 27 (G* + > o. Hence F {y) o has a negative 

root and f{x)~o has two complex roots. 

It should be observed that if a given cubic has the form 
px -F ~ fben the conditions are as follows. 

(а) For three real and distinct roots, 2y’q^ 4- 4/>® < o; 

(б) For three real roots not all distinct, zyq^ f 4^3 ^ q. 

(c) For two complex roots, zyq^ -f 4 P^ > 0. 

Example. — Find for what values of the constant a the equation 
;»r* - 3;r -f- a — o 

has three distinct real roots. 

Show that if h > o the equation x* — — 2 — 27A — o has fust one 

real root and that if this is denoted by 2 f- 3^, then o < ^ < A ; with the atd 
of this result obtain the narrower limits 
h 

(i’M)- < ^ [Camb. Sch.] 

The condition that the roots of x^ — a ^ o are real and distinct, is 
27a* + 4 (~ 3)* < o. < 4. - -2. < a < 

If a* > 4 the equation has only one real root. 

Since A > o. — 2 — 27A < — 2; hence x^ — ^x — 2 — i-jh — o has 
just one real root. 

Write X — 2 ^ and the equation becomes on simplification 

/U) = + A-^o. 

Now /.(o) «= — A < o, f {h) A* (A |- 2) > 0. Hence the real root ^ 
lies between o and A. 

Write ^ — hy, so that o <y < i. Then 

/ (Ay) A {AV -I- zhy^ + y — i}. 

The roots of A*y* -f 2 Ay* i- y — i — o arc ^/A, where ^ is a root of 
/(f) =0. 

Now write y =» i — r. The equation reduces to 

q, (2) s A* + 2A - 2 (3A* 4- 4A + i) 4- 2» (3A» f 2A) - A*2» = o. 

Thus ^ (o) = A* 4- 2A > o : 

^ {(A« 4 - 2A)/(i 4 - A)*} 

ii.1 1. /^* (^* + ^3A» 4 - 2 h) 

= ^ fA f 2A) ^ .j. 

3A‘_M*+J _ ,\ 

(I + *)' I 

--(*< + 2k) (* (A* + ^*) - (3* + ■•>) (A I- ')■} + , ] 

+ 2A) Ih (A* +- 2A) - {3A + 2){h + I)*) 

' +2 {* + !)•] 

--*(*• + 2 h) (A* + 4A‘ + 6A + J)/(A + O', 
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Since h > o, this expression is negative. Thus the real root of the 
cubic in z lies between o and (h* + 2k)l{i + h)*. 

Now ^ = I — A r- I — (jh. Thus 

Ph*+2h. I 

A ^ (I + A)*’ (I + A)» 


<|<I. 


The condition for real roots may also be determined by con- 
sidering the maximum and minimum values of the cubic expression 


V Y 






involved. Let the cubic equation be ^ = o. The 

general behaviour of the function 

ip (x) = -j- px q, p+Q, q^o 

is as follows. When x is large and negative so is ^ (x). As x 
increases so does p (x) until in general a maximum is reached. 
As X increases beyond this point ^ (x) decreases until a minimum 
is reached. Beyond this point p (x) will increase with x. The 
general behaviour is indicated in Figs. 41, 42, 43, 44. 
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In Figs. 41, 42, 43 . ^ corresponds to a maximum, J 5 to a minimum, 
while Fig. 44 indicates the case in which there is no maximum 
or minimum. There will be three real roots if A and B lie in 
opposite sides of the X-axis. Corres|X)nding to Fig. 41 the roots 
are real and distinct, to Fig. 42 the roots are real but there is a 
repeated root where the curve touches the X-axis; to Figs. 43, 44 
correspond two imaginary roots. 

Now (x) == -f /). If p >0. 1// (x) > 0 and hence 

the function p (x) has no maximum or minimum value. In this 
case p (x) steadily increases as x increases. Interpreted graphi- 
cally this asserts that the curve y = p {x) steadily rises as x 
increases and hence can cut the X-axis at only one point (Fig. 44). 
Thus ii p > 0 there is only one real root. 

Next suppose that /> < o and write p = — 3A2 where A > 0. 
For maximum and minimum values, 

3x* - 3A2 = o, i.e. X = I A. 

Now 0 '' [x) — 6x and is positive when x is positive and negative 
when X is negative. Thus x = \ gives a minimum, x - A a 
maximum. The corresponding values of p{x) are -2A^-f^ 
and 2 A* -j- 

It follows that the roots of p (x) will all be real if 2A^ 4- ^ > 0 
and — 2A^ -f- ^ < 0. 

If ^ > 0 the first condition is satisfied and the second becomes 

2 A3 > q. 

If q < 0 the second condition is satisfied and the first reduces 
to 2A® > — ^. 

We can reduce these two conditions to one by observing that 
they are included in 4A® > Substituting A^ = — plz this 
condition becomes 

27^2 -f 4/>^ < o. 

Arguing in a similar way we can show that the condition for 
two repeated or coincident roots is 2'jq^ -f 4/)* ^ o, while the 
condition for two imaginary roots is 27^* -f- 4/)^ > 0. 

14’24. Cubic Polynomial as the Sum of two Cubes 

We now prove that the cubic polynomial ax^ -f 36%* -f 3cx -f d 
can in general he expressed uniquely in the form X(:« — A)®-fB(x — 
where A and fx are the roots of the quadratic equation 

{at A- h) {ct +d)~(bt A- c)* - 0. 
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The function H is of great importance in the theory of the 
cubic and is called the Hessian. 

ax^ -f 2 f)x^ Zcx d ^ A (x — B (x — /x)® * 

=^(A 1 B)x^ s (AX Bfi)x^ 

+ 3 (AX^ + Bim^) X -- AX^ - Bti\ 
Equating corresponding coefficients, 

a=^A-j-B, b=~~ AX Bfi 1 
c ■^AX^-\~ Bfi\ -AX^ Bfi^ J ■ 

The solution of these equations is in general possible, as there 
are four equations connecting the four unknowns A, B, X, /x. 
Eliminating A between the first pair of equations, and also between 


the second pair, we have 

Aa -I- 6 - (A - /x) (i) 

Xc A- d ^ Bfi^ (X - fi) . . . / (ii) 

/. (Xa -f- b) (Ac 4 d) = {Bfi (A - /x)}- (iii) 

Again, Xb c = B/x (A — /x) (iv) 


From (iii) and (iv), (Aa 4 - b) (Ac 4 ' d) — (Xb f c)^ = o. Hence 
A is a root of H = o. From symmetry it follows that /x is also a 
root of H = o. 

Further, if A and /x be interchanged it is clear that A and B 
would also be interchanged. Thus in general the expression of 
the cubic as the sum of two cubes is unique. 

The argument will fail if A = i.e. the roots of H ~ o are 
equal. For in this case the four equations obtained by equating 
coefficients reduce to 

a = A A- B, b= X(A A- B), 
c X^A A- B), d^--X^A AB). 

It will be seen that A -- /x implies thdt the equation 
ax^ 4 Zbx^ + A- d ~ 0 

has a repeated root. 

The condition A = /x is that // should be a perfect square, i.e 
(ad - bcY = 4 (ac - b^) (bd - c*), 
i.e. A ^ “ (>ahcd 4* 4«c® — 36*c^ 4- ‘^bH = o. 

This is the condition that the cubic equation should have a 
repeated root. [§ 14-22.] 
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14*25. Solution of a Cubic Equation 

The method of solution to be adopted depends on the nature 
of the roots. If two are imaginary, Cardan s method is used, while 
if all the roots are real, a trigonometrical method is employed. 

Let the cubic equation be ax^ f [ yx \-d = 0. Then 
the transformation y ax f b reduces it to the form 

-b 3//y 1 G =- o (i) 

where H ^ ac — G aH - 3a6c + 2 l)\ [§ 14-1.1 

Equation (i) is taken as the starting point for the solution, 
in each case. 

14 * 26 . Cardan’s Solution 

In practice this method is only used when G* f- 4//^ > 0, i.e. 
the equation has two imaginary roots. 

Let y = w* 4 - so that / • yn^n^y - (m {- n) 0. 
Comparing the e(iuation with y^ -f ^]Hy |- G ^ o we have 
H — — G — (m H n). 

Since — - tnn it follows that m, n are the roots of the 

quadratic equation 

.^2 (;. IP o. 

The roots are | G ± A} where G* |- 4 ^^- 
Taking m | A} the three values of are 

(- G + A)}, a> ( - G 4 A)}, i5/{i (- G 4- A)} 

where a> is an imaginary cube root of unity. The corresponding 

values of n* are given by = - Hm • . 

The three roots of the cubic are then given by the three values 

of y — 4 - 

jf Qi 4_ > 0, A is real, while if G^ 4 - 4 ^^^ ^ 

imaginary and the three roots are given in imaginary fonn. But 
in this latter case the three roots are actually real, so that the 
method is not convenient for a cubic equation in which all the 
roots are real. 

14*27. Trigonometrical Solutions 

In Cardan’s method the given cubic is identified with the 
equation 

y _ yn^ny — {m -\-n) ^ 0. 
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In the trigonometrical method we use one or other of the 
identities 

cos 30 = 4 cos^ 0 “ 3 cos 0, 
sin 30 = 3 sin 0 — 4 sin^ 0. 

Taking the first of these we write it in the form 

cos^ 0 — J cos 0 — J cos 3 0 0 (i) 

Writing ;y = p cos 0 ,- p > o in G ~ o we have 

cos® 0 + cos 0 -f = 0 (ii) 

p* p 3 


Comparing (i) and (ii), p = 2 \/{ ~ //), cos 30 = — 4 G/p®. 

If G® 4 - 4^^ <0, H <0 so that p is real. Further, in order 
that 0 be real 

4 ^ 

This reduces to G® 4H® < 0. 

If (fi is any value of 0 satisfying cos 30 = — 4G/p®, then the 
general solution is 

30 = 2 « 7 r ± 3<^. 


< I, i.e. 


16G® 


Three different values of cos 0 will be given by 0 = |7r i 

The three solutions of the given cubic will be 

p cos <l>, p cos (J 77 0)» P cos (§77 — <l>). 

In a similar way we could use the equation for sin 30 instead 
of that for cos 30 . [See Ex. 2 on p. 507.] 

Examples. — (i) Solve the equation 4 6 x* — i 2 ;r 4 32 — 0. 

[Camh. Sch.] 

Tn this case a = i, b — 2, c = — 4, d — ;^2. H — ac — b* — — 8 , 
G ~ a*d ~ ^abc 4 26* — 72. Hence G* 4 4H* > o and the equation 
has two imaginary roots. 

To remove the term in x* reduce the roots by — 2. 



o 


The transformed equation is y* — 24^ 4 72 = o. 
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Now suppose that y ■— so that 

yf — ^m^n^y ~ (m -f w) — o. , 

Comparing the two equations, ^8, m + n — — 72. 

Then m and n are the roots of the quadratic equation 

2* + 72^ f- 512 - O. 

Thus ^ — 8 or — 64. 

Taking m = — 8, the three values of are — 2, — 2 lo, — 2a)*. 
The corresponding values of are given by - 8 and are — 4, 

— 40)“* = — 40)*, — 40)“* — — 4CU. Thus the three roots of the transformed 
equation are 

— 6, — 2 (o) + 20)*), — 2 (a>* + 20)). 

Hence the roots of the given cubic equation are 

^ 8, — 2 (i + 01 4* 20)*), — 2 (1 + 2o> + o)*), i.e. — 8, — 2o)*, — 20). 

(2) Prove that x — 2 sin 10® is a root of the equation ;r* - 3;r f i = o 

'and find the other two roots, [Camb. Sch.] 

The condition that the three roots of + px i- q = o are real is that 
2jq* -f- 4p* < o. In this case ^ — 3, ^ = i and the condition is obviously 
satisfied. 

We compare the given equation with 

sin* 0 - J sin 0 4- J .sin 3 0 - 0. 

Write Af = p sin ^ so that sin’ ® sin 6 4 - - o. 

Thus p* = 4, p = 2 and sin 3^ = 4/p’ = i- 

The general solution of this equation is 3^ = m x 180" 4- (- i)" 30“. 
The values ^ — 70®, 10®, 50® give three distinct values for sin 9. 

Hence the three roots of the equation arc 

— 2 sin 70®, 2 sin 10®, 2 sin 50®. 

(3) Find the relation between p and q in order that the equation x* - px + q ^ o 
may be put in the form 

{x* -f WAT 4 - «)* — X*- 

Hence or otherwise solve the equation Sat’ — ^(>x + 27 = o. [Camb. Sch.] 

The equation [x* 4- mAr 4- «)* = at* when expanded, gives 
2mAr* 4- (m* + in) at* 4- 2WMAr -f n* = o. 

Comparing with x^ — px + q — o, 

2m _ m * 4- 2n ^ imn ^ n* 

I “ o ~ — P q 

Hence assuming m. n *0, we have m 4- 2n - o. 2w = p*lq. 

Eliminating m and n, we obtain 

pi _ %pqi = 0, i.e. ^» — 8^* = o, assuming p ^o. 

This is the required relation between the coefficients. 



5 o8 


Theory of EguAiiONS (Continued) 


In the particular case p = 9/2, q — 27/8, — 8 q‘ ~ o. Hence the 

equation may be written in the form 

• (x* -h MX -j- n)* — X* 

where w» == = 3, n = — §. 

Thus the equation becomes (x* + 3;r — — x* giving 

'h 3^ - i = ± 

i.e. 3^ — f — o or 2;r* + 3;r — § = o. 

Hence x ^ or — | (1 ± ^5)- 

14 - 3 . The Biquadratic Equation 

The general equation of the fourth degree is conveniently 
represented in the form 

/ [x) ax^ -f + 6 ca:^ -f 4fdx + ^ — 0 . 

We consider here a few particular properties of the equation'^ 

f(x) = o. 

In what follows we suppose that a is positive. Now 
/' [x) = 4 (ax^ 4 - 3 ^^* -VZcx-\-d). 

Since /' (a;) = 0 is a cubic equation its roots may be assumed 
to be known. 

If /' (a;) = 0 has only one real root, this value must correspond 
to a minimum of f(x). For + 00 when x-^ — co or to 

-f 00 and since / (x) is continuous it must have a minimum value. 

If f {%) == 0 has three real roots which are distinct, then / (x) 
possesses two minima and one maximum. If the three roots are 
real but two are coincident then / (x) has no maximum. In this 
case /' [x) can be written in the form 

/' (*) 3 4« (* - “) (* - «■*?■ 

As X passes through the value j8, /' (%) docs not change sign 
since [x — j 3 )* is never negative. The value x ^ a must cor- 
respond to a minimum since f [x) must possess at least one 
minimum value. 

If the three roots are coincident and equal to a, then 
/' (*) = 4“ {x- a)». 

As X increases through the value a, /' (x) changes sign from 
— to (^ > 0) so that X = a gives a minimum. 

In any particular biquadratic equation we can determine the 
number of real roots, and approximate to their values, by 
calculating the maximum and minimum values of / (x). 

• For a more detailed discussion of the biquadratic equation reference 
should be made to treatises on theory of equations, e.g. Burnside and Panton, 
Theory of Equations. 
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We distinguish two cases: 

(i) One minimum, no maximum. Denote by A the minimum 
value of f{x). 

(a) If \ > 0, f {x) > 0 for all x, and / (^) = 0 has no real 
roots. [See Fig. 45.] 



Y' 

Fig. 45. CiG. 46. 


(6) If A < 0, there are two real roots and two imaginary 
roots. [See Fig. 46I] The limiting case A = 0 corresponds to two 
coincident roots. 


(ii) Two minima, one maximum. Let Aj^/(Afi), Aj— /(:5f2) where 
be the two minimum values, p the maximum value of f[x), 
(a) If Aj > 0, Ag > 0 there are no real roots for /> > 0. 
[See Fig. 47.] 
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Fig. 49. Fig. 50. 

(d) If Aj < 0, Ag < o, p < 0, there are two real and two 
imaginary roots. [See Fig. 50.] 

Examples. — (i) Find the range of values, of k for which all the roots of the 
equation k — o are real. [Camb. Sch.] 

Write / {x) = x* ^x* -- Sx* + k. 

f' [x) — 44 ?* + 12X* — lf>X. 
f (X) = 12X^ -h 2^X — 16 . 

Hence f*{x) = o when ^x (jt* 3;r — 4) o, i.e. = o, i, — 4. 

When X = o, f [x) < o while when x = 1 or — 4, f*{x) > o. 

Hence x ~ o gives a maximum value, = i, — 4 minimum values. The 
corresponding values of / (;r) are k, k — k — 128. 

Hence in order that f{x) — o have four real roots 
A > o, A — 3 < o. A — 128 < o, 

i.e. o < A .< 3. ' 


(2) If f{x) s (Mr* + 4 Ax* + 6cx* + ^dx f e, H ^ ac — h* prove that the 
equation f {x) — o has at least two imaginary roots if H > o. , 

This result may be obtained by, transforming the equation into one in 
which the term in x* is missing. Write y — ax + A so that the transformed 
equation is 

This equation reduces to 

y* -f 6 (oc ~ A*)y* f 4 (a*d — 3aAc + 2A*) y + 6aA*c — 3A* -f a*c — 4a*A<i = o, 
i.e. y* + 6//y* + 4Gy + a*/ — 3//* = 0, 
where // = ac — A*, G = aH — ^abc -f 26*. I — ae — ^bd + 3c*. 
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Since H >o, it follows from^Theorem IX.. § 13-32. that the transformed 
equation has at least two imaginary roots. Since a, b are real it follows 
that f {x) — o has at least two imaginary roots. 


14-41. The Biquadratic as the Product of Quadratic Factors 

Assume -f- -f ()cx^ ^ ^dx e 

— a (x^ Ajc -f- /!,) [x^ -f Xx -f /i'). 
Expanding the right-hand side, we have 
ax^^ -f « (A H- A') x^-\-a {\X -{- -f /) -}- a ( A/i' -f AV) a; -f 

Equating corresponding coefficients 

A + A' = ^ _ AA' ) 

\ / I \/ t ^ 

Afi A ^ z=z~ 

Now the determinant 

2 A T A^ fi fi 
A “f- A 2AA X'fx' -f- A^^ 

/X -j- /a' A/i' -[• A'/x ififi' 

is the product of the zero determinants 


I 

I 

0 


I 

I 

0 

A 

A' 

0 


A' 

A 

0 



0 


H'' 


0 


and so is identically zero. Substitution gives 


6c 


2 

46 

6c 

- XX 


a 

a 


jb 

2 AA' 


4d 

a 



a 

^-XX' 



26 

a 

a 


a 

2 a 

2b 

6c 

— aXX' 

4b 

aXX 


^d 

— aAA' 

zd 


26 


This determinant when expanded gives a cubic equation in AA'. 
Solving the equation and using the original equations we can obtain 
values for A, A', /x, /x'. 
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Example. — Express the biquadratic 6 x* — • i^x* -{■ 2 ^x* — lyx -E 12 as 
the product of quadratic factors. 

In this case a — 0 , b ^ c — 4, d — — e ~ 12. Substituting 

in the determinant and writing 6AA' = ^ wc have 

12 — Y 24 “ / 

- 13 t - 17 = 0. 

24 --- I - V 24 

Expanding by Sarrus’ rule [Chap. XI.. § ii‘42], we have 
/» - 48/* + 509/ - 1542 -= o. 

The roots of this cubic arc t — b, 21 ± 2 v/46. 

Taking t — b we have A A' — i. Combining with A -f A' — — 13/6 
wc find A = — A' = — f . 

From the equations /t — 4 -- -f A'/i =* — *7/6 it 

follows that /I — I, ft — 2. 

The quadratic factors are 

6 {x^ - -f i) {x^ ^ p ^ 2) (3Ar* - 2;r 3) {2x^ - 4). 

Similarly the values f — 21 ± 2V'4f> niay be considered. 

Alternately the quadratic factors of the biquadratic may bo 
determined by the following method. Assume that 

a (ax* 4- 4^^^ + + ^dx -f e) 

^ (ax^ -f- 2bx + c + — (2px +' qY 

= ah* + 4abx^ + (2«c -f 4^'^^ + 4b^ — 4p^) 

4- 4 (6c 4- 2abd — pq) x 4- 4acd -f 4a^d^ — q^. 
Comparing coefficients we have 

6ac " zac 4- 4«^^ 4- 46^ — 4/)^, 

4ad = 4 (6c -\- zabd - pq), 

ae ^ac6 4 - 4a^0^ — q^. 

Hence = 6* — ac 4 - pq — he ~ ad -\- zabd, 

^2 = c* — ac 4- 4^f ^ 4- 4ci^0^. 

Since (pq)^ = p^q^ we obtain on eliminating p ajid q, 

(6* — ac 4- a!* 6) (c* — ac 4- 4ac^ 4- 4a^d^) — (be — ad zabd)*. 
This equation gives on simplification 
4a*d* — ad (ae — 4bd 4- 3c*) 4- ace 4 - zbed — ad* — b*e — c* — 0. 

Solving this cubic equation for d we can then determine p and q. 
The quadratic factors are then 

{ax* -i- 2 (b — p) X 4- zad — q} {ax* -\- 2 (h 4- p) x zad 4- q). 

Thus, e.g. in the case of the biquadratic 

bx^ — 134^’ + 24;^* — tySr -f 12 
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the cubic equation gives on simplification 

23040® — 10360 -t 265 x:: o. 

The roots of this equation are 0 ~ or -- ^ ^ 

Taking 0 we find p — ’i, q 3- Thus 
36^* - 782;* + I442r* -- io22r 1 72 xr: (62^* - V^r + 4 + 5)* “ {•“ + 3)* 

(62^* - + 9 - 4- 3) (<>^* “ -I 9 -f - 3) 

X. {6x* — ()x + 12) (6 a'* • ^x T 6). 

14-42. The Solution of the Biquadratic Equation 

It has been shown in § 14-41 that a biquadratic expression may 
be represented as the product of two quadratic expressions. By 
equating to zero each of the quadratic factors the four roots of the 
biquadratic equation are obtained. In practice it may not be 
necessary to proceed with the general method in order to determine 
the quadratic factors as they may sometimes be obtained by 
inspection. Further, if any relation between the roots is known, 
the equation can always be reduced to one of lower degree. 

Example. — Solve the biquadratic equation x* -- x^ zx^ i- x + 3 - o. 

Since the coefficient of x* is unity and the constant term is 3 — 1 X 3 
the factors may be of the form 

{x^ 4- ax ± i) {x^ 4- bx i 3), 
like signs corresponding. 

Taking the — signs the pr(Kluct is 

a -4 + (a 4- b) X* 4- {ab 4) - (3« + + 3- 

If this expression equated to zero is identical with the given ccjuation, 
a b — — i , ab — 4 — 2, 3^* I ^ ~ 

The first and last equations give a o and this obviously cannot satisfy 
the second. Thus the three equations arc inconsistent. 

Taking the 4- signs we obtain 

AT* 4 (a + b) x^ t- (4 4 ab) x* T (3« I b) at -i 3 == o. 

If this is identical with the given equation, a b ~ 4 4* “ 2. 

The first and third equations give a i. b - - 2. These values satisfy 
the second equation. Hence the given equation is equivalent to 
(x^ 4- -H 0 - ^at -(- 3) - o. 

the roots being — i (i 4; U43)> ^ W^- 

14-43. A Graphical Method of Solution 

It has been shown in § 14-3, -Ex. 2, that if H =■. ac — b > o 
the equation 

ax* H- 4 hx^^ + f ^ " 0 


T. A., II. 


33 
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has at least twu imaginary roots. In this case the real solutions 
may be obtained graphically by considering the intersection of 
a certain circle with either of the curves y \/H -- The 

transformation used in § 14-3. Ex. 2, reduces the equation to the 
form 

X* -f px^ f 2^:^ -f ^ = 0, 


where />==//>(). Multiplying throughout by p the equation 
may be represented in the form 


px^ -f (px -I- q)^ -hpr 


X* f 
i.e. -x -- 

P 


pr 




Taking the square root ^ = 


P 

1 - - pr 
P^ 




Hence the real roots may be obtained by considering the points 
of intersection of 






-pr 

p^ 



with either of the curves y ^ ± 

The former equation represents a circle whose centre is ( (///>, o) 

and whose radius is — pr)lp. 'fhe circle will be real provided 

_ py ^ Q 



Example. — f/ se the above 
method to find the approxi- 
mate values of the real roots 
of the equation 
.t* + AT* + 4^ - 7 = o. 

[Lond, Inter. Econ.] 

Now AT* -f 4;r — 7 

^■X* + {X -\- 2 )» - II. 

Thus the real solutions 
of the equation will be given 
by the intersections of 
y ^ ±x*,y* ^u-{x-\- 2)*. 

The second equation 
represents a circle whose 
centre is { - 2,0) and whose 
radius is \/ii — y 32 
approximately. 


It is sufficient to draw 


Fig. 51. 
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the circle and one of the curves represented by y — 

In Fig. 51, > = is shown by the continuous line, y — — x* by the dotted 
line. The graph shows clearly that the values of x obtained are the same in 
each case. It will be found that x ~ i i or — 1-82 approx. 

14*44. Reduction to Reciprocal Form 

A biquadratic equation can sometimes be conveniently .solved 
by reducing it to the form 

X* + px^ qx* px r = 0. 

The method will be illustrated by two examples. 

Examples. — (i) Find a transformation x ~ Xy i- ft which will change 
the equation 

x*‘ -f 5-v* + 9;r* + - 1 s= o 

into reciprocal form, and hence solve it. 

(Ay + + 5 (Ay + + 9 (Ay + m)* 1- 5 (Ay + m) - i - 0 , 

i.e. AV -I- (4M + 5) AV 4- { 6 / 4 > + 15 M 4- 9 ) A»y* 

+ (4/ii® I- 15/A* I 18^ + 5) Ay -h fi* I 5 m® + 9 m® i 5^ - I - O' 
If this equation is of reciprocal form 

A* = I 5^1’ I ')M* + U 

(, 1 /i 1 5 ) A® A (4/i* 4 i5m* + 4- 5)* 

Eliminating A, (4^ 4- 5)* (/** + 5 /d + 9 /i* F 5 /* - 0 

-- (4/*’ 4 15/A* 4 18/A 4 5 )*» 
i.c. 3 m’ 4 13/A* I 19/A I 10 -- o. 

This cubic equation is satisfied by m — ■ ■ ^ giving A’ -- i . 

Taking A = i , the transformation ;r ^ y - 2 will change the given 
equation into reciprocal form. This transformation is equivalent to increasing 
the roots of the given equation by 2. 

1 5 9 5 “ 1 

3 3 - 1 I 1 

- 2 - 2 2 



-3 3 


^ J 

. - 3 

The transformed equation is y* - 3y® 4 3y* - 3y 4 1 " o. 

Writing z — y -F i/y. this equation becomes 
- 32 + 1 - o. 

Thus r =■ i (3 ± V5) values of y are determined. If 

yv yv y»> yt are these values then the roots of the original equation are 

yi yt yi- y*~ 
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(2) By elimiifating x between the equations 

y X* px + q, x^ — 2A'* + 84r — 3 = o 
reduce the equations to the form y* -}- ry“ -}- 5 — o and hence solve 


X* — 2X* + Sx^ — 3^0- 

Write X q — y. Then 

x^ + px + A ^ o (i) 

X* — 2x^ Sx — ^ o (ii) 

Multiply (i) by and subtract (ii) from it: 

^ (A 4 - 2) - 8;r 4- 3 rr o (iii) 

Multiply (i) by px and subtract from (iii) : 

(A 4- 2 - /) 2 ) a '2 4- (- 8 - A/J) A 4 - 3 - o (iv) 

From (i) and (iv) wc have 


3/> - A(- 8 - Xp) A(A + 2 ™ -S- A/>->(A + 2 - p‘) <“'■ 

Hence 

(A* 4 - 2A - A/)2 - 3)* ^ (_ 8 - 2 pX - 2p -f- p^) { 3 P -f 8A 4 - A»/>), 
i.e. (jv* 4- {p^ - 2q - 2) y q^ 2q - p^q - 3)’^ 

= {ipy + P^ - ipq - 2/> - 8} {/>r» - ;^/ (- 8 - 2 pq) 4 pq^ F 3P + 8^}. 
We require the conditions that the coefficients of y^ and y be zero. Thus 


2 {p'i ~ 2q - 2) - 2p'^ ■ (v) 

2 (/J* - 2q - 2) (^» + 2q - p^q - 3) - 2p {pq^ + 3 ^ ( i^q) 

+ {- H - 2pq) {p^ - 2pq - 2p - H) (vi) 

From (v), q — — 1. Substituting in (vi) we have 

2 P^ (/>* - 4 ) - 2 P ( 4 /> - 8) 4 - (2/> - 8) ip^ - 8). 


It is obvious that p — 2 is a factor of both sides of the equation and hence 
/> = 2 is one solution of the cubic equation in p. Hence the elimination of .v 
between 

y ;t'* -p 2A — I, A* — 2.r^ 4 8.1' — 3 — O 


gives the form y* 4- >4“ 4 o- 

Substituting p 2, q -= i in the biquadratic for y wc obtain 
(y> 4- 4y)> - 4y (24* - 4y), i.e. y» (y^ 4- 32) ^ o. 

Hence y 1.1: o, o, j: 4^ 'v/2. 

When y ^ o, a* 4 2a — i -= o, i.e. a — i 4: ^/2. 

When y +0 the corresponding values of a are best obtained from (a). 

Thun A - A (A 4- 2 - /) 2 ) - 3 _ (y 4 - I) (y 4 3) - 3 

~ S- Xp- p{X T 2 - p^) ^ “44 


Substituting y — i 4* \/2, x i ± iy/ 2. 


-iiy + 4).4+o- 


14*5. Spcdal Series of Equations wi± Real Roots 
The following result is of great importance. 

Consider the sequence of symmetrical determinants, 
A8(^), A8(4 A 4 (^). • • • where 
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Ai(^) = a-x, A^(x) = I ^ 

K 

h X f 

f c - .r 

" ^ I 

/ m 

- X k 

I ni h d X 


As(-t) = 


A.f.vl 


a X h 
h b X 


where a, b, c, . . . are real constants ami a: is a variable. 

Then the roots of the equations Aj(a') o, Azix) - - A3W “ o, 
A4(^) - 0, . . . arc all real. Turf her if n denote any positive 
integer (>2), then the roots of An(^) separated by those 

of A„ <>• 


Lemm.x.- We lirst prove a pr()])erty of (Jeterininants. 

U An-l (^hl ^^22 1- n l)* A» “ ^^22 ■ • * ^nr*)- 

Anti - (^hi ^hz - mi) symmetrical determinants such 

that An product An 1 Ann negative. 

It will be observed that A» obtained from An i> •'^^id An+i 
from An by bordering the corresponding determinant symmetrically. 

We give the i)roof for the case n -- 4, but it will be seen that 
the method is quite general and will e.xtend to the case in which 
n has any positive integral value. 


A3 


^21 

^^31 


«12 

^22 

^.32 


a 

a 

a 


13 

23 

:i3 


Ai 


a,, rtj.2 fJ'ia rti 4 

^21 ^22 ^^23 ^^24 

^31 ^^32 ^^31 

^41 ^^12 ^43 ^*44 




a^ 2 


^14 





a.,.. 


a.^ 



Ar. ^ 

^31 

n,,i 


«31 


- 



^hz 

«13 

«44 

«45 




^'52 


«54 



where = a,r s 

“ I. 

2 . 3 . 

4. 5 

and 

A 4 

0. 

denote the cofactor of 

a,, 

in A.V 





We consider the reciprocal determinant 


Let A „ 


As' - Mil -III '55) ■'‘"‘1 evaluate the minor .-Iss), 
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Consider the product of the determinants: 


^11 

^2 

^13 

^14 



I 

0 

0 

0 

0 

«21 

^22 

^23 

«24 

^25 


0 

I 

0 

0 

0 

«S1 

«32 

^.33 

«34 

^35 


0 

0 

I 

0 

0 

«4l 

^42 

^43 

Hi 

^45 


^4. 

^42 

^43 

^44 

*^46 

«6l 

^62 

^53 

^54 

^.<*5 



^52 

-^53 

-^54 



which is A5 (^44 ^66 - ^45 ^54)* Also /I55 - A4 « and since 
the determinant As is symmetrical, .445 — . 4 ^. Thus the product 
is - As^V- 

Multiplying the determinants, we have 

^11 ^12 ^13 ^ ^ 

^21 ^22 ^23 ^ ^ 

"" A 5 '^^ 46 “ ‘‘ ^31 “32 ^33 ^ ^ 

^41 ^42 ^43 As ^ 

^61 ^52 ^53 ^ As 

% ^12 ^13 

A\ ^21 ^22 ®23 ~ A^5 As* 

«3l ^32 ^^33 

Hence AsAs^-^V 

Since the elements of ^445 are real, is positive. Thus As As 
is negative. 

It will be observed that ^445 is a linear homogeneous function 
of the bordering elements <245. 

We return to the theorem enunciated at the beginning of the 
section. 

The root of Ax(^) = 0 is x a. 

Let aj, oj be the roots of A2W = o. Then aj, are the 
roots of the equation 

{a — x) (b — x) — ^ 0. 

Also A2(“ Qo) = + 00, A2(<«) = - A2(Q0) = + 00. 

Hence A2W == ^ two real roots, one less than a and the 
other greater than a. Thus 

if tti < ag, ai <a < ttg. 

This proves the theorem for the case n = 2. 

Consider now the case of w = 3. 

Since A2(^) = AaW AiW < 0. (Lemma.) 
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Now Aal - 00) ^ - CO] Aalai) > « since A3(«i) Ai(ai) < 0 
and A (tti) <0; A 3 (a 2 ) <0 since A3(a2) Ai(a2) < ^ > 
and Ailag) >0; Ast^o) " + QO- 
Thus corresponding to 

— 00, a^, ag. T 00 

we have the signs 

I 1- 

Hence A3W = o has three real roots. Further, if the values 
are ft, ft, ft where ft < ft < ft. then 

ft < ai < ft < ajj < ft. 

For the case w = 4 we argue in the same way as in tlie previous 
case. 

A3(Af) = 0 when a; ft, ft. ft so that A4(ft) A2(ft). 
A4(i3j) ASi)’ A4(A) am “rc all negative. Also AzIA) > 
'A2(ft) < 0, A2(ft) > Hence when wc substitute x — — co, 
ft. ft, fta. + 00 in A4M we obtain the signs 

•f — -f ■ + 

Thus there are four real roots which are separated by the roots 
of A3(^) '= 0. Similarly for higher values of n. 

The result which has just been proved may be stated as follows. 
If the leading elements of a symmetric determinant are all increased 
or decreased by the same quantity x, the equation in x obtained by 
equating to zero the determinant so obtained has all its roots real. 




Example .— that there are three real values of A for which the equations 
- \) X y- hy cz ^ o, 6r + (c - X) y + az - o. cx + ay -j- {b - X) z -- o 
are simultaneously true, and that the product of these values of X is D, where 


D - 


a b c 
b c a 
c a b 


Eliminating x. y. z between the three equations 


E{X) 


a — X b c 

b c — X a 
r a b X 


--- o. 


[Land. B.Sc.] 


The fact that this cubic equation in A has thre.; real roots follows immedi- 
ately from the general di-scussion given above. We give alternative arguments 
for this particular case. 

Method (i). Expanding F. (A) along the first row: 

I c — A a I u \ 

£ (A) = (a - A) I „ J _ A 1 - M C 6 - A 

= (a - A) {c - A) (i - A) - «■) - {b* + (’ - - A (f + t')) 


-1- c 


b c ■ 
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Let a, p be the roots of the equation (c — A) (6 — A) - a* — o, where 
a < j9. It will be observeil that the roots must be real. Then 

2a — 6 1- f — V(ft + f)* — 46c + 4a* — (6 -f c) - * V{b — c)* + 4a*. 

Also ip — b 1 c 1 V(6 — fj* T 4rtA 

We may suppose without loss of generality that b > c. A similar argii- 
inont holds if b < c. 

Then V{b c)^ \ 4rt* ; • b - c. Thus 2a < b T c —■ {b — c), i.e. 
a < c. Similarly /3 > b. Thus a < c < b < 

When A = a, t’ — zaln — A (6* p c*) 

= 6“ T rA - 2bc V{c - a) (b - a) ~ a (62 T c^) 

^ {b Vb — a - c V c ~ a) 2 . 
When A -=> / 5 . 6* } labc - A (6* -|- c‘) 

= - {^{b^ T c®) + 2bc V(fi - 6 » - c®} 

- - {6 Vir~b -I c 

In E {X) write A — — 00. o, jS, + 'X). The values of E are -f cjo, 

— (6 VF~- a - C V<r- a)*, (6 V^'~ h -f c V/S - c)\ — 00. The sign.s 

are +, — , 4-. — . Hence the equation has three real roots, one between 

— 00 and a, one between a and j8, and the other between j9 and -f 00. 

If a ^ then (6 — c)* + 4^2 o, i.c. b — c, a — o and the equation 

becomes (6 - A) (A* - A6 26*) - o and there are again three real roots. 

If a happens to be a root of the given equation the argument given above 
fails and it proves only that there are two real roots. Since imaginary roots 
occur in pairs it follows that the third root must be real. Similarly for the 
rase in which /3 is a root of E (X) — o. 

The product of the roots is — (a* -f 6* -|- c* — ^abc) which is D. 

Method (ii). Adding the second and third rows to the first and taking 
out the common factor n T 6 + c — A, 

I I I 

/: (A) — (a -I- 6 4- r — A) 6 c ~ X a 

c a b — X 

Subtracting the first column from the second and third columns, 

10 o 

7r(A) = (a4-ft + c- A) b c-b~X a~b 

c a ~~ c b - c — X 

= (rt f 6 4- c — A) I c - 6 - A a — b | 

I a - c h ~ c - X\ 

— (a 4- 6 4- c — A) (A* — a* — 6* — c* -p a6 p be 4- ca). 

Hence X — a b + c or 4: (<** 4- 6* 4- c* — a6 — 6c — ca)^. 

The roots will be real provided 

a* 4- 6> 4- c* — fl6 — 6c — ca > o. 

Since a* -p 6* > 2ab, 6* + c> > 26c, c* 4- a* > 2ac we obtain an 
addition the required inequality. The product of the roots is 

— (a + 6 4- c) (a* 4- 6* 4- c* — a6 — 6c — ca) 

= - (a* 4- 62 4- c’ — 3a6c) = D. 
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EXERCISES XIV 

1. Find the equation of squared differences for the cubic 

x’' 4- -f 2 h 16 o. 

2. If a, j9, y arc the roots of the cubic equation 

a AT* I 36 ;r* + 1 ^ - o 

find the relation between the coefficients in order that (j 3 -- y)*, (y - a)*, 
_ j3)a be in arithmetric progression. 

3. If the equations 

ax^ 4 bx^ 4 - CAT f o, a'x^ + b'x^ i- c'x ^ d' ^ o 
have two common roots, find the quadratic equation whose roots are these 
two common roots and prove that 

ah' a'b _ ac' — a'c _ ad' - a'd 
ad' — a'd bd' — b'd id' — c'd 

[Madras, Inter.] 

4. Find the value of the determinant 



and show that its square is 



where Sp -- flj” + . • • + 

If M - 3 and Ui. u,, a, are tlie roots of h + q - 0, express the 
second determinant in terms of p and q and hence find the condition that 
the two roots of this equation should be equal. [Camb. Srh.] 

5. Show that the equation a® — ix'^ — 15^ f 3^ = o ^ multiple 

root and hence .solve it. 

6. Prove that if a, b, c are the roots of the equation of the squared differ- 
ences of x^ 4- Mx V q ~ ^ 

^,8 I- ^2 4 - c* - 2 {be 4- ra 4- ab). [Camb. Sch.] 

7 Prove that the necessary and .sufficient condition for the reality of 
a\l three roots of the cubic + ip-r + ? - o is that iP’ + q‘ < o. Discuss 
4f> + ,« - o. Show thit + 3^-' + * i 2 = ° 1'“^ o"ly <>"«. >■'>' 
and locate it between two consecutive integers. [Camb. .ScA.] 

8. If a, P, y are the roots of x* + bx + c o, find an expression for 
(a - i?)* iP - y)* (y - a)». 

.Hence show that the roots of I P>^‘ I ?* + r - o are real provided 

PY + i»Pq' - «• - - ^ 7 ''' ^ “■ 
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If this condition is satisfied show that the necessary and sufficient condition 
for all the roots to be positive is that p and ^ should be negative and q positive. 

[Camb. Sch.] 

q. If / {x) ~ x^ — + q, p and q being positive, find the maximum 

and minimum values of / (,v). Hence show that if 2p^ > q, the equation 

— ^p^x i q o has three real roots. 

If the roots of the above equation are in the ratio i ; 2 : — 3, prove that 
7 y/2i.q. [Lond. Intcf. Econ^\ 

10. Prove that the equation x^ -|- iix |- 12 - o lias only one real root 
nnd find its value. 

11. Solve the equation j 3.1“ — iqx | 104 - o. 

12. Solve the equation x^ — a* — 2.v -f* i o- 

13. Reduce the equation x^ + 3/).r^ 4- 3^,r -f- y — 0 to the form 

±l^y E rn o 

by assuming x = Xy + fi,; and solve this equation by assuming y — z ^ j 
Hence prove that the condition for equal roots is 

4 iP^ ~ ?)’ — ~~ yp 9 T ^)*- [Camb. Sch.] 

14. In the equation x^ — yx — a ^ o make the substitution x = y + i[y, 

and show tliat y^ - J [a t (a^ ' 4)^). Hence, or otherwise, find a root of 

the equation — 3.V — 4 = o to 2 decimal places. 

15. If X -j- y i- z — o, ax^ -j- by^ -j- cz^ — o, and A’* + ab + 6c 4- ~ o. 

show that (a 4 X) x, (b j- X) y, (c f A) 2 are the same as (a — A) 

(b — A) y, (c — A) 2 in some order or other. [Madras, B.Sc ] 

16. Form the equation whose roots are co~^p )- wq, cup 4 w~V* P ^ 

where w® — i, (w+i). [Camb. Sch.] 

17. Prove that the condition that the biquadratic 

ax* 4 46;^’ 4 + ^dx 4 « 

may be expressed in the form 

X{x^ 1 2px 1 4 /i [x* 4 2px 4- q) 4 V 

is a*d — ^abc f 26^ — o. 

18. Express X* — 8a’ 4 252’ — 36.V 4 21 as the product of two quadratic 
factors in three diflerent ways.' 

19. Solve the equation x* — 6a* — 32 4 - 4 ~ o by expressing the left- 
hand side as tlie difference of two .squares. 

20. Find a transformation of the form a ^ Ay 4 which will change 
the equation 

X* 4 4^’ — i8a* — 44A — 7 = 0 
into reciprocal form. Hence solve the equation. 
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21. Show that there is a value of p for which the left-hand side of the 
equation 

— ']X^ - X- 1 4Ar — I ~ o 

is divisible by px -\- i. Hence solve the equation. [Camb. Sch.] 

22. Show that the equation whose roots arc the five values of pm + 
where co is a fifth root of unity, is 

- 5 pqx^ h - p^ - o. 

Hence obtain all the roots of lO.v'' 2 oa-‘ | 5a — i — o. 

14 ‘ 61 . Upper and Lower Bounds for the Roots of an Equation 
Consider first tlie positive roots of an equal ion f (x) ~ o. Then 
if M, m, m < M denote positive numbers such that all the 
positive roots lie in the interval (/n, M) then in may be called a 
lower hound for the positive roots, M an upper bound for the positive 
roots. In a similar way wc may consider upper and lower bounds 
•for the negative roots of / (x) = o. 

It will be observed tliat in, M arc not uni(]uc and that the 
problem in })iacticc is to find the best values for in and M. 

Further, if wc assume that the coefficient of the highest power 
of X in f [x] is positive, then j {x) >o for x ..>M. Thus one 
way of finding M would be to arrange' the terms of / {x) into group.-, 
such that each group is separately j)ositivc. ( onsidcr, for exampU', 
the equation 

r'* \ - x‘^ — looa:^ - loqa;- \- x — 132 o. 

This may be written in the lorm 

(.^2 _ 100) + (x^ - no) -f (x - n) (x 1- 12) - 0. 

If X > II each one of the groups is positive, except the last, 
which is zero. Thus we may take 3 / = ii. 

14 - 62 . General Theorem on Upper Bounds for Positive Roots 
Write f(x) - + p^x^^- -f • • . + />«• 

In the .sequence of numl.HUS />,. p.,, p-^ pn Pr< A"- ■ • ' >Pt 

be negative, where r < .s •....•/•< «• I */ I Aa I 

the greatest memher of 

IM. lAJ-"- IM 

then f (x) >0 for X > \X| /> J I ■ i • •'> I Px I 'I' ' 

is an upper hound for the positive roots of f [x) - 0. 

Consider the group of negative terms 
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Then assuming * > i 

I ptX"-’ 4 p^"-' Ptx” ‘ I 

< 1 />r I -t- I P. I A"-’ + . . . + I />, I A"-‘ 
< I Px 1 {*" ■■ + ‘ + + • • • + 1} 

= |/>jj I (*" '•+> - !)/(* - I). 

• I />j^ I «"-'+■/(* - 1) 

<%» 1/)^ |/(.T - I)^ 

since > (x — i)’' \ x > i, so that i/x^''^ < i/(.r — 

Now f (x) >0 if x'^ > x^\ \l{x — i)^ i.e. {x - i)'’ > | ^^ |, 

i.c. x>{/\p^\ [■ I. 

In the example considered in § 14-61. 

A = I. /’a = - TOO, pp,-- - T09, p^~-i, p^=. - 132. . 

Hence an upper bound to the positive roots will be 
V132 + I -- II . . . 1 I. 

Taking the integer next above we obtain M 13. 

14*63. Bounds for Negative Roots 

To discuss the bounds for negative roots of / (x) -• 0 make 
the transformation x = -- y. Then the negative roots of / (.1;) — 0 
are the positive roots of / (— r) - 0. 

Examples. — (i) Find a lower bound for the negative roots of 
A* f — 3^* + 5^ — 20 - o. 

The transformation x -- - y gives — y'^ — 3^* _ 3^ _ 20 — o. 

Wc require an upper bound to the positive roots of this equation and the 
method of § 14-62 gives 21 as an upper bound. 

We can obtain a much better result by grouping the terms. Since the 
only positive term is the highest power of y we distribute this term as evenly 
as possible among the negative terms. Multiply the terms of the equation 
by 4 and attach to each of the four negative terms. Thus 
4>'* " 4>'* ~ i2y’ — 2oy — 80 o, 
i.e. y^ {y - 4) + - *2) -f {y^ ~ 20) -[-(y - 80) - o. 

If y > 4 the expressions in brackets are all positive or zero. Hence 4 
is an upper bound to the positive roots. 

It follows that — 4 is a lower bound to the negative roots of the original 
equation. 

(2) Find integral values between which lie all the real roots of 
x^ bx^ — — 66;r* + jx ■]- 6o ^ o. 
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Wc require an upper bound for the positive roots and a lower bound for 
’ the negative roots. The mctliod of § T-p62 gives \/66 as an upper bound. 
Taking the integral value next above we ol)tain 9 for an upper bound. 

A belter result ran be obtained by grouping terms. Thus 
T bx^ " 8^-* — 66;r* 4- 7^ + bo 

s [x^ - 64) + (a-* - 4) + - 4) + f IX + 60). 

If X > the expression on the right is clearly positive. Hence we may 
take 4 as an upper bound. 

Next consider the negative roots and write x ~ — y VVe obtain 

— 8y* + 66y- -f 73/ — Oo - o (i) 

The method of § 14 02 gives 60 iis an upper bound. 

Wc now proceed to group the terms in order. First multiply the terms 
of the equation by 2. 

uy* — iby* 1- 1323/* -1 MY “ - o. 

The left-hand side is 

(y 5 _ (,y 1 ) .j (y^ _ Oyl _ , (,y 3 .| 1313/2) -) (3/2 j- 1 43/ - I 20 ) 

= Y* (Y - b) d Y" (y“ - bY* - iby -| 131) -f- {y - b) (y 1 20) . . (ii) 
Now y=* - 6 y 2 - - loy 1 131 - (y - b)* 1 i 2y“ - i24y |- 347. 

Tlic roots of the quadratic equation i2y* - 1244 + 347 o are imagin- 
ary since 124* — 4.12.347 <0. 

Hence y® by^ — i6y | 131 > o for y 0. 

It follows from (ii) that (> is an upper bound for the positive roots of (i). 
Hence — 6 is a lower bound for the negative roots of the original equation. 
Thus the real roots of the given equation lie between — 6 and 4. 


1‘1*64. Taylor’s Expansion for a Polynomial 

Let / (;v) denote a polynomial of the wth degree, h any number. 
Then 

fix + h) =/(/«) + xj'ih) + ^y”(//) + ■ • • + i) I /"" W 

r -r= o ^ • 

where denotes the rth differential coefficient of f(x) so 

that (h) is the value of (x) when x ^ h. This result may 
be proved by successive differentiation as follows. 

Since / (x) is a polynomial of the «th degree, so also is f{x 
Hence /.(x + h) may be expanded uniquely as a polynomial 
of the form 

f(x+h)^.a,+^x+l]x^ + ...+lY’' 
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Now the differential coefficient of a polynomial always exists 
and if all the coefficients arc different from zero is itself a polynomial 
of degree one less than that of the original polynomial. It follows 
that if we differentiate /(x -f h) successively with respect to x we 
will obtain in order polynomials in x of degrees n — i, n - 2, 
« — 3, ... The wth differential coefficient of / (jt [- h) will be 
independent of x and differential coefficients of higher order will 
be zero. Let the successive derivatives be denoted by 

/’ [x - 1 - h), r (X + h) (,v + h). . . . {x + h). 

Then f(x -\- h) ^ x'. 


r(x \ i>) 


. , - 2) ! 


x^-^, 


Since the derivatives arc polynomials they are continuous, so 
that the value of the functions obtained by writing x = o, will 
be the value obtained by writing x — o in the corresponding series. 
Hence 

f(h) = f'{h) = r[h) -= a, /'"'(A) = n„. 

Thus we have the required form for the function f {x -j- h). 

14 * 65 . Newton’s Method of Finding an Upper Bound 

The advantage of this method is that it gives a good result for 
the upper bound. It depends on the following theorem. If h is a 
number such that f(h), f'(h), f"(h), . . . (/i) are all positive 

then h is an upper bound to the roots of f (x) - - 0. 

Using the expansion of § 14-64, 

f{y + h) ^f(h) +yf' (h) -I- r(h) -I- . . . -1- (h). 

Clearly if y > o and / (A) and all its derivatives are positive, 
f(y T h) > o. 
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Now write y f h a;, so that > o implies a; > h. Thus 
f {x) >0 for X > //., i.e. f {x) = o has no root greater than or 
equal to h. Hence h is an upper bound to the roots of / (.r) . o. 

Method of procedure in a particular case. It should first be 
observed that (x), which is a constant, is to be positive. Now 
consider the smallest integral value of a; which makes /oi-o (^x) > o. 
Let it be /q. 

If f (n-2) positive find by trial a greater number 

such that -2) y, o, and so on. We thus obtain a sequence 
of numbers /q, /q, //.j, . . . /q, . . . corresponding to 

yin-l) jCn- 2 ) y(n^ 3 ) _ Jin~r) 

such that (/q) > o and 

/? £ //.I h^ . //,. ... 

Clearly (a;), /<« -2) [x), . . . (a;), will all be ])osilive 

for X hr since /q. docs not decrease with r, so that the effect of 
increasing h will be to leave unchani^ed the signs of the derivatives 
already considered. 

Example . — Find an upper hound to the roots of 

/ {x) -- X* - 6V® -f- «),V- — li)X I iz - 0 . 

/‘(a‘) — i.S.v- -f- i8,v — ly. 

/•'(^') ^ 0 (2.v^ - nr -1-. 3). 

3 ). 

- M- 

Here ( at) > o. The value x — z makes /'"(r) > o. 

/“(2) - 0 (4 - 12 + 3) < o. 

/“(3) 6 (i8 - i8 + 3) > o. 

/• (3) - 4.27 - iS.y + 18,3 - 10 < o. 

(4) — 4.64 — 18. iG + 18.4 — 19 > o. 

/(4) -- 256 — 6.64 -f 9.1G — 19.4 -f- 12 < o. 

/ (5) ~ 625 - G.125 + 9 -!5 - ‘ 9-5 L 12 > o. 

Hence 5 is an upper bound to the roots of f {x) - o. 

EXERCISES XIV 

23. By grouping terms, find an upper and lower bouiul for the root'^ of 

the equation x* + Sx^ -F yx^ — - G5 o. 

24. Find an upper and lower bounds for the roots of the equation 

x^ — x^ -\- ix* yx — ^ o. 

25. Find an upper bound for the roots of the equation 

-f i8.v< -f \2x^ — 45;t® 1942: - ^32 - o. 
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26. If J' (x) - 2X* + 23,ir“ f 96^'= 1 171-r 4 - io8, use Newton’s method 
to prove that the equation / (x) — o has no real roots greater than — 1. 

27. Apply Newton’s method to hnd an upper bound to the roots of the 
equation x* |- 3;^* -f x* — yx — 30 — o. 

28. Prove that the real roots of the equation 

6Af* — x^ — I3;r* -f 5;r -f 4 ~ o 
lie between — 2 and i. 

14-71. Solution of Equations with Numerical Coefficients 

We now consider the determination of the real roots of an 
equation with ^iven nnmerical coefficients. 

It should be noted that the procedure is quite distinct from the 
algebraic methods used in the solution of cubic and biquadratic 
equations. I'here is in fact no known general algebraic method 6f 
solving equations of the fifth degree and higher degrees. There 
is no difficulty in determining the rational roots of a given ecpiaticm 
and there is a general method available for finding multijile roots. 

The problem then is concerned essentially with the determination 
of irrational non-repeated roots. The procedure is as follows: 

(i) We find an interval which contains all the real roots. 

(ii) We then proceed to separate the roots, i.c. determine 
intervals which contain only one simple root. 

(iii) We then approximate to the root by considering smaller 
and smaller intervals. 

We discuss two particular methods. The first, Newton s method, 
has the advantage that it may be applied to functions other than 
rational integral functions. Further, the approximation is usually 
rapid. 

For practical purposes the second method, usually called 
Horner's method, is almost invariably used for dealing with rational 
integral functions. Both rational and irrational roots are deter- 
mined by the method. 

Both methods con.sist substantially in making successive 
approximations. 

14*72. Mean Value Theorems 

In Chap. XIII., § 13-72, it has been proved that if / (a:) is any 
function which possesses a continuous derivative ffi (x) in {a, b) 
where / (a) f (6) — 0 then there exists a number f , a < ^ <b 
such that /' (f) = o. [Rollc’s theorcm.J 
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The condition that /' (x) be continuous was introduced in order 
to simplify the argument. The condition is, however, not necessary. 
It is siijficiml that /' (:r) exist at all points of [a, h)* Tt should be 
observed that the existence of /' (a;) at all points of (a, b) implies 
that / [x) is continuous in (a, b). 

We now deduce from Rolle’s theorem two important mean 
value theorems. 

Theorem («).t --// / (a:) is a function which possesses a derivative 
f' (x) at all points of an interval (rt, h) then there exists a number f , 
where a < f < b such that f (b) — / (a) (b — a)f' (^). 

('onsider the function F [x] defined by 

F {x) (b - «) {/(/;) -/(A)} - (b-x) {f{b) ~^ f(a)}. 

Then F (a) = (ft ^ a) {/ (ft) / («)) ■ (ft a) {/ (ft) -/(«)} = o 
F (A) = (A - «) {/(A) - /(A)} - (ft - A) {/(A) -/(«)) = o. 

From Rolle’s theorem it follows that there exists a value 
a < ^ < b such that F' (^) o, provided F' [x) exists at all 
points of (a, b). Now 

F' (x) - (ft rt) /'(a) I /(A) f{a). 

Thus / (ft) -/(«).= (A u)/'(f). 

The theorem may be conveniently repnTsented in a slightly 
different form. Write b — a -\- h. Then since a < f < a | h 
we can write f ^ -f where o < S < i. The theorem then 
states that 

/(a 1/0 f{a)-\ hf'{a 1 Oh), 

Theorem (6)- If f (x) i'* function which possesses a second 
derivative f"[x) at all points of an interval (a, b) then there exists 
a number i such that 

f {h) f (a) -h (b ^ a)f' {a) + i {b - a^f" 

'where a < f < b. 

Writing b r - a t h the rc.sult may be expressed in the following 
form where o < 0 < i. 

f{aF h) - / (a) T hf {a) f Wf” (« I 

♦ For a rigid proof of this result see Hardy, A Course of Pure Mathematics 
(Camb. Univ. Press). 

t The reader .should considpr the gcomefriral signific ance of this theorem. 

34 


T, A., II. 
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Consider the function 

^ (x) = {/{a |. h) - fix) - (« + /«- x)f (T)} 

- [a + h - x)‘ {/ (a -f h) - / (a) - hf (a)} 

Then ^ (a) = {/ (a f h) - f (a) hf (a)} 

_/,s {f(a+h)-f(a)~hf(a)} = o. 

Similarly (a + h) - o. 

From Rollc’s theorem it follows that there exists a number 
a < f < (I + h, such that j}' (f) ■ o. Now 

f [X) { fix) - [a + h~x)f" [x] fix)} 

I- 2 (a d- h - ,t) {/ (a + A) - / (a) ~ hf (a)} 

= 2 (a + h - x) {/(a -f A) - /(a) - hf (a) -■ W-f ix)}. 
Putting X and observing that « -f /? — ^ + o since 
a < ^ < a -j- ^ if follows that 
/(a + //.)=/(«) I 


1473. ’Newton’s Method of Approximation 

As stated in § 1471, the method is of use in dealing with 
equations which involve transcendental functions as well as those 
which involve algebraic functions only. Suppose that the given 
equation is / (x) — o, that the equation has a simple root near 
X ~ a and that there are no other roots in the immediate neighbour- 
hood of a; ” a. Let a -f h be the required root, h being small, 
It should be observed that h may be positive or negative. Then 
provided / (a:) possesses a second order derivative near a; — a, 


= /(a 1 h) f(a) ■] hr (a) + (a + 0h), O < 0 


Thus h - — 


/(a) 

/'(a) 


Ih^ 


r(a+eh) 

/'(a) 


Since a f /» is a simple root of f (x) = o, /'(a l-/t)+o. 
Hence by taking h small enough we can find a positive number A 
such that l/'W I >A for all values of x under consideration. 
As h is small, /(a) will be of the first degree of smallness and 
the term h^r (a -f Oh) will be of the second degree of smallness. 
Neglecting this second order term, h -- (a). Hence the 

new approximation to the root is a — /(a)//' (a). 

If we represent this value by then we may repeat the argument 
and obtain a further approximation /3 -/(i 3 )//' (jS). Proceeding 
in this way we may approximate as closely as we please to the 
required root. 
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We may consider the method from a graphical point of view. 
AB (Fig. 52) represents the graph of. the function y ^ f {x) in 
the neighbourhood of the point C where the graph cuts the X-axis. 
Then there is a real root of / (ac) = 0 corresponding to the point C. 

Let P be a point on the X-axis near C. OP a, PQ the ordinate 

at P so that PQ - /(a). The tangent at Q cuts the X-axis in T. 

If Z.PTQ if), then /' (a) — tan 0 . Hence 

TP ^-PQ cot ^=f{a)ir (a) 

and OT - OP TP a ~ f (a)//' (a). 

It is clear from the figure that T is nearer to C than P, so that 
the value of x corresponding to T gives a closer apj^roximation 
to the root than the value 
corresponding to P, 

Example. — Show that the equa- 
tion 4- A' — 3 -- o has only 
one teal root, and find its approxi- 
mate value, correct to two decimal 
places. [Land. Inter. licon.\ 

Write /(at) - at* 4 at •— 3. 

Since there is only one change 
of sign from 4- to — tlic equation 
has at most one positive root. 

Again, 

f{-x)^-~x^-x- 3 . 

Since there are no changes in 
sign there are no negative roots. 

Now /(i) = — I, / (2) ^ 0. 

Thus the root lies between i and 2. Before applying Newton’s method we 
approximate more closely. /(i-2) ^ - -072, /(i-3) -497. Thus x = i’2 

is a closer apprt)ximation to the root. 

Write a ^ 1-2. Now /'(at) — T i. Thus /'(a) — 5 32 and 
a — /(a)// '(a) — 1-2 4 * •072/5-32 — 1-2 |- -014 approx. - T-2i 
correct to two decimal places. 

Let us consider the magnitude of the term which has been neglected, vi/. 
iAV'(a 4 - Oh) If '(a). Now /'(.r) - bx + i. Since at < 1-3. /"{x) < 7-8. 
Hence 

ih*f*{a 4 - Oh)lf'{a) < i X (-014)* X 7-8/5-32 < (-014)2 - -oooiqO. 

Clearly this term will not affect the second decimal place, so that the 
required root correct to two decimal places is i-2i. 

In applying Newton’s method it is necessary to obtain a fairly 
close approximation to the root if a good result is to be obtained 
by one application of the method. For this purpose it is frequently 


Y 
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best to first obtain an approximation by graphical methods as 
illustrated in the following, example. 

Example . — Solve graphically the equation sin ^ {zx — 3) — 2x — x*. showing 
that it has two real roots, one positive and one negative. Find the approximate 
values of these roots from the graph and determine more accurately the value of 
the positive root by Newton’s method. [Land. B.Sc., Fng.] 

Y 



The solutions are found graphically by determining the points of inter- 
section of the curves y — sin J {2;r - 3), y 2x — x^. Since 

— I < sin J {2X — 3) < I 

it is only necessary to consider values of x for which — i < — at* < i. 

Now 2X — AT* I — (i -- at)^. Hence zx — at* has a maximum value 

I at = I and steadily decreases as x recedes from x ~ i, in both directions. 
Further, the curve is symmetrical about the line x — 1. 

Again, 2Ar — at* — — i when x — 1 ± y/ 2 so that it is only necessary 
to consider values of a: between i — \/2 and 1 

, The curves (Fig. 53) arc plotted from the following tables, x being measured 
in radians. 


* 1 

- 0-5 

“0*25 

0 1 0*25 


0*75 

i - 3 ) 1 

~ 10 

1 

0 

00 

Cb 

-0*75 1 -0*625 

-0*5 

- 0*375 

sin J (2Ar - 3) 

— 0*842 

— 0*768 

—0*678 I —0*585 

— 0*480 

— 0*366 

2X — AT* 

-1*250 

- 0 - 5^3 

0 0*438 

0*750 

0*038 
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- 1 

_..o 1 

.-.5 1 .-5 1 

1-75 j 2-0 1 

2-25 

i - 3) 1 

-0-25 1 

—0-125 ! 1 

0-125 1 02^ 1 

1 t )'375 

sin i {zx - 3) i 

1 

O-2/^S 

0-125 1 ^ 

1 0-125 1 0-248 

j 0-300 

zx - 3* 

1 

0-038 I 0-750 

1 o*- 13 « 1 0 

-0-563 


Clearly the curves intersect at two and only two points. Thu.s there are 
two real roots : one is positive and the other negative, the corresponding 
values of x being 1-9 and - 0-33 approximately. 

To determine the positive root more accurately by Newton’s method, write 
j{x) - 2x - sin \ {2X -- 3). 

J 'ix) - 2 - 2jr - i cos i {2X - 3). 

/ (I’y) ~ 3'^ •“ (0*2) — - -0088, 

/'(i-9) - 2 ~ 3-8 cos (0-2) - - 2*29, 

Hence / (i’9)//' (i*9) “ 0-00384 . . . This gives the new approximation 
to the root as 1-89610 . . . 

To determine the accuracy of the result consider an upper bound to the 
error involved by neglecting the term in A*. 

The error term is 

W' {x)lf' ( 1 - 9 ), i.e. i/i“ { - 2 f i sin \ {zx - 3))/( - z-zq). 

Taking the least favourable value for sin \ {zx — 3), viz. -- 1 and replacing 
2-29 by 2, we obtain — 16 as an upper bound for the error. 

Now I 9 A*/i6 I < 9 X (o-oo4)>/i 6 - -000009. Clearly this will not, e.g. 
affect the third decimal place in the determination of the root. Thus we 
we can say that the positive root is 1-896 correct to 3 decimal places. 

14 ’ 8 , Roots of Equations, some of whose Coefficients are Small 

Let c be a small quantity, positive or negative. We consider 
the determination of the roots of equations, some of whose coeffi- 
cients have c as a factor. It is assumed that the solutions may be 
expanded in powers of e. i.e. if is a root of the given equation, 

X — Uq -Y djC -f + • • - 

where the coefficients a^, a^, . . . are independent of c. 

Clearly is a root of the equation obtained by writing c = o 
in the given equation. In this way the values of may be deter- 
mined. The number of these values will depend on the degree of 
the given equation, and it will be necessary to consider each value 
separately. 

In order to find neglect €* and higher powers, i.e. write 
X ~ ajc in the given equation, and expand the terms neglecting 
powers of c higher than the first. In this way we obtain an equation 
which determines Thus suppose the given equation is 

X”+ + . . . + = O 


(>) 
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where some of the coefficients • • • Pn> have € as a factor. The 

substitution gives 

(ao + «ic)” + Pi (^0 + + p2 K + T 

• • • + (h) 

To make the argument explicit, suppose that p^ is of the form 
where is independent of e, and that the other coefficients p^, p^, 
are independent of €. Thus neglecting e* and higher powers 
we obtain from (ii), on expansion by the binomial theorem 

{V -f aj -f T 

4- f (« - 2) «i} />n o. 

i.e. {<?o" + + ...+/>«} 

+ f p2 (" “ 2) \ P,{n • - 3) f • . • 

I = « (hi) 

Now the expression in the first bracket is zero since Uq is a root 
of (i) obtained by writing € o, in which case (i) becomes 
X” - 1 - p^x”-^ 4 - 4 - . ■ • 4 - pn 0 - 

Since c 4 =o it follows from (iii) that 

+p 2 {^- 2) 

+ p3 (w - 3) ^ + . . . 4- Pn i) 

Hence is uniquely determined when is given. 

To find ^2 write x = |- a^€ 4 - and neglect and higher 

powers of €. Substituting in (i) and proceeding as before it will 
be seen that is uniquely determined when and are given. 
Proceeding in this way we may obtain the roots to any required 
degree of approximation. 

Example. — In the equation x* — x — i — €X^ the number e is small. 
Show that — I + approximation to a root and determine the 

corresponding approximation to the root which is near 2. Write down an 
approximation to the third root. [Camh. Sch.] 

When f — o the equation become.s x* — x 2 — o, i.e. x ~ — i or 2. 
It follows that the given equation has one root near a; - — i and another 
near x ~ 2. Substitute at — — i + Ae + At* in the given equation and 
neglect c* and higher powers. Then 

(_ I 4, + At*)* - (- I + At + At*) - 2 - f ( - I + At d- At*)*, 

i.e. «(i-3A) + €*{A*-3^”3A)-o. 

Equating to zero the coefficients of t and t* we obtain A — J, A ^ 
as required. 

For the root near = 2 write jr =* 2 4- Ac + ^c*. Substituting in the 
given equation and neglecting c* and higher powers we have 
(3A - 8) c + (A* + 3/i - 12A) t* = o. 
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Equating to zero the cocftidents of c and 

X - I fji - 

Hence the approxinuition for the second tdot is 

Now the pr(xluct of the tljree roots of flic equatioii is — z/f. Hence i 't 
is a first approximation to the third root. 

14-81. Application of Taylor’s Expansion 

We now give an example to show how the Taylor expansion* 
may be used to approximate to roots of ef|i!ations of the type 
considered in the previous section. 

Example . — Explain Junv to fivd ancccisive (tpproximutwns to tlif ludnes 
of X, when 

X - I (fix) -I (.r) I , . . 

ivhere € is small and / {x), {x), . . . arc liivrii fnnitions nj x. Show that if 

e is small, the equation 

x'^ - 1 - t (x -i- i)- 1 td"' 

has a root approximately equal to i + zc j Find an approximation 

correct as far as c’-* to the root which is nearly equal to \ and also find an 
approximate form for the third root. [Camb. Sch. \ 

When f — o, X — a,) so that x is a first approximation. 

Let the next approximation be x - a^ -( a^(. Using Taylor’s expansion 

f{^) - J H- «id - fi^h) -I <>Ff ' ("«) I L'o) I • • ■ 

^ W = ft {(h I A'(«o) + f , ft" r . . . 


Neglecting and higher powers a^f (f{a„), a^ f {afj- 
For tlic tliird approximation we take x ^ | a,e 1 Uje®. Substituting 

in tlie given equation, neglecting and higher pow'crs, 

UiC -f rtac'-' (J {(ift) + ^h^'f i ("o). 
i.e. rtj «,/' (un) 1 f’ (a„). 

Proceeding in this way we may obtain the successive coeflicienls a^ a,. . . . 
For the particular case, consider first the root near x i. The equation 
may be written in the form 

.r - I - e {x f i) I C-X=‘/(I -I- ,v). 

Then f (x) ^ x t . ^ (at) - .v>/{i 1 x), f'{x) - i .so that /(i) - z. /'(i) - i. 
Also g (i) -= i/z. Thus correct to the term in «• the approximation is 
AT - I I- zc + (2.1 f i) t* -- r I- 2c 1 =€». 

♦ We assume in this section that 'faylor’s expansion is valid for functions 
other than polynomials. A general proof of the theorem is given in Hardy, 
A Course of Pure Mathematics (Caihb. Univ. Press). 
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In order to determine the root near x ^ ~ i we write the equation in 
the form 

— I ^ X — i' 

In this rase / (x) ^ (x + i)y(x - i), /' (x) ^ (x -{- i) (x - 3)/(x - i)*, 
g (x) = x^/(x - i). Thus 

/(- I) - o. /'( - j) - o. j) ... f 

Hence the approximation is ^ — i f 

Again, the given equation may be written in the form 
e*A-* -|- (e - i);r* + 2X( -f i + c o. 

Thus the sum of the three roots is (i - e)/e®. Hence the third root is 

^2 * — 1 - 2e — j I — ^ * approximately. 

14-9. Horner’s Method of Approximation 

The method applies whether the roots can be represented by 
a terminating decimal or not and is concerned in the first instance 
with positive roots. The procedure is to determine the root, 
figure by figure. Thus the integral part is first determined; then 
the first decimal place is determined, then the second, and so on, 
until the root terminates or the root has been obtained to the 
required degree of approximation. The methods involved have 
already been considered. The two transformations required are 
(a) diminution of the root. 4 of an equation. Chapter XIII., § I3‘53, 
and (6) multiplication of the roots of an equation by lo. 

The first step is to determine between what two integers the 
real root, in which we are interested, lies. The procedure for the 
case in which there is fnore than one real root between two integers 
will be indicated in § 14-92. Having determined the integral part 
of the root we now transform the given equation by reducing the 
roots by this integral value. In the new equation the root must 
lie between 0 and i. In order to avoid decimals in the working, 
the transformed equation now has its roots multiplied by 10 so 
that the figure required lies between 0 and 10. This integral value 
is determined, and thus the first decimal figure of the required root 
is determined. Proceeding in this way we may obtain any number 
of decimal places or else the root terminates. 

The method and presentation will be clear from the examples 
given below. 

Examples. — (i) Calculate to two places of decimals the root lying between 2 
and 3 of the equation 

X* — izx* f i2x —3 = 0. [Madras, B.Sc.] 
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If / (x) ^ x^^ ~ 1 2x'^ i2x J (2) ~ - ti, f (3) — 6 SO that there 
is a root between 2 and 3. Thus the integral part of the root is 2 and the 
first step is to reduce the roots of the equation by 2. The work is set out as 
indicated earlier. Note that since there is no term in we must insert o 
as the coefficient of x^, 

I o — 12 12 — 3 

2 4 — lO — 8 

2 — 8 —41 — n 

2 8 o I 

4 « I - 4 

2 ‘ 

6 j 12 

2 I 

8 

The transformed equation is 

.r* + 8.r* -f i2x^ — .jv — it -- o. 

Multiplying the roots of this equation by 10 we obtain 

I>' {x) ^ -f 80^ + i2oo.r‘-‘ - 40oo.ir - 110000 — o. 

Now /*' (8) -- 4OQ6 {- 40060 I 76800 - 32000 -- iioono < o, 

E (0) ~ 6561 -j 38320 )' 07200 - 30000 — 1 10000 > o. 

Thus F (.r) — o has a root between 8 and 0 and the first decimal place 
for the required root is 8. 

W’e now reduce the roots of F (r) o by 8. 

I 80 1 200 

704 

88 1004 

8 768 

y6 2672 

8 832 

104 I 35«4 

_ i 

1 12 

The transformed equation is 

X* -j- 112 X^ F 3.504'V* 1 - 32608.V - 20144 -- o. 

Multiplying the roots of this equation by 10 we obtain 

G {x) - X* h iizox^ F 350400^* + yiboi^ooox 201440000 o. 

A study of the magnitudes of the coefficients of the terms in the equations 
/ (x) — o, F {x) o, G [x) - o shows that as the process continues, the 
dominating terms which will determine the required value of x, will be the 
last two terms, i.e. the term in x and the constant term. Thus, e.g. in 
G {x) == o, since x must lie between o and 10 the term in x* cannot exceed lo*. 
i.e. 10,000, which is small in comparison with — 201,440,000. 


4000 

— T T 000 


89856 

11232 1 

- 20144 

21376 1 


32608 
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Now 201,440,000/32,608,000 = 6-1 . . . This suggests that G {x) ^ o 
has a root between 6 and 7 and that this is the case is easily verified. 
Further, this figure 6 is correct to the nearest integer as may be seen by con- 
tinuing the working. Thu.s correct to two decimal places the root is 2*86. 

14 - 91 . Simplifications in the case of Horner’s Method 

(a) In the actual presentation of the numerical working we 
can omit completely the powers of x, writing down the coefficients 
only of the various transformed equations. The setting out is 
indicated in the example given below. 

[h) The example of § 14-9 shows that if it is necessary in each 
case to determine the required figure by actual substitution, the 
numerical work involved may be considerable. This is, however, 
unnecessary and one of the practical advantages of Horner’s method 
is that after the second or third figure of the root has been deter- 
mined the transformed equation itself sn^i^ests by inspection the next- 
figure for the root. This is called the principle of the trial-divisor. 
The reason for it has been indicated at the end of the example in 
§ I4‘9. The second last coefficient of each transformed equation 
(after the roots have been multiplied by 10) is called the trial 
divisor. This divided into the constant term give the suggested 
value. 

(c) It is clear that beyond a certain stage in the working the 
second last coefficient and the constant term must have opposite 
signs; for as the process of evolution of the root proceeds the 
influence of the other terms becomes smaller and smaller. After 
the first transformation, i.e. after the equation has had its roots 
reduced by the integral part of the root under consideration, the 
absolute term must not change sign. The sign may change at the 
first transformation. Thus, e.g. the equation 
2 x^ - yx"^ — ^ ^ — o 

has a root between 3 and 4. Reducing the roots by 3 we obtain 

2x^ 4- iix^ Sx — y ^ 0. 

The reason for the change in sign is that we have passed over 
another root of the equation, viz. that between i and 2. But 
assuming that the original equation has only one root between 3 and 4, 
the transformed equation 

2x^ 4- iiox^ 4- Soox — 7000 = 0 

has one and only one root between o and 10. Thus further trans- 
formations of tne type considered will not affect the sign of the 
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constant term. We have thus the followiiif' rule. The figure to be 
taken is the highest number which in the process of transformation 
will leave uncJianged the sign of the constant term. If the number 
taken were too small the next figure suggested would be greater 
than 9, as in ordinary division. 

Example. - Find by Horner's method the real root of the equation 

T 2X — 10 - o 

iumet to jour sigmjicmil figme,. j-con.l 

Descartes' riili; ot signs shows that tlio wiuation has no negative roots and 
at most, one positive root. It is rasily seen tliat tl.is root lies between i and 2. 

We first sot out the working ami then coimnnnl on it. 


0 

2 

- 10 ( 1-847 

1 

i 

3 

T 

^ 1 

-- 7000 

I 

2 1 

0432 


1 500 

5()8ooo 

I 

.m \ 

4775«4 

.^o 

804 : 1 

- 9049O000 

.3 

3 bH i ; 

«. 53 b«l 23 


117.100 1 

1 - 5127577000 

8 

: 2i7(. 


46 

1 19370 1 

1 

8 

2192 

1 

540 

1 2 1 50800 

1 

4 

38089 
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4 

3 « 73 « 



1223422700 



4 , i 

5520 I 

7 

5527 

7 _ 

5534 

7 

55410 

We first diminish the roots by i. The transformed eipiation when the 
roots have been multiplied by lo is 

+ 3o,r* T 50o.r — 7000 ^ o. 

The first trial divisor 500 gives no real indication of the first decimal place 
as is to be expected. It will be seen that if q is taken instead of 8 the sign 
of the constant term would have been changed from - to 
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After the roots have been reduced by 8 and the roots of the resulting 
equation multipHed by lo, the transformed equation is 
4- 540;r* -f 117200;^ — 568000 — o. 

The trial divisor is 1 17200 and 568000/117200 = 4 8 . . . and the third 
decimal place is given correctly. The close approximation to the true result, 
47, is to be expected because of the relative smallness of the first two terms. 

The trial divisor for the next transformed equation gives 7*4, suggesting 
that tlie third and fourth decimal places arc 74. That the 4 is correct is 
verified by the next trial divisor. 

Hence correct to four significant figures the root is 1-847. 

14*92. Roots nearly Equal 

The method of procedure in such cases is to separate the roots 
and then proceed as before. 

Consider the following example. The equation 
— 4x 4 - 13 = 0 

has two roots between 2 and 3. Find each of them correct to two 
decimal places. 

Diminishing the roots of the equation by 2 and multiplying 
the roots of the new equation by 10 we obtain 

f(x) = r** I- 30X* — 400X 4- 1000 = 0. 

This equation must have two roots between 0 and to. 

Now / (3) ~ 27 -f- 270 ~ 1200 -f- 1000 > o. 

/ (4) = 64 4 480 — 1600 -f TOGO < 0. 

/ (6) = 216 -}- 1080 — 2400 4- TOO < 0. 

/{?) ^ 343 4 - 1470 - 2800 + 1000 > 0. 

It follows that the transformed equation has one root between 
3 and 4 and another between 6 and 7. Thus the two roots are 
2-3 .... 2*6 .. . 

Proceeding as before it will be seen that correct to two decimal 
places the roots are 2-36, 2*69. 


EXERCISES XIV 

29. If a root of the equation f (x) — o is known to lie between two values 
of X, a, and a -f A, where h is small, and if f (a) ( and / (a -f A) = — 17^ 

where ( and 17 are small, show that a good approximation to the root is 

AL. 

( + v’ 

Prove that the equation x* — 4X + i = o has a root lying between i and 
2, and find it correct to two places of decimals. [Land., B.Sc. Eng.] 


a + 
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30. Plot in the same diagram the curves 

y ^ and y - 3 I ^ 1 j 

for positive values of x. Deduce approximate values of the positive roots of 
the equation 

— ix d I — o. 

Find by any method, a better approximation to the smaller of these 
roots. [Lo»d. Inter. Econ.'l 


31. Find the real root of x^ |- 3ar — 5 ^ o correct to two decimal places. 

[Madras, B.A.] 

32. Find correct to three decimal places, the root of ;r‘ — 8^ - 60 — o 

which is nearly equal to 3. [Camb. ScA.] 

33. Find to four significant figures the real root of the equation 

x^ - /\x - T - o. 

34. If is measured in radians the equation i^nx - x has a root near 
X ^ 3^/2. I-ind by Newton’s method the value of the root correct to two 
decimal places. 

35. If a is small, the equation cos^r - ax has a root near ;r =- \ir. 
Prove that ^ (i - a) is a better approximation. 

36. In the equation x [x^ - i) - €{.t } 2). e is a small number. 

Prove that an approximation to one of the roots is t + the third 

power of < being neglected. Find the corresponding approximations to the 

other roots. 

Show that, if « is small, one root of the equation 
— bx^ \\x — (> = f. 
is I + approximately: and find approximations to the other roots to the 
same order in «. 


37- 


[Land., B.A.] 


38. If ^ = 8 show that x differs from 2 by less than \€ if e is so 

small that its square may be neglected. [Camb. Sch.] 

10 Extract the fifth root of 7 correct to 4 significant figures by using 
Horner’s method. [Land., Inter. Econ.] 

40 Show that the equation x^ 3.1: + 4 has a root between 2 and 3. 
and use Horner’s method to calculate the root to three places of decimals. 

[Land., Inter. Econ.] 

41 On the same diagram draw the graphs of y = and y - + 9. 

Show that the abscissa of the point of intersection satisfies the equation 
^3 - — 9 - o and hence obtain an approximate value of the real root of 

this equation. i3y Horner’s method, or otherwise, find the value of the real 
root ol x^ - X - 9 - o correct to two decimal places. [Land., Inter. Eron.] 
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42. Find between what consecutive positive or negative integers the roots 

of the equation — 7^ — 3 — o must lie, and use Horner's method 

to find the positive root correct to the second decimal place. 

yLond., Inter. Boon.] 

43. 13 y drawing the graphs of y - and y at* - 2;r + 3, prove that 

the equation + 2;if — 3 =. o has only one real root. Ky Horner’s 

method, or otherwise, find the value of tliis root correct to the third decimal 
pls-ce. [Lond., Inter. Econ.] 

44. Draw on the same diagram the graphs of 

y ^ ,r — I and y ^ x (x — 2) {x — 3). 

Hence obtain approximate values of the roots of the equation 
- 5 ;r 2 I- 5A,' + I ^ o. 

By Horner’s method obtain the value of the root between o and 2. correct to 

three decimal places. [Land.. Inter. Econ.] 

45. Obtain, correct to four significant figures, the root of the equation 
- 2X -3-^0 ^ying between i and 2 either (i) by a purely algebraic- 

method of approximation, or (ii) by a graphical method followed by a 
closer algebraic approximation. [Lond., Inter. Econ.] 

46. Show that the equation x* - 3;^ -|- i -= o has only two real roots, 
and that they lie, one between 0 and i, and the other between i and 2. 
Find the root between o and i correct to three pl.ices of decimals. 

[Lund., B.Sc.] 

47. Given an algebraic equation 

x^ + I - o, 

write down equations whose roots are (i) the roots of this equation 
diminished by a, (2) the roots of the original equation multiplied by b. 
Find by Horner’s method, to three significant figures, the root between 2 and 
3 of X* - 3o;r I iS o. [M.T.] ■ 

48. Show that the equation 2;^ - 72; - 4 = o has three real roots, and 
find the positive one correct to three significant figures. 

40. Calculate to three places of decimals the real positive roots of the 
equation ^ 40 -= o. [Madras, B.Sc.] 

30. If/( ;r) - ;r> 4 x* - 2X - i and / (a) -- o. then /(a» ~ 2) = o. 
Find the greatest real root of f (x) o correct to tliree decimal places. 

[Madras, B.A.] 

51. Show that the equation .v> - yx i - o has three real roots, and 
find Ihe largest root correct to one per cent. [Camb. Sch.] 



A.NSWERS 

EXERCISES I 

Infinite Sequences and Series 
3. a, tends to values which oscillate betwectt 1 4- 

tends to oscillate infinitely. 

4* {<*n) is monotonic decreasing so is |6„}. 

12. Compare with scries Z ^ • 


EXERCISES II 

Theorem on Limits and Continuous Functions 

I. o. 2. all. 5. 

6. (i) lini. f{x) = -f .xj, lim. J{x) ^ oo ; (ii) lim, /(a) -- i. 

X -> 1 I O X - > 1 -- O X > rjo 

7. 1 1 a. 

14- (i) Limit exists and — o; (ii) function i)scillatcs between o and i 
(iii) function oscillates between |- i and — i ; (iv) limit exists and o 
16., X r-. l,X 3. 

17. Continuous for all values of a in the interval (a, h) except at x = b. 

- 1 

19. la 10. 20. 21. i; i. 


EXERCISES III. 

The Binomial Theorem for a Rational Inde.x 

3. I - 4. » I 

5. a“» 4- 4- A*a ® 4 A«a“*. 


6. a 


1 '^ If 3 \ 

[ 39 i 299 \ . 

+ 200 + JOiro^a f 


7. a ® 4- I Oa Ir * 4- lOt* “a"-’, 

8 . - ,\x>c-'^ - 

_7 I _e ? 

9. a'® 4- Oa 4- 21a ‘"’a^ 4- 50a"»A. 

10. a ' 4- 5A*a • 4- a^jA‘®a~^^ 4* ' '*• 

U. I - 4 A 4- Va* - 13* (♦' + i) ( 2 r 4- I). 

16. 2nd term. 17. 20th term. 18. gth term. 

19. 2nd term. 20. (3« — 27)/2o; n ----- 43/3; 17. 

543 
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21. i/^. 23. 15th term; 27th term; ist term. 

24. 2nd term i\. 25. 3rd term 

26. 4tli 5th term — iI’It- 28. (i) 6; (ii) 0-242. 29. n 3; n — r. 

30. 121. 31. 2'"® (r* + jr ! 8). 

32. 3n* }- n -}- I. 34. « (m I- i) . . . (m f r ~ r) a//r ! 

37. i‘3-.5 • • • i^P i)l 2 ^iP 0. where p - or i {r - i) according as r is 

even or odd. 45, i | 2 ^. 46. (a) 15; 18. 

47. i (w + I) (« f- 2). 52. (I -h .V)*; X > - I 53. I + .r I A'* + .v’. 

54. 0-02000. 55. 9-99333- f-4-122. 57. 1-2599. 

58. 3 0723. 74. (rt) 0-074; (6)0-986; (c) 0-997. 

EXERCISES IV 

Infinitk Series whosk Terms are Functions of a Variaei.e 

I, The sum is o. 8. S (at) i + a*, a -i o; S (o) - o. 

9. Not uniformly convergent at x — o. 

EXERCISES V 

The Exponential and Looakithmic Series 

1. a = log p. h - qlp, c - (lYp - q^)lip'^\ a - log 2. b ^jz, c ^ 7/8. 

6. 0-521. 7. i; 0-3679; 00183; o-oooi. 10. I. 12. 3^. 

13 . \{e - e-^. 14 . 25/24. 16 . 2II. 17 . a -- 3-036, b ^ 0-1423. 

19 . (- i)^ ‘ (a" + b’- d c"). 20. 2-303. 

24. log^ = 0-33647: logto7 - 0-84510. 25. n - 1 or n > o. 

26. 2X - ^ x \ 27. 0-2469. 28. I A I 1 ; i:(- i)'‘ ^ (3*' | i)A"/n; 0-153. 

29. 1-6094. 30. 1-105171. 33. 4-6151205. 

37. 2 {X - I- ly + »a’ - 4 + ---}. 

38. log 3 -- 1-09S6; logioC 0-4343. 40. II terms. 

41. 1 f A + A® I Ja’ + 44. 1 -- log 2. 45. 3 - log 2. 

46. 20. 54. log 56. 1^. 

EXERCISES VI 

Determination of 1-uncttons from Empirical Data 

The results obtained by graphical methods arc only approximate. 

2. a ^ b -= 1 . 3. a ^ 2-8, b 3-4. 4. a ^ 7-5, b ^ 5-3 
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5. (I 0-95, b o f)9. 

'j. a ^ 2-5, h 10-8, 

9. a — 0 0075, n ^ 0 87. 
II. a — 28120, n -• 2-04. 
13. « ^ 1.3.; C ^ 200. 

15. a = 50, 6 - I-M 9 . 
h a — 10, n — 2. 


6. a 397, h - 1 1 5. 

8. a - 0-304, h — 0 0004. 

10. a - 0-4, n 1-5. 

12. a 0-0425, n ^ I- 163. 

14. fi - 2-82, n - 1-75. 

16. a ^.b 12, n — J. 

18. c — 10, a — 3-1, 6 — — o-l. 


EXERCISES VII 


Furthkr Theorems on Convek(;ence 

5. (i) D.; (ii) C. if a < - i. D. if a - i ; (111) C.; (iv) C. if x < r \ D. if 

> e-V 

6. (i) C; (ii) D.; (iii) C. Up > r. D. if /> < r. 7. (i) D.; (ii) D.; (iii) 1). 
8, o. 9. C. if — r < X < 1, otherwise D. 10. C. for all finite ;r. 

12, D. 13. C. if h > a v> o; I), if a > b > o. 

14. (i) C. if <» < - I, 1^- if a > — i, e.xccpt when a is a negative integer. 

(ii) C. if a < ~ 2. 1). if a > — 2. excejn when a is a negative integer. 
16. C. for all finite/). 17. 18. - log v: o < .v • . 2. 23. Snm is unity. 


exercises VIII 

Complex Numbers 

. (/ 4- i). 2. rt- - I 2abi\ (a» - yih^) T * (3^*^^ ' 

(a< - 6a“6* - h*) f i (4n»6 - 4a6’). 3. 5<*- 4- • 3h. 

5 . [X - y) {X 1 y) {X I ^y) {X - iyl 7- + b'h 8 . - 1 I- »- 

9. (i) ± (I + (“) t + *v/5)- 

12. (i) 2; (ii) 1025; (iii) yg: (iv) 1I5. 

14. x^{a^ -V f'l) 00s nl~{(ii-bi) sin rH\ y - (^ii-f^i) sin nt |- (a* i- b^) cos nh 

17. (i) 5: (ii) tan IS. Irr. 

18. I -T I - I 1 = ~ ^ represent 

2,. 2s bisects L^OL^. 

{Sr + 3)ff ,, -■ b 3) 


21 . AH. AC ^ AD. A E. 
5- 

Z4. .-.85 + 0-476.-. 25. 


23. aA(cos'”' + ^'’' + .sin''7'^--i.r 


26. - c Hr itVa); 




T. A., II. 


35 
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27 . i {- I ± \/5 ± * Viio i 2 v/5))- 

28. ( OS 56 lO cos® 0—20 COS* 0 -f 5 cos 0 . 

29. - J (I _ i V?)- y “ U* ^ » Vj)- 

, f iv-n . . 2r7r \ // 2rn\ 

30. X ~ ^ |cos I — t sin — }l y ~ ~n )’ ^ ~ 

34. Series converges under the following conditions: — (i) b <0; all a, c\ 
(ii) 6 — 0; rt < o, c +0 or imt, a < — i if c — o or ztin. 

41. log 2 + t7r; iff + t cosh’ ‘ 2. 

42. I, tan '^3/4; locus is a straight line through O inclined at an angle 

tan~‘ bja to the real axis. 

I 1 cos <ft -f irn . <ft f 2»'ff\ 

43. c ^ \ n * n } , r — \/{a* -f- b*), (f> cos ' air 

- sin-1 blr: e h * » 

44. i cosh“i 2; {cos (3 log 10) + i sin (3 log 10)}; log 4 -f iri. 


EXERCISES IX 

Partial Fractions, Recurring Series 

1, (a — a) (a — / 3 ) (a — y) (a — 8)/(a — b) (a — c) {a — d), with three 

similar expressions for the other constants. 

2. a — i, b — — 10, c = 25. 

, I _ 3 , X i y/2 ^ ^ -I- y'2 

;r - 2 ;r — 3' 2)/z {x* p yzx f 1) 2^2 {x^ — yzx + i)’ 

.r X - {X - i)* 

5 i z_ . , 4. - 3 3 . 

;r-2 4 r- 3 ’( 4 f-i)* x ~ \ x - 2 

. i . - i , J hV . , _ i , . h_ . 

' x^ X* X AT p 2' * I 1 24 r ^ I 4 - 31'’ X - 2 ^ x* + 2x-\- 4 

7 » ‘ .J 

•' X - \ ;r 4 - 2 ( 4 r 4 - 2)* 

8. Given function is 

2 X* 

X ( 2 (;if* - i)** 

Coefficient of jr*' — 2 -*'; 

coefficient of x*^*^ — 2 •'-* — (y 4 - i). 
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II. 2: x-' {|.2" f (- 1)" I {n + 1) + ( - i)«+i 4j. 
M -- O 

'°,|= +,/-.+ 5 .^ 

14. a„ - - (H + 2 •• ’). 


• 7 - (, + L)" ^ . 4 « f . ”3.'„ f .-V l(- (. 5 » + 3 ) + 3 -}. 


18 . - 


[(— O'* XI- ^n h + 2^7 + n (” + 0 I- i (« + l) (« -f 2)|- 


. 19 . 


1 - 3 ^ r I- 2;r I + .V' ^ <■“ 1^1 <1- 


20. a ~ I, b = 


I c - |. 


21 ‘ f ” ^ .1. rt 6 a - /M 

' {a - bf \x — a X — b (,v - «)* ^ (x - b)‘i' 

22. I — .\x 9A'* — 17,^;’. 

4 i 


23 


2 ;r I I X — z {X - 2)' 


• I - 10.V h - 3 ilx\ 


24- 1*3 {^ .ZTx + f I ^. 2 } 

1 


25 


_ I ^ X _ 
X I I- .v*’ 


I + 2x }- 3.r^ |- 4x^ 'H x*. 


26. i 


1 * 


U — I X + i {x 1 i)* 


}; i {I -I (- ir + ^(« - i)(- I)" *): 


27. Pn - 2 "^‘ - I. 

‘ r 3^” 4. ' r 

I - 3x I - 4x 

I — X cos d X'* cos nd -\- cos (n — 1) ^ i — jr cos 


30 . 

32 . 


28. (I + 2*')X"'. {> - ix)j{l - iX -f 2 .ir»). 
31. M„ ^ — I 4- 2 ^ 


1 — 2;r cos 6 f x^ 


33 . 


I — 2;^; cos 6 ^ x^‘ 


X sin 6 — sin (« 4- i) 4 - sin nd 


34 . 4- 15 / 2 . 


1 — 22: cos 0 4* X* 

35- (3 4- *7^)/(3 - X) (I - .t)*. 


36 . I + (/>,+ r)x 4 - {q + s + pf)x^ 4- (p 5 + qr)x^ 4- qsx*‘ 

^ (I 4- />^ 4- qx^) (I 4- fx 4- s^r*). 
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EXERCISES X 

Summation of Series 

2. 3194^. 3- « (” 0^* — 2 (w + i)4r -f 2. 

4. (2n* -f 4«» - n - i). 5. In (n + i) (^n* + -f i). 

6. (n 4- i)“ (n I 2 ). 12. tVi - 

t yn H 

^3- (‘)-H 

14. (i) in {n 1- i) (n* r 9»» + 20); (ii) (|)^. 16. x/3. 17. (i -f y) <•*. 

18. (i) I 4 - (ii) - ;r/(i - .ir) ( i - | | < i, | | < i. 

19. 4« - 3. 20. le. ^ 22 . 15^ - I. 23. i log 2 - “j. 


24. (i) 5<': (i>) ^ -f 

25- 4 « - 5 - 
29. >og ^ 

32. X/(l - at)*, I AT I 
^ and I A? I < 


^ A* : 


4 « + 3 4 ” -I 7 


26. ^4- 

4^-3 4^ - 2 '4X- 


31* (0 (1)^ (») I - (i - ^ ) log (I - at), I at I 


^ : i a i + i Q 2,\^ \ < ^ if ^ > 0 

(I -Are*') (, -Are"*')' 


if ^ < o. 


Ill, 

34. 4 ^- 2 . 35. „ - 

36. ii» - A (^„ I, J J + 


* . ^ — * ' _ * * 

4 '(« - I)* 2 ’n I I 4*(»4- i)r 

* "I 4 - ■ -a 

2n -h 7/ ^ 2n 4- 9’ 


3 ^' 38. (») iV 6 (n 4- i) + 3 (n 4- 2) 6 (n -}- 3' '^2* 

39. If 5 (at) deiiote the sum of the series, 

^ <"> = (6^ - «. + 3^*) '<’8 ('-*>- IL - 0 % + 

for — T < AT < o and o < at < i ; s {o) — o] 5 (i) = gg. 

40. 4e 3. 

41. I Af I < I ; if 5 (a) denote the sum, 

^ i I- ^ ^ ^ ik log (I 4 - 2r) - J log (1 _ at) - AT), 

AT +0; 5 (o) -= s{± I) i. 

42. (i) a 4- ij 16 (2n 4- 3)’ 

43. X (at) = e- (3Ar-« - 3Ar» 4- 1} - 3^'‘ + 1 - at ♦o; s (o) - o. • 
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■' <*> = (i - «•) '“8 - 5 -I- I- ,V>’ •* 

45 * (>) Uog 3 : (i>) iS^'- 46. 1. 

4J. A = o, li = I C - i, D - i; In {n h i) (in + i). 

4 *- -* - : (,: I 0 (n I 2)’ <“* " <""’ + ’*”* -I- 7 " - ")• 

* I 

49 * u - 2 I) („ 4- 2) („ 1 3)‘ 

50. ^ 16/3, B = - 8/3. C = 7/15; ~ -I- y’jw. 


51- 


T 

3" (n + 0’ '■ 


53. J |» (« f .) cos 0 + 5“ f- + '> « k « cos(2j, + 3)« I 

^ V 1 — cos 2 0 j 

54. M* - - n (n* -- 2)i r 3): = A” - 2«> r 9>< I" I-l- 

55. M® - 3w‘ -2” 1 f- ■ 56. Am (m'+ OMm + 2). 


58. i « cos a 3- 


cos (w 4- 2)a sin_Ma 
sin a 


60. (I — at) cos 0 j(l — 2X cos 2 0 -I X% 

61. {x cos $ — X* -- x^^^ cos (n 4- i)0 4 Ar'*+=' cos n0}/(i — ix cos 0 4- ,r^). 

62. (i) cos'wascc" a - 1 4- sin na sec” a cot a; (u) ® sin (sin a). 

63. cos i0/V'2 cos 0 . 64. sin J« (tt — 0)/(2 sin J0)” 

69. sin 0/(1 — 2;r cos 0 4* at*). 70. at (1 — x') sin 0/(i — ix cos 0 -t- at*)*. 

71. {(2ao - «,) cos o “ flo cos (a - jS) 

4- (2tf„„j - j) cos {a I (w 1) jS) ~ tfn-i cos (a 1. Mj5))/4 sin* J0. 


EXERCISES XI 

Determinants 

2. (i) (a - h) (b - f) (c - a); (ii) (a - b) (b - c) (c - a). 

3. (a - b)(b - c) (c - a) (a 4 - + c). 4 - - 575- 

6. (x — + 2 a — i) (x — o) (;r — j5), ’where a, j8 arc the roots of 

x' 4 - (fl* ( 4a 4 - I ) AT 4 2 (fl f- i)» (rt - I) ^ o. 

7 . (a^ I 0 ^ I f »V7) (Af h I - 1 V 7 ). 

8. l»jr, IHn 4; ^iT, nw i I^r, nir ^ Jrr, 

9. a* (<i, - (I,) (a, fl;,) (a, - ai)inai // (a - a^)*. 10. 0. 

II. {w* -I- i (1 " s)} {k* + ^(i - s) m*} - (i (I 4 - i) mky 

4 - A*(i - s*) 4 - i(i - 
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14. 3A/i (A — /x) (a — h) (b — c) (f - a). 16. lOo. 

17. The second determinant is (6 — a) (c — a) (d — a) {c — b) {d ~ b){d — c) X 

where A is the sum of the homogeneous products of n dimensions in 
a, b, c, d. 

18. I + T 1 ' ^3 + 19 - (i) 3 22. o. - 5 i 3 » \/ 3 - 

23. o, - 11. 24. (i) o, i {- 3 i ^20.5). 25. 

26. 3, 18. 27. o, o. 3a. • 

28. 2rtk/(a® 4- A* -f c* ~ 2ah — 26c — zca). 30. xy f yz f- ix -|- xyz. 

- /* “ he hf - bg 

31. re {“51 ± »V 2 i 5 }- 38 . k - gh - af 

hf — bg fih af ab — h* 

40. X o.y ~ 3, z — — I. 41. X 1, y j, z - ■ 0. 

42. A' =- 3, y - 5, 2 - 2. 45. .r - :j. 1. 

EXERCISES XII 

Elimination 

1. The equations are not independent since any one of them may be 

deduced from the other two. Thus the equations are not sufficient 
for elimination. 

2. f ^ 0, 3, 3; when / 3 the equations become identical. 

5. (a' — a) (a'b — ab') — (b' -- A)*. 

o \ p q r 

— 1 p q r o 

7. The determinant is o o i A c 
o 1 A c o 

— I b c o o 

o o aj A, fj rf, 

o Aj <3 o 

g ai b^ Cl rf, o o 

‘ o o Gi b^ r, rfj 

o rtg Aj f, rf, o 

Aj Aj o o 

9. (a* + A» - 4a)* f i6A* = 9 (a* 4- A*)*. 

10. A» -f a)* 4 - c*} - a» 4 - c*)* 

11. 2 A (I 4- c) (rt* 4 - A») (I - r). 

12. y* -= cx 13. y* = a {zx 4- a). 

14. JT* {h'a — a'h) — :ry {ha' — ab') 4- y* {hb' — AA') ~ o. 

19. a* f A* — 6aA = 0. 20. 3 (a* 4- i** + ~ — 2 (aA 4 - Ac 4 * 

21. a* 4- A* 4- c* — ahe 4- 4. 22. nA ^ i 4- c. 
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EXERCISES XIII 

The Theory of Equations 
3. Two negative roots, two imaginary roots. 

7. One positive, one negative, two imaginary roots. 

10. 2 cog ^rr, 2 cos i^Tr. 2 cos 12. ± I ± »V6). 

13- i 1 . ir. V^, ± V 3 : I - 7.V* + tsy* - oy* - o. 

14- -t 2> ~ 4* 15' J (' i ^ V7)> “ ^ T: *• 

16. 3. i {7 ± V 13). 17. - - I h ;r 

1 8. rt — I or — ^ 6 or V. 20. 37. 

21. -= — 2/>, 2V 37. 23. sin lo'’, sin 50®, sin 250®. 

25. — 15^* j Utabh' - - 2a^b*c^ - aV«. 28. 3r'‘ j- -t- 6 t | 2-0. 

32. + (/>® 3/J7 j- 3r) ;r» 1- (3r» h 7^ .. 1^ p .... ^ 

33. + io;r3 j- 57T - 196 o. 34. r-x'^ i zqn^ j qh- - r o. 

35- (') -f’ -f Ov ' 3-0: (ii) f- ! 45A' -j 9 - o; 

(iii) 9 t" - ,^5,ra + i8.r - 1 o. 
36. 27T* \ {pr -r 7>) T - pqr 3- - o. 37. i7.r^ -f 25;^* + i zx f 2 - o. 

38. 2;r* -f 0 25.V2 -1- 2-25.r - 2-.j()09375 — o. 

39. - 1 1. \/3. I ! ' V-* 40- X* i- + 54^® + 3^^ + - 0. 

41. ax^ 3- lo/u'^ f- iooca’* + loooi/T | loooof -- o. 

42. — cix'^ I i (a- b'^) X I J ( — rr* [ ^ab'^ — 2< ■') -- o; 

M„ - i {a^ - 6*) w„_a - U“ i 3<'^“ ” 2c») 

43. 1/(1 - tO. - i)A’. ^7(‘’ ~ 0- 

44. (x \ wy -\ lo^z) [x \ w^y I ri>2’), where tois an imaginary cube root of unity. 

46. - 3aT* 1 3 (a® - be) x - (a’ f 6’ + c» - 3 abc). 

^ izr I- i) TT , . . {zr ! i) it 

47. i (I ± iV^)- 48. cos ^ I- * sin ^ . f . o, I. 2 7. 

2f7r . . 2r7r 

50. ^ I, cos — -j — - i i sin , r - i, 2, 3, . . . «. 

zn 4-1 zn r I 

51. i. J. H- r *V2)- 53- As.suming/>,r H-o, />’+ r- o; - p. p. - p,p. 

55. - i ± i \/ 5. - J i J v/5- 56. - 2. 2, 3. 3. 

57. - 2,-1 I. i; - I, “ 2, - 58. {2T -f 3) (.r* - ;r + i)*.' 

60. (i) c - 3”^- 3”^. 3"^. - 3"^ + *■ 2^3“*: 

(ii) {4a ± (a* + 3)}/(l - a*), {4a i‘ (o* -f 3)/(I ~ a*). 
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EXERCISES XIV 

Theory of Equations (continued) 

I. y - + 225y - 08 o. 2. G* -f 2//« = o. 

3. (a'6 - ab' )• + 4: (a'c - oc') (a'b - ab') + (a'c - acy 

+ {be' - b'c) {a'b - ab'). 

4. ± /7(«, - a.). + a-jq = 0. 

5. I he roots arerr = 3, 3, _ ^ 31, ^ ^oot lies between - 2 and - 3. 

8. IJ (a — py* — ^8 __ 2jc\ 

9. Max. value = ^ + 2p\ Min. value = ^ - 2p\ lo x '-2^3 + ^4. 

1. 8 or •- I — 2to — 503® or — i •— 203® - ^co, where co is an 
imaginary cube root of unity. 

2. * » (I ■[. 2\/7 cos la) or > {I + 2 v'7 cos (§„ ± |a)) 

where COS a = {- 1/23/7). 

4. X — {2 + 3/3)^ — (2 — 3/3)! = 2-20 to 2 dec. places. 

6. - (/>• -I- }") - o. 

8. (*» - 3* + 3) (*1 _ 52 p j). (2* - 32 + J + _ 4.r + _ ‘V-lj; 

{*• + * (»\/3 - 4) + 3 - 2‘V3) - 2: (>3/3 + 4) + 3 + 21V3), 

>••»=■ i(* ± 3/17). 1(- I ± 3/5). 

). One transformation « * - 2> + i ; 2 3 ± 23/2, - i j. 2^2. 

1. /> ■= - 3: .V -- - I, - I ± 3/2, J (3 ± .^5). 

- J (w + «-■), =. I, 23. _ 8 j j ^ ^ 

-. 2 (one root equal to 2). 29.1-85. 30. 2-:5, 0.3.,. 31. ,.,2. 

• 33- 2-591. 34. 4.40. 

. - 2* + 2.1; - . + 1. + |... 37. 2 - 3 + J, 

• '■‘•7*- 4°. 2-195- 41. 2-24. 

. Koots lie between (a) -1,-2; (b) - i, o; (c) 3, 4; 3 35. 

. 1-276. 44- - 017. 1-69, 3-95: 1-689. 45- 1-893. 46. o 338. 

£p,(y + a)-': Ep^’y"-’-, 2-87. 48. 

4-189. . 50. 1-246. jl. 



INDEX TO VOLUMES I. AND II. 


The numefals /. or 11 . refer to the volume, the other numbers being page 
references unless otherwise indicated. 


A13EL’S leiniiia, II., 216 

— test, II., 217, 221 

— theorem, II., 126 

Algebraic function, definition, I., 85 

Annuities, I., 425-436 

.Approximation by scries, T., 184, 406; 
11.. 90-07 
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convergence, II., 24 
function from series. If., 85-88 
general term, I., 384; II., O9 
greate.st term, I., 391 1 II-< 75 
irrational index, II., 80-82 
particular values of index, II., 
69, 70 

positive integral index, I., 383- 
409 
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525 

Newton’s method, 11., 526 
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Combinations. 1., 330, 332, 348-370 
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as roots of an equation, I., 29, 
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concychc points, II., 2.^5 
conjugate numbers, 11., 237, 

249 

form, 1., 29-30; ir., 236. 238 
fundamental laws, I., 30, 31; 
If.. 23O 
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241-245. 281 
modulus, II., 238, 239 
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Continuity, 11., 57 
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.Abel’s tc.st, II., 217 
absolute, II., 10, 11-13, 227, 
262 

Cauchy’s tests, II., 35. 202 
circle of, II., 264 
conditional II., 10, 14, 212 
d' Alcrnbert’s test, II., 208, 21 1 
de Morgan’s and Betrand's 
test, II.. 208 
Gauss’ test, II., 210 
general principle of, II, 7, 9. 227 
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Convergence [continued ) — 

Maclaurin integral test, H., 
203 

Kaabe’s test, 11., 208 
test for complex series, II., 263- 
266 

tests for real series, II., 12, 15, 
16, 19, 23, 1 25, 202, 203, 206, 
207, 208, 2 to, 21 1, 217, 218 
Cosine, inequality for, II., 2O9 
- - .series, II., 128, 143 
Cross multiplication, rule of. I., 52 
Cube root of surds, I , 26. 28 
Cubic cfpiatiou - 

Cardan's solution, II., 505 
equation of squared dilTcrences, 
IT., 496 

Hessian, II., 504 
nature of roots, II., 500 
repeated routs, II., 497 
trigonometrical .solution, II., 
5«.5 


D’ALEMBERT'S test, II.. 208 
De Moivre’s theorem, II., 251 
De Morgan's and Betrand’s test, 208 
Depreciation, I., 423 
Descartes’ rule, II., 448 
Determinants — 

addition of, II., 385. 389 
cofactors, 11., 379, 415 
columns and rows, identical, 
n 3«9 
definition, II., 375, 376 
elements of, II., 375. 376 
expansion of II., 378, 403 
formation of, II., 374 
in equations, II,, 397, 417. 422, 
516-520 

interchange of rows and 
, columns, II., 378, 383 
inverse elements, II., 410 
minors, II., 380, 41 1 
multiplication, II.. 384. 405 
order of, II., 374, 376, 378, 410, 
416 

principal (leading) diagonal, II., 
376 

term, II., 376, 403 

reciprocal, II., 410, 4r2 
rule of Sarrus, II., 390 
sign of terms, II., 375, 376 
skew, II., 417 

skew-symmetric, II., 412, 415, 
416 

symmetric, II., 41 1, 517 


Difference equation.s, II., 321 
— table for .series. If., 354 
Differences, theorems on, II., 356-358 
Dirichlet’s test, II., 218, 222 


ELIMIN.ATION— 

Bezout’s method, II., 434 
Euler'.s method, II., 429 
linear homogeneous equations, 
IT., .427 

meaning, II., 426 
special methods, II., 440-443 
Sylvester's method, 11 ., 432 
use of change of variable, II., 
4.^7 

identities, II.. 435 

ratios, ll., 438 

Equations, roots of- 

approximations to, II., 52S, 
5.30. 533. .5.35-54« 
complex, 1., 255; II., 447, 45® 
decreased. II., 475 
definition, I., 85 
derived function, IT, 492 
extraneous, I., 104 
general theorems on, II., 451 
infinite, 1., 155 
integral, 1., 139 
irrational, I,, 256; 11 ., 447 
multiple, II., 447, 488, 492 
numlxT of, 1 ., 250; II,, 447 
relation to changes of sign, II., 
449 

coefficients, II., 456, 459 

sum of powers, II., 490 
symmetric functions of, II., 
464-469 

Equations, theory of — 

applied to arithmetical prob- 
lems, I., 137-141 
binomial equations, II., 480 
biquadratic equation.s, II., 508- 
516 [see Biquadratic equa- 
tion) 

cubic equation.s II., 496-5n6 
[see Cubic equation) 
Descartes’ rule of signs, II., 

448, 450 

homogeneous equations, I., 51, 
132:11., 427 

incompatible equations, I., 78 
indeterminate equations, I., 78, 

139 

infinite solutions, I., 155 
integral solutions, I., 139 
reciprocal equations, II., 474 
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Equations, theory of {continued) — 
reduction of degree, II., 463 
removal of terms, 11., 477 
Rolle’s theorem, II., 487 
roots of unity, II., 253. 485 
simultaneous linear equations, 

53 

small coefficients, II., 533-535 
transformations, I., 253, 254; 

II., 447, 448, 471 
zero coefficients, II., 454 
Equations, solution of — 

Horner’s method, II.. 536-540 
involving logarithms, I., 317 
Newton’s method, II.. 530 
with numerical coellicicnts, If.. 

5i«. 530-53.1. .536-540 

in oik; variable (methods) — 
change of variable, I , 99 
factorisation, I., 98 
general theory, I., 250 
proportionals, 1., 107 
rationalisation, I., 104-106 
reciprocal equations, 1., 10 1 
remainder theorem, I., 95 
special forms, I., 108, 109 
in two variables (methods)— 
one homogeneous, I., 114 

— linear, I., 1 1 1 
reducible to homogeneous, I 

I., 116 j 

special artifices, I., 118 
symmetrical, I., 117 
two linear, 1., 53 
in three variables (methods) — 
all linear, 1., 124; 11., 417 
change of vattable, f., 127 
linear and homogenoou.s, I., 

132 

— — non-homogcncous, I., 

133 

products involved, I., 125 
use of identities, I., 130 
Euler's constant, II., 232 
Euler's method of elimination, TI., 429 
Expansions of - 

xi{e* - 1), II.. 145 

log (i d- X), II., 147 

log [a -f X), II., 153. f54 

log;r, ir., 152, 153 

log {min), IT., 152 

log [(n d- i)/w], II., 15 1 

log[(i d- ^)/{i - ^)]. If - *50 

log [xf{i -x)], II., 153 
sinh;r, II., 146 
coshx, 11., 146 


Exponential function, II., 13 1, 190 
as continuous and inonotonic, 
H.. 127. 133 
graph, II., 138, 187 
real variable, II,, 132 
relation to hyperbolic functions, 
II., 269 

sine and cosine, IT., 269 

Exponential .series, II., 26, 127, 129, 
248, 268 

application to limits, II., 140 
related scries, H., 143 
remainder after n terms, II., 

'31 


FACTORIAL notation, I., 332 
Function — 

liounds of, II., 60 
change of variable in, I., 82, 99, 
108 

continuous, I., 148; II., 58-61, 
126 

discontinuous, I., 153; II., 50, 
59. 62. 63 

from empirical data, II., 172- 
197 

function of a, TL, 52 
grapliical representation of {see 
(riaphical) 

involving one constant as index, 

II., 184 

— two constants linearly, II., 
178 

monotonic, II.. 61 4 

multiple-valued, I., 86; II., 273 
odd and even, II., 34, 146 
oscillation of, II., 37, 41, 50, 6t, 
63 

rational, II., 43 
single- valued, I., 86 
Functional notation, I., 81. 


GAMMA function, II., 231 
Gauss’ test, 11., 210 
Geometric mean, I., 190. I9L 200, 
201, 316 

Geometric series, I., 177 et seq.\ IT., 
70. 127 

application to compound inte- 
rest. I., Ch. XXVI. 
general term, 1., 177 
related series, I., 210 
sum to finite number of terms, 
177 

infinity, I., 181 
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Gradient, II., 173, 174. I75 

as dififerential coefficient, II., 
176 

Graphical representation, I., 161-165*, 
263-268, 281, 291, 294. 320. 355- 

harmonic mean, I., 198, 200, 201 
— progression, 1., 198 
Hessian, II., 504 
Homogeneous — 

equations, I., 51 
expressions, I., 60, 113 
products, II., lor, 102 
Horner’s mcthotl of approximation, 
n., 53^-540. 

Hyperbolic functions, II., 146, 147, 
269 

Hypergeometric series, IL, 214 

IMAGINARY numbers {see Complex) 
Incommensurable, I., 66 
Indeterminate forms, I., 149-15T, 154, 

155 

Indices — 

fractional, I., 3, 8 
fundamental laws, I,, i, 2, 5, 6 
negative, I., 4 
rational, I., 5-7 
zero, 1,4 

Induction, I., 372-381; H., 327 
Inequalities — 

laws of, I., 33-35. ^ 
special, I., 191, 192, i94i 
45-48, 149, 224, 269 
Infinite products — 

absolute convergence. II., 227 
convergence, II., 225, 229 
definition, II., 223 
order of factors, II., 226, 228 
U notation, I ., 380 
Infinite series — 

convergence. I., 159 1 H., 9 
graphical representation for 
sum, I., 161-165 
meaning, I., 157 
notation for sum, I., 160 
sum, I., 158; II., 117, 118 
types of, I., 158 
{iee also Series.) 

Infinite solutions, I., 155 
Infinity, properties of, I., 145, 151 
Integers — 

power and products, 1., 38 
product of consecutive, I., 349 
sum of powers, I., 204, 205; 

11., 325. 349 


Integral part, I., 408-409; II.. 50, 57 
Intercepts, II., 173, 174. 175 
Interest, I., 412-420 
Interpolation, I.,3ii; II., 164 
Interval of convergence, II., 124 
Intervals, open and closed, 11., 58 
Irrational — 

equations, I., 105, 108 
numbers as roots, I., 256 


KUMMER’S test, II., 206 


LIMITS- 

application of binomial, f ., 408; 

11., 99 

continuous variable, I,, 148; 

11.. 2, 49. 5t 

fundamental ideas, I., 14^-15^^ 
infinite, I., 145-148; 11,, 37 
integral variable, ‘11., i, 40-45. 
monotonic sequence, II., 0 
notation, I., 147, 148; IT., 37, 
3« 

one-sided, II., 56 
powers of, II., 48 
repeated; II., 110 
theorems on, II., 40-45, 51-53, 
97 

Limits (special) — 

lim. x'\ L, 152 
n -> 00 

lim. nx'\ I., 21 1 
n ••> 00 

lim. I., 214 

n 00 

lim. [a sin i/aJ, II., 62 

A >0 

lim. tan A, it., 63 
lim. (”)aLII.. 91 

r 00 ^ ' 

iiin. ((a -I- /<)” - A") /A, if., 99 
h -> o 

lim. (i -f y)’', II., 129 

V -> fXJ 

lim. (i + - ) . II., 44. 121- 
n“>oo' 123, 129 

♦ / 

lim. I -f - . II. , 130 

n OD ' ” ^ 

lim. A"e“*, II., 14c 

A -> C30 
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Limits (special), continued — 

lira. II., 141 

X o 

lira, (a* - i)lx. II.. 141 
-> o 

Linear finite difference equation, II., 
321 

— graph, reduction to, TI., 178, 184, 
187, 193. 104. 

U^gaiithm of complex number, II., 

273-275 . 

Logarithmic senes. II., 27, 14 7-1 40 
application to limits, II., 154 
modified forms, IT., 150, 15 1, 

152, if >3 

Logarithm.s— 

addition, L, 301 ; IT., 150 
characteristics, 1., 304, 305 
common, I., 303, 306-309; IL, 
163 

definition, L, 299 

■ fundamental properties, T , 300- 

303 

graphical representation, 1., 320 
mantissa, L, 304 
natural, 1., 3^3 

reading of tables, I., 3*0-313. 
unk|uene.ss, II., 133, I34 
use of, I., 312, 314, 316, 317. 
4*3 


0 AND 0 notation— 

application to convergence, 11.. 
40 

definitions, II., 38 
properties, II., 39 
Operators A. I^< > 352*357 


PARTIAL fractions, I., 83, 84: II. . 

297-309 , , 

algebraic method for coeth- 
cients, II., 298-301 
calculus method for coefficients. 

11. , 301 

derivative of polynomials as, 

11.. 489 . 

Permanence of equivalent forms, 1,, 2 
Permutations, I., 327-344, 358 
Polynomials — 

cubic as sum of two cubes, 11., 


definition, I., 85 
determinant form, II., 390 
differential coefficient, II., 486, 
489 

factors, I., 249, 379; II* . 256. 


295. 447 

general theorems, 1., 250, 251; 

IL, 290, 292, 295 
graph of 


MACLAURIN integral test, H., 
203 

Maxima and minima, L, 239, 269, 
273, 277; II. , 502, 508, 509 
Mean proportional, 1 ., 64 
— value theorems, U., 528, 529 
Means - 

arithmetic, I., 174. 190, tqi, 
201 

geometric, T.. 190. * 91 . 200, 201, 
316 

harmonic, I., 198, 200, 201 
Modulus notation, I., 151, 152 
Multinomial, L, 402 
Multiple-valued functions, I., 86; IL, 

273 

NEIGHBOURHOOD, II., 2 
Newton's method for bounds of roots, 
II. , 526 

of approximation, II. , 530 

Numbers — 

irrational, I., 12 , 

real, L, 12, 13 


291 

highest common factor, 11., 291 
integral power, 1 1 ., 78, 79, 102 
maxima and minima, 11., 5*^2, 
508-510 
prime, 11.. 292 
sign, 1., 261 

Taylor’s expansion, II,, 525 
x'^ 1: I, II., 256 
Power series — 

complex term.s, II., 263-266 
real terms, II.; 28, 31, 32, 123. 
12O, 137 

Present value, I., 421, 426. 430 
Principal branch of logarithm, II., 
274 

Proportion — 

continued, I., 63 
theorems, I., 58-60, 63, 64 
Proportional parts, principle of, I., 
3*0 

QUADRATIC equations, roots of— 
common, I., 242 
discrimination, I., 224 
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Index 


Quadratic equations, roots of {cont.)-~ 
method of obtaining, I., 220 
number, I., 219 
properties, I., 226 
relation to coefficients, I., 221, 

234 . 

symmetrical functions, I., 233 
transformations, I., 238, 239 
Quadratic expression — 

as product of linear factors, IT., 
414 

graphical representation, I., 263 
in two variables, I., 2-^6 
maximum and minimum, I., 
259 

sign of, I., 2C0 


Riemann’s theorem, II,. 14 
Rollc's theorem, II., 487, 528, 529 


SARRUS, rule of, II,, 390 
Scales of representation, H , 173. 174 
Schwarz’s inequality, I., 192 
Sequences — ■ 

bounded, If., 4 
complex terms, II., 260 
general principle of conver- 
gence, II., 7, 260 
limit theorems, 11 ., 45 
monotonic, II., 4-6 
relation to series, II., 8 
Series — 


RAAIiE'S test, II., 208 
Rational equations, I., 105, 256 
Rational fraction- 

definition, I., 85: 11., 293 
equality of, II., 294 
expansion, II., 304 
graphical representation, I., 
273. 285-291 

partial fractions, II., 297 
theorems on, II., 294 
turning points, I., 276 
variation, I., 274 

Rational function, see Polynomial 
and Rational fraction 
Ratios - 

approximate, I., 56 
associated terms, I., 40-42, 59, 
O4 

comparison, I., 42-45 

definition, I., 40 

from homogeneous c<]uations, 

1., 51 

unequal, I., 49 
Rationalisation, I., 104- loo 
Reciprocal equations, I., loi; TI., 
474. 5*5 

Recurring decimals, I., 186 
Recurring series — 

definition, II., 313 
coefficient polynomials in n, 
TI., 3*9 

convergence, II., 313 
general term, II., 316 
generating function, II., 314 
scale of relation, II., 313 
sum of finite number of terms, 

1., 215; II., 318 
Remainder theorem, I., 86, 95 
Reversions, I., 422 


complex terms, II., 2O0 el seq, 
for .sin ^ x, II., 128 
multiplication. II., 27 
oscillatory, II., 9, 15 
principle of convergence, II., 
9, 260 

relation to sequences, IT., 8 
Z notation for sum, I., lOo 
sum and difference, II., 29-31 
terms positive and negative. 
II., 21 

— variable, II., 107-127 
Series, special- - 

Zn-^, IT., 19, 205 
Z(- I)" In-*’, 11., 22 

II., 24-26 

Z X” I n !, II., 26, 36 
Zx^jn, II., 27, 125, 149 
Z a^x^. See Power .series 
Zxr{\o^ a)rlr\, II., 134 
Z r" cos nO, II., 117 
Z r" sin n 9 , II., 117 

^(”). It.. 120 

Sx" (l - - x"), II., 127 

Sx‘’»l(in h ,). H., ,50 


y m t- ni / ' 


h *). TI., 


*5^ 


Z{~ 


n., .53 


2^ i/n (log «)», II., 202, 205 
Simultaneous equations, linear, L, 
53; IT-, 417*422 

Sine, inequality for, II., 268, 269 
— series, II., 143 
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Skew-symmetric expressions, I.. 8i 
Square root of surds, I., 24, 27 
Straight line, equation of, II., 172, 
174, 170 
Sum function — 

continuous, II., 117, uS 
discontinuous, II., loq, 118 
Summation (methods) 

binomial series, II,, 329, 307 
complex methods. It., 365-372 
exponential series, II., 332, 368 
geometric series, II., 325, 366 
• identitie,s, II,, 330 
induction, II., 327 
logarithmic series, II., 333, 

methoil of dilTerences, IT,, 3.^ 
operator A, II., 35H 
partial fractions, II , 334 
powers of integers, 11., 325, 349 
recurring scries, II., 334, 371 
rth term polynomial in r, II., 
345. 347 

rth term rational function of r, 
n.. 349 

Surds — 

binomial, 1., 14, 18, 19 
conjugate, 1., 18 
definition, 1., 13 
equations, I., 104, 138 
monomial, I., 13 
properties, I., 14-28 
quadratic, I., 18, 20, 22-26 
rationalisation, I., 17-20, 104 
similar, I., 14 
vSquare nxit, I., 24. 27 
trinomial, 1., 14, 20 
Sylvester’s method of elimination, 

n . 432 

Symbols, common, I., 32 
Symmetric expressions, I., 79, 80, 
88-92, 1 17 


TANNl<lRY’vS theorem, II., 120, 130 
Taylor expan.sion, II., 525, 535 
Transcendental function, dehnition, 
I,. 85 

Transformations, complex — 
bilinear, II., 2S0 
linear, II., 279 
one-one, II., 283 

UN l)liTEKMlNEl> coefficients, prin- 
ciple of. 1., 251 
I J n i f orm co n ve r ge n ce — 

Abel’s test, II., 221 
closed interval, II., 115 
definition, II., 111-112 
Uirichlet's test, II., 222 
limits, II., 220 

nece.ssary and sufficient con- 
dition, TI., 114 
power series, II., 125 
sum function, 11., 117, 118 
Weierslrass’ test, 11., 116 
Unity, roots of, IT., 253-256, 482-485 

VARIABLE - 

continuous, 11., 2, cl seq. 
integral, 11., i 
meaning, I., 68 
Variation, 1., 68-76 
direct, I., 68, 69 
inverse, I,, 68, (x) 
joint, 1., 69 
theorems, 1., 73 7O 

WEIHRSTRASS’ test, IT. 116 
— inequalities, II., 224 

ZERO, meaning of, 1,, 144 
2" L U factors of, II, 256 





